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Summary

Quantized vortices, which are the topological defects that arise from the order

parameters of the super
uid, superconductors and Bose{Einstein condensate (BEC),

have a long history that begins with the study of liquid Helium. Their appearance

is regarded as the key signature of super
uidity and superconductivity, and most of

their phenomenological properties have been well captured by theGinzburg-Landau-

Schr•odinger equation (GLSE) and the Gross-Pitaevskii equation(GPE).

The purpose of this thesis is twofold. The �rst is to conduct extensive numerical

studies for the vortex dynamics and interactions in super
uidity and superconduc-

tivity via solving GLSE on di�erent bounded domains in R2 and under di�erent

boundary conditions. The second is to study GPE both analytically and numeri-

cally in the whole space.

This thesis mainly contains two parts. The �rst part is to investigate vortex

dynamics and their interaction in GLSE on bounded domain. We begin with the

stationary vortex state of the GLSE, and review various reduceddynamical laws

(RDLs) that govern the motion of the vortex centers under di�erent boundary con-

ditions and prove their equivalence. Then, we propose accurate and e�cient numer-

ical methods for computing the GLSE as well as the corresponding RDLs in a disk

vi



Summary vii

or rectangular domain under Dirichlet or homogeneous Neumann boundary condi-

tion (BC). These methods are then applied to study the various issues about the

quantized vortex phenomena, including validity of RDLs, vortex interaction, sound-

vortex interaction, radiation and pinning e�ect introduced by the inhomogeneities.

Based on extensive numerical results, we �nd that any of the following factors: the

value of " , the boundary condition, the geometry of the domain, the initial location

of the vortices and the type of the potential, a�ect the motion of the vortices sig-

ni�cantly. Moreover, there exist some regimes such that the RDLsfailed to predict

correct vortex dynamics. The RDLs cannot describe the radiationand sound-vortex

interaction in the NLSE dynamics, which can be studied by our direct simulation.

Furthermore, we �nd that for GLE and CGLE with inhomogeneous potential, vor-

tices generally move toward the critical points of the external potential, and �nally

stay steady near those points. This phenomena illustrate clearly the pinning e�ect.

Some other conclusive experimental �ndings are also obtained and reported, and

discussions are made to further understand the vortex dynamicsand interactions.

The second part is concerned with the dynamics of GPE with angular momentum

rotation term and/or the long-range dipole-dipole interaction. Firstly, we review

the two-dimensional (2D) GPE obtained from the 3D GPE via dimensionreduc-

tion under anisotropic external potential and derive some dynamical laws related

to the 2D and 3D GPE. By introducing a rotating Lagrangian coordinate system,

the original GPEs are re-formulated to the GPEs without the angular momentum

rotation. We then cast the conserved quantities and dynamical laws in the new

rotating Lagrangian coordinates. Based on the new formulation ofthe GPE for

rotating BECs in the rotating Lagrangian coordinates, we proposea time-splitting

spectral method for computing the dynamics of rotating BECs. The new numerical

method is explicit, simple to implement, unconditionally stable and very e�cient in

computation. It is of spectral order accuracy in spatial directionand second-order

accuracy in temporal direction, and conserves the mass in the discrete level. Ex-

tensive numerical results are reported to demonstrate the e�ciency and accuracy
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of the new numerical method. Finally, the numerical method is appliedto test the

dynamical laws of rotating BECs such as the dynamics of condensate width, angular

momentum expectation and center-of-mass, and to investigate numerically the dy-

namics and interaction of quantized vortex lattices in rotating BECswithout/with

the long-range dipole-dipole interaction.
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Chapter 1
Introduction

Vortex, which can exist in vast areas, is any spiral motion with closedstream

lines. It can survive not only in macro scale such as in the air, liquid or the tur-

bulent 
ow, but also in micro scale such as the Bose-Einstein condensate (BEC),

the super
uidity and superconductivity, etc. The micro-vorticesdi�er from those

macro-vortices by the so-called `vorticity', which is a mathematical concept related

to the amount of `circulation' or `rotation'. Among those micro-vortices, the quan-

tized vortex that arises from quantum mechanics distinguish itself from others by

the signature of `quantized vorticity'.

1.1 Vortex in super
uidity and superconductivity

Quantized vortices are topological defects that arise from the order parameter

in super
uids, Bose-Einstein condensate (BEC) and superconductors in which fric-

tionless 
uids 
ow with circulation being quantized around each vortex.

Bose-Einstein condensation, superconductivity and super
uidityare among the

most intriguing phenomena in nature. Their astonishing properties are direct con-

sequences of quantum mechanics. While most other quantum e�ects only appear

in matter on the atomic or subatomic scale, super
uids and superconductors show

the e�ects of quantum mechanics acting on the bulk properties of matter on a large

1
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scale. They are macroscopic quantum phenomena. This is an essential origin of su-

per
uidity and superconductivity, in which macroscopically phase coherence allows

a dissipationless current to 
ow. Bulk super
uids are distinguished from normal


uids by their ability to support dissipationless 
ow.

Superconductivity is a phenomenon of exactly zero electrical resistance occurring

in certain materials at low temperature. It was discovered by Heike Kamerlingh

Onnes in 1911. Type-I superconductivity is characterized by the so-called Meissner

e�ect, which introduce the complete exclusion of magnetic from thesuperconductor.

While for the type-II superconductors in the so-called mixed vortex state, quantized

amount of magnetic 
ux carried by the vortex lines is allowed to penetrate the

superconductors [58,60].

A Bose-Einstein condensate (BEC) is a state of matter of a dilute gas of weakly

interacting bosons below some critical temperature. It supportsthe quantum e�ects

in macroscopic scale since numbers of the bosons will condense into the single-

particle state, at which point we can treat those condensed bosons as one-particle

[2,88,127,130,135]. The phenomena of BEC was predicted in 1924 by Albert Einstein

based on the work of Satyendra Bath Bose and was �rst realized in experiments in

1955 [7, 39, 52]. Later, with the observation of quantized vortices [2, 40, 109, 110,

112, 128, 156], plenty of work have been devoted to study the phenomenological

properties of vortices in the rotating BEC, dipolar BEC, multi-component BEC and

spinor BEC, etc, which has now opened the door to the study of super
uidity in the

Bose-system [4,91].

Super
uid is a state of matter characterized by the complete absence of viscosity.

In other words, if placed in a closed loop, super
uids can 
ow endlessly without

friction. Known as a major facet in the study of quantum hydrodynamics, the

super
uidity e�ect was discovered by Kapitsa, Allen and Misener in 1937. The

formation of the super
uid is known to be related to the formation of a BEC. This

is made obvious by the fact that super
uidity occurs in liquid helium-4 at far higher

temperatures than it does in helium-3. Each molecule of helium-4 is a boson particle,
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by virtue of its zero spin. Helium-3, however, is a fermion particle, which can form

bosons only by pairing with itself at much lower temperatures, in a process similar

to the electron pairing in superconductivity.

Feynman [63] predicted that the rotation of super
uids might be subject to the

quantized vortices in 1955, while in 1957 Abrikosov [3] predicted the existence of

the vortex lattice in superconductors. Studies on phenomena related to quantized

vortex has since boomed and the Nobel Prize in Physics was recentlyawarded to

Cornell, Weimann and Ketterle in 2001 for their decisive contributionsto Bose-

Einstein condensation and to Ginzburg, Abrikosov and Leggett in 2003 for their

pioneering contributions to super
uidity and superconductivity.

1.2 Problems and contemporary studies

In recent years, phenomenological properties of quantized vortices in super
u-

idity and superconductivity have been extensively studied by both mathematical

analysis and numerical simulations. It is remarkable that many of those properties

can be well characterized by relatively simple models such as the Ginzburg-Landau-

Schr•odinger equation (GLSE) [12] and the Gross-Pitaesvkii equation (GPE) [19,127].

In this thesis, we focus on the following two subjects.

1.2.1 Ginzburg-Landau-Schr•odinger equation

First, we are concerned with the vortex dynamics and interactionsin a speci�c

form of 2D Ginzburg-Landau-Schr•odinger equation , which describe a vast variety of

phenomena in physics community, ranging from superconductivity and super
uidity

to strings in �eld theory, from the second order phase transition to nonlinear waves

[12,64,66,87,126,129]:

(� " + i� )@t  " (x; t) = �  " +
1
"2

(V(x) � j  " j2) " ; x 2 D ; t > 0; (1.1)
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with initial condition

 " (x; 0) =  "
0(x); x 2 D; (1.2)

and under either Dirichlet boundary condition (BC)

 " (x; t) = g(x) = ei! (x ) ; x 2 @D; t � 0; (1.3)

or homogeneous Neumann BC

@ " (x; t)
@�

= 0; x 2 @D; t � 0: (1.4)

Here, D � R2 is a smooth and bounded domain,t is time, x = ( x; y) 2 R2 is

the Cartesian coordinate vector,V(x) satisfying limjx j! @D V(x) = 1 is a positive

real-valued smooth function, " :=  " (x; t) is a complex-valued wave function (or-

der parameter), ! is a given real-valued function, "
0 and g are given smooth and

complex-valued functions satisfying the compatibility condition "
0(x) = g(x) for

x 2 @D, � = ( � 1; � 2) and � ? = ( � � 2; � 1) 2 R2 satisfying j� j =
p

� 2
1 + � 2

2 = 1 are

the outward normal and tangent vectors along@D, respectively, i =
p

� 1 is the

unit imaginary number, 0 < " < 1 is a given dimensionless constant, and� " , � are

two nonnegative constants satisfying� " + � > 0. The GLSE covers many di�erent

equations arise in various di�erent physical �elds. For example, when � " 6= 0, � = 0,

it reduces to the Ginzburg-Landau equation (GLE) for modelling superconductiv-

ity. When � " = 0, � = 1, the GLSE collapses to the nonlinear Schr•odinger equation

(NLSE) which is well known for modelling, for example, BEC or super
uidity. While

� " > 0 and � > 0, the GLSE is the so-called complex Ginzburg-Landau equation

(CGLE) or nonlinear Schr•odinger equation with damping term which arise in the

study of the hall e�ect in type II superconductor.

In superconductivity, V (x) � 1 stands for the equilibrium density of supercon-

ducting electron [44, 45, 57]. When V(x) � 1, the medium is uniform, while if

V (x) 6� 1, the medium is inhomogeneous which is used to, for example, describe the

pining e�ect in superconductor with impurities.
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Denote the Ginzburg-Landau (GL) functional (`energy') as [48,76,107]

E" (t) :=
Z

D

�
1
2

jr  " j2 +
1

4"2

�
V (x) � j  " j2

� 2
�

dx = E"
kin (t) + E"

int (t); t � 0; (1.5)

whose corresponding Euler{Lagrange equation reads as:

�  " +
1
"2

(V (x) � j  " j2) " = 0; x 2 D : (1.6)

In (1.5), the kinetic and interaction energies are de�ned as

E"
kin (t) :=

1
2

Z

D
jr  " j2dx; E"

int (t) :=
1

4"2

Z

D

�
V(x) � j  " j2

� 2
dx; t � 0;

respectively. The GLSE (1.1) now can be rewritten as

(� " + i� )@t  " (x; t) = �
� E( )
� �

; (1.7)

where � denotes the complex conjugate of function . Moreover, it is easy to show

that the GLE or CGLE dissipates the total energy, i.e.,dE"

dt � 0, while the NLSE

conserve the total energy, i.e.,dE"

dt = 0.

During the last several decades, constructions and analysis of the solutions of

(1.6) as well as vortex dynamics and interaction related to the GLSE (1.1) under

di�erent scalings have been extensively studied in the literatures.

For GLE de�ned in R2, under the normal scaling� " = " � 1 and homogeneous

potential V(x) � 1, Neu [118] found numerically that quantized vortices with wind-

ing number m = � 1 are dynamically stable, and respectively,jmj > 1 dynamically

unstable. Based on the assumption that the vortices are well separated and of wind-

ing number +1 or � 1, he also obtained formally the reduced dynamical law (RDL)

governing the motion of the vortex centers by method of asymptotic analysis. How-

ever, this RDL is only correct up to the �rst collision time and cannot indicate the

motion of multi-degree vortices. Recently, in a series of papers [32,34,35], Bethuel

et al. investigated the asymptotic behaviour of vortices as" ! 0 under the accel-

erating time scale� " = 1
ln 1

"
. Under very general assumptions (which release those

constrains in Neu's work), they proved that the limiting vortices, which can be of
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multiple degree, move according to a RDL, which is a set of simple ordinary di�er-

ential equations (ODEs). Much stronger than Neu's RDL, this RDL isalways valid

except for a �nite number of times that representing vortex splittings, recombina-

tions and/or collisions. Their studies also show an interesting phenomena called as

\phase-vortex interaction", the phenomena that can cause an unexpected drift of

the vortices, which they pointed out that cannot occur in the caseof the domain be-

ing bounded. Moreover, they conducted some similar research in higher dimensional

space [33].

In the bounded domain case when the potential is homogeneous, i.e.,V(x) � 1

Lin [99, 100, 102] extended Neu's results by considering the dynamics of vortices

in the asymptotic limit " ! 0 under various scales of� " and with di�erent BCs.

Based on the well-preparation assumption similar to Neu's, he derivedthe RDLs

that govern the motion of these vortices and rigorously proved that vortices move

with velocities of the order of j ln " j � 1 if � " = 1. Similar studies have also been

conducted by E [61], Jerrard et al. [75], Jimbo et al. [82,85] and Sandier et al. [134].

Unfortunately, all those RDLs are only valid up to the �rst time that the vortices

collide and/or exit the domain and cannot describe the motion of multiple degree

vortices. Recently, Serfaty [138] extended the RDL of the vortices after collisions,

but still under the assumption that those vortices are of degree +1 or � 1 and that

only simple collision could happen during dynamics (i.e, the situation thatmore

than two vortices meet at the same time and place are not allowed). Actually, the

motion of the multiple degree vortices and the dynamics of vortices after collision

and/or splittings still remain as interesting open problems. When thepotential is

inhomogeneous, i.e.,V(x) 6� 1, Jian et al. [77{ 79] investigated the pinning e�ect

of the vortices asymptotically as" ! 0 in the GLE with Dirichlet BC under the

scale� " = 1. They established the corresponding RDLs that govern the dynamics

of limiting vortices.

As for the steady states of GLE or the solution of Euler{Lagrangeequation (1.6),

situations are quite di�erent case by case. In the whole plane case,as indicated by
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Neu's results [118], it was generally believed that two vortices with winding number

of opposite sign undergo attractive interaction and tend to coalesce and annihilation.

Hence, for the steady states of the GLE in whole plane, either there are no vortices

or all the vortices are of the same sign. However, when the domain isbounded,

Lin [101] proved the existence of the mixed vortex-antivortex solution ofthe Euler{

Lagrange equation subject to the Dirichlet BC (1.3) for su�ciently small " , i.e., the

steady states of GLE under Dirichlet BC (1.3) allows vortices with winding number

of opposite sign. Nevertheless, Jimbo et al. [83] and Serfaty [137] obtained that any

solutions with vortices to (1.1) and (1.4) are unstable in a convex or simple connected

domain, while recently del Pino et al. [53] proved the existence of the solution with

exactly k vortices of degree one for any integer numberk if the domain were not

simply connected by the approach of variational reduction. Hence, all the vortices

in the initial data ( 1.2) will either collide with each other and annihilate or simply

exit the domain �nally. Actually, several studies had been established in both the

planar domains and/or higher dimensional domains for the stability ofthe steady

state solution of GLE with Neumann BC (1.4) [51, 81, 83, 84, 86], which imply the

close relation between the stability of the equilibrium solution with vortices and the

geometrical property of the domain.

For NLSE de�ned in R2, when V(x) = 1 and " = 1, Bethuel et al. [36] proved

global well-posedness of NLSE for classes of initial data that have vortices. For

the vortex dynamics, Fetter [62] predicted that, to the leading order, the motion

of vortices in the NLSE would be governed by the same law as that in the ideal

incompressible 
uid. Then, the same prediction was given by Neu [118]. He conjec-

tured the stability of the vortex states under NLSE dynamics as anopen problem,

based on which he found that the vortices behave like point vorticesin ideal 
uid,

and obtained the corresponding RDLs. However, these RDLs are only correct up to

the leading order. Corrections to this leading order approximation due to radiation

and/or related questions when long-time dynamics of vortices is considered still re-

main as important open problems. In fact, using the method of e�ective action and
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geometric solvability, Ovichinnikov and Sigal con�rmed Neu's approximation and

derived some leading radiative corrections [121, 122] based on the assumption that

the vortices are well separated, which was extended by Lange andSchroers [98] to

study the dynamics of overlapping vortices. Recently, Bethuel etal. [31] derived the

asymptotic behaviour of the vortices as" ! 0.

In the bounded domain case, whenV(x) = 1, many papers have been dedicated

to the study of the vortex states and dynamics after Neu's work [118]. Mironescu

[115] investigated stability of the vortices in NLSE with (1.3) and showed that for

�xed winding number m: a vortex with jmj = 1 is always dynamical stable; while

for those of winding numberjmj > 1, there exists a critical" c
m such that if " > " c

m ,

the vortex is stable, otherwise unstable. Mironescu's results werethen improved

by Lin [103] using the spectrum of a linearized operator. Subsequently, Lin and

Xin [107] studied the vortex dynamics on a bounded domain with either Dirichlet

or Neumann BC, which was further investigated by Jerrard and Spirn [76]. In

addition, Colliander and Jerrard [48,49] studied the vortex structures and dynamics

on a torus or under periodic BC. In these studies, the authors derived the RDLs

which govern the dynamics of vortex centers under the NLSE dynamics when" ! 0

with �xed distances between di�erent vortex centers initially. Theyobtained that to

the leading order the vortices move according to the Kirchho� law in the bounded

domain case. However, these reduced dynamical laws cannot indicate radiation

and/or sound propagations created by highly co-rotating or overlapping vortices. In

fact, it remains as a very fascinating and fundamental open problem to understand

the vortex-sound interaction [119], and how the sound waves modify the motion of

vortices [64].

For the CGLE under scaling� " = 1
ln 1

"
and homogeneous potential, based on some

proper assumptions, Miot [114] studied the dynamics of vortices asymptotically as

" ! 0 in the whole plane case while Kurzke et al. [95] investigated that in the

bounded domain case, the corresponding RDLs were derived to govern the motion

of the limiting vortices in the whole plane and/or the bounded domain, respectively.
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The results shows that the RDLs in the CGLE is actually a hybrid of RDLfor

GLE and that for NLSE. More recently, Serfaty and Tice [139] studied the vortex

dynamics in a more complicated CGLE which involves electromagnetic �eld and

pinning e�ect.

On the numerical aspects, �nite element methods were proposed to investigate

numerical solutions of the Ginzburg-Landau equation and related Ginzburg-Landau

models of superconductivity [5, 46, 56, 60, 89]. Recently, by proposing e�cient and

accurate numerical methods for discretizing the GLSE in the whole space, Zhang

et al. [160, 161] compared the dynamics of quantized vortices from the reduced

dynamical laws obtained by Neu with those obtained from the direct numerical

simulation results from GLE and/or NLSE under di�erent parameters and/or initial

setups. They solved numerically Neu's open problem on the stability ofvortex

states under the NLSE dynamics, i.e., vortices with winding numberm = � 1 are

dynamically stable, and resp.,jmj > 1 dynamically unstable [160,161], which agree

with those derived by Ovchinnikov and Sigal [120]. In addition, they identi�ed

numerically the parameter regimes for quantized vortex dynamics when the reduced

dynamical laws agree qualitatively and/or quantitatively and fail to agree with those

from GLE and/or NLSE dynamics.

However, to our limited knowledge, there were few numerical studies on the

vortex dynamics and interaction of the GLSE (1.1) in bounded domain, much less

for the sound-vortex interaction in the NLSE dynamics.

1.2.2 Gross-Pitaevskii equation with angular momentum

The occurrence of quantized vortices is a hallmark of the super
uidnature

of Bose{Einstein condensates. In addition, condensation of bosonic atoms and

molecules with signi�cant dipole moments whose interaction is both nonlocal and

anisotropic has recently been achieved experimentally in trapped52Cr and 164Dy

gases [1,50,69,97,108,111,151].

Using the mean �eld approximation, when the temperatureT is much smaller
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than the critical temperature Tc, the properties of a BEC in a rotating frame with

long-range dipole-dipole interaction are well described by the macroscopic complex-

valued wave function  =  (x; t), whose evolution is governed by the following

three-dimensional (3D) Gross-Pitaevskii equation (GPE) with angular momentum

rotation term and long-range dipole-dipole interaction [1,17,41,136,148,152,162]:

i~@t  (x ; t) =
�
�

~2

2m
r 2 + V (x) + U0j j2 +

�
Vdip � j  j2

�
� 
 L z

�
 (x ; t); t > 0; (1.8)

where t denotes time,x = ( x; y; z)T 2 R3 is the Cartesian coordinate vector,~ is

the Planck constant, m is the mass of a dipolar particle andV(x) is an external

trapping potential, which reads as

V(x) =
m
2

(! 2
xx2 + ! 2

yy2 + ! 2
zz2) (1.9)

if a harmonic trap potential is concerned with. Here,! x , ! y and ! z are the trap fre-

quencies inx-, y- and z-directions, respectively.U0 = 4� ~2as
m represents short-range

(or local) interaction between dipoles in the condensate withas the s-wave scatter-

ing length. Vdip (x) describes the long-range dipolar interaction potential between

dipoles, which is de�ned as

Vdip (x) =
� 0� 2

dip

4�
1 � 3(x � n)2=jxj2

jx j3
=

� 0� 2
dip

4�
1 � 3 cos2(#)

jxj3
; x 2 R2;

where � 0 and � dip are the vacuum permeability and permanent magnetic dipole

moment, respectively (e.g.,� dip = 6� B for 52Cr with � B being the Bohr magneton),

n = ( n1; n2; n3)T 2 R3 is a given unit vector, i.e., jnj =
p

n2
1 + n2

2 + n2
3 = 1,

representing the dipole axis (or dipole moment) and# = #n (x) is the angle between

the dipole axisn and the vectorx. In addition, 
 is the angular velocity of the laser

beam andL z = � i~(x@y � y@x) is the z-component of the angular momentumL =

x � P with the momentum operatorP = � i~r . The wave function is normalized

to

jj  jj 2
2 :=

Z

R3
j (x; t)j2dx = N;
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with N being the total number of dipolar particles in the dipolar BEC. Introducing

the dimensionless variables,t ! t=! 0 with ! 0 = min f ! x ; ! y; ! zg, x ! a0x and

 !
p

N =a
3
2
0 , we have the dimensionless rotational dipolar GPE [19,152,153]:

i@t  (x; t) =
�
�

1
2

r 2 + V(x) + � j j2 + �
�
Udip � j  j2

�
� 
 L z

�
 (x; t); (1.10)

where � = 4�Na s
xs

, � =
mN� 0 � 2

dip

3~2xs
, V (x) = 1

2(
 2
x x2 + 
 2

y y2 + 
 2
z z2) is the dimensionless

harmonic trapping potential with 
 x = ! x=! 0, 
 y = ! y=! 0, 
 z = ! z=! 0, and Udip is

the dimensionless long-range dipole-dipole interaction potential de�ned as

Udip (x) =
3

4� jxj3

�
1 �

3(x � n)2

jx j2

�
=

3
4� jxj3

�
1 � 3 cos2(#)

�
; x 2 R3: (1.11)

The wave function is normalized to

k k2 :=
Z

R3
j (x; t)j2 dx = 1: (1.12)

In addition, similar to [17, 41], the above GPE (1.10) can be re-formulated as the

following Gross-Pitaevskii-Poisson system [14,17,41]

i@t  (x; t) =
�
�

1
2

r 2 + V(x) + ( � � � )j j2 � 3�' (x; t) � 
 L z

�
 (x; t); (1.13)

' (x; t) = @nn u(x; t); �r 2u(x; t) = j (x; t)j2 with lim
jx j!1

u(x; t) = 0 ; (1.14)

where@n = n � r and @nn = @n (@n ). From (1.14), it is easy to see that fort � 0

u(x; t) =
�

1
4� jxj

�
� j  j2 :=

Z

R3

1
4� jx � x0j

j (x0; t)j2dx0; x 2 R3: (1.15)

Recently, many numerical and theoretical studies have been doneon rotating

(dipolar) BECs. There have been many numerical methods proposed to study the

dynamics of non-rotating BECs, i.e. when 
 = 0 and� = 0 [5,19,25,42,90,116,144].

Among them, the time-splitting sine/Fourier pseudospectral method is one of the

most successful methods. It has spectral accuracy in space and is easy to implement.

In addition, as shown in [17], this method can also be easily generalized to simulate

the dynamics of dipolar BECs when� 6= 0. However, in rotating condensates, i.e.,

when 
 6= 0, we can not directly apply the time-splitting pseudospectral method



1.3 Purpose and scope of this thesis 12

proposed in [25] to study their dynamics due to the appearance of angular rotational

term. So far, there have been several methods introduced to solve the GPE with an

angular momentum term. For example, a pseudospectral type method was proposed

in [18] by reformulating the problem in the two-dimensional polar coordinates (r; � )

or three-dimensional cylindrical coordinates (r; �; z ). The method is of second-order

or fourth-order in the radial direction and spectral accuracy in other directions. A

time-splitting alternating direction implicit method was proposed in [24], where the

authors decouple the angular terms into two parts and apply the Fourier transform in

each direction. Furthermore, a generalized Laguerre-Fourier-Hermite pseudospectral

method was presented in [21]. These methods have higher spatial accuracy compared

to those in [5, 16, 90] and are also valid in dissipative variants of the GPE (1.10),

cf. [147]. On the other hand, the implementation of these methods can become quite

involved.

1.3 Purpose and scope of this thesis

As shown in the last two subsections, a vast number of researcheshave been

done and plenty of results have been obtained for the vortex dynamics in BEC,

super
uidity and superconductivity. However, there are still some limitations.

� For the vortex dynamics in superconductivity and super
uidity on bounded

domain, most studies are primarily researches of the RDLs of well separated

vortices. Vortex phenomena related to overlapping vortices and/or vortex col-

lision as well as the e�ect of the boundary condition and e�ect of thedomain

geometry on the vortex dynamics still remains unknown. Numericalsimula-

tions have become powerful and useful to �gure out those exoticphenomena.

However, few numerical studies for the bounded domain case werereported.

� For the vortex dynamics in GPE with angular momentum, there have been

only a few reports about the interactions between a few vortices.Moreover,

the existing numerical methods have their own limitations. (i). The �nite
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di�erence method (FDM) or �nite element method (FEM) usually need a

very �ne mesh size, and their order of accuracy are usually low, hence they are

time{consuming and ine�cient. (ii). Although time splitting spectral m ethod

with alternative direction technique is of spectral accuracy, theymight cause

some problems when the rotating frequency is large. (iii). Additionally, the

generalized Laguerre-Fourier-Hermite pseudospectral methodis not easy to

implement.

Hence, in this thesis, we mainly focus on the following two parts:

� (i). to present e�cient and accurate numerical methods for discretizing the

reduced dynamical laws and the GLSE (1.1) on bounded domains under dif-

ferent BCs, (ii). to understand numerically how the boundary condition and

radiation as well as geometry of the domain a�ect vortex dynamics and in-

teraction, (iii). to investigate the pining e�ect of the vortices in CGLE and

GLE dynamics, (iv). to study numerically vortex interaction in the GLSE

dynamics and/or compare them with those from the reduced dynamical laws

with di�erent initial setups and parameter regimes, and (v). to identify cases

where the reduced dynamical laws agree qualitatively and/or quantitatively

as well as fail to agree with those from GLSE on vortex interaction.

� to propose a simple and e�cient numerical method to solve the GPE with

angular momentum rotation term which may include a dipolar interaction

term. One novel idea in this method consists in the use of rotating Lagrangian

coordinates as in [11] in which the angular momentum rotation term vanishes.

Hence, we can easily apply the method for non-rotating BECs in [25] to solve

the rotating case.

Studies for the �rst part will be carried out in chapter 2 to chapter5, while research

on the second part will be conducted in chapter 6. In chapter 7, conclusions and

possible directions of future work will be summarized and discussed.



Chapter 2
Methods for GLSE on bounded domain

In this chapter, begin with the stationary vortex state of the Ginzburg-Landau-

Schr•odinger (GLSE) equation, various RDLs that governed the motion of the vortex

centers under di�erent boundary conditions (BCs) are reviewed and their equivalent

forms are presented and proved. Then, accurate and e�cient numerical methods are

proposed for computing the GLSE in a disk or rectangular domain under Dirichlet

or homogeneous Neumann BC. These methods will be applied to studyvarious

phenomena on the vortex dynamics and interaction in following chapters.

2.1 Stationary vortex states

To consider the vortex solution of the GLSE (1.1), we consider the following time

independent GLSE withV(x) = 1 in a disk domain centered at origin with radius

R0, i.e., D = BR0 (0):

� � " +
1
"2

(1 � j � " j2)� " = 0; x 2 D ; (2.1)

j� " (x; t)j = 1; if x 2 @D; (2.2)

where� " (x; t) is a complex-valued function which can be viewed as the steady states

of the GLSE (1.1) in a disk domain. The vortex solution takes the form of:

� "
m (x) = f "

m (r )eim� ; x = ( r cos(� ); r sin(� )) 2 D ; (2.3)

14
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Figure 2.1: Plot of the function f "
m (r ) in (2.4) with R0 = 0:5. left: " = 1

40 with

di�erent winding number m. right: m = 1 with di�erent di�erent " .

whose existence and qualitative properties were carried out in [71,72]. Here,m 2 Z

is called as the topological charge or winding number or index that represents the

singularity of the vortex, the modulusf "
m (r ) is a real-valued function satisfying:

�
1
r

d
dr

�
r

d
dr

�
�

1
r 2

+
1
"2

�
1 � (f "

m (r ))2
�
�

f "
m (r ) = 0 ; 0 < r < R 0; (2.4)

f "
m (r = 0) = 0 ; f "

m (r = R0) = 1 : (2.5)

Numerically, the solutionf "
m can be obtained by either employing a shooting method

[47] or a �nite di�erence method with Newton iteration being used for the resulted

non-linear system [160]. Fig. 2.1depicts the results for functionf "
m (r ) with di�erent

" and m, while Fig. 2.2 shows the surf plots of the densityj� "
m j2 and the contour

plots of the corresponding phase form = 1 and m = 5. The stability of the vortex

was investigated by Mironescu [115]. He showed that for �xed winding numberm,

the vortex with jmj = 1 is always dynamical stable while for those of winding number

jmj > 1, there is a critical " c
m such that if " > " c

m , the vortex is stable, otherwise

unstable. Mironescu's results was then improved by Lin [103] by considering the

spectrum of a linearized operator. It might be interesting to studyhow the stability

of a vortex depends on the perturbation, and how the vortices ofhigh index split if

they are not stable.
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(a)

(b)

Figure 2.2: Surf plot of the densityj� "
m j2 (left column) and the contour plot of the

corresponding phase (right column) form = 1 (a) and m = 4 (b).

2.2 Reduced dynamical laws

It had been pointed out that the vortex of indexjmj = 1 is always stable, and

those of indexjmj > 1 is stable only up to some condition. Thus, it should be

interesting to understand how those vortices of winding numberjmj = 1 dynamic

and interact with each other, and how the BC, the geometry of thedomain a�ect

their motion. To this end, we choose the initial data in (1.2) as:

 "
0(x) = eih (x )

MY

j =1

~� "
n j

(x � x0
j ) = eih (x )

MY

j =1

~� "
n j

(x � x0
j ; y � y0

j ); x 2 �D; (2.6)
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hereM > 0 is the total number of vortices in the initial data, the phase shifth(x) is

a harmonic function and forj = 1; 2; : : : ; M , nj = 1 or � 1, andx0
j = ( x0

j ; y0
j ) 2 D are

the winding number and initial location of the j -th vortex, respectively. Moreover,

~� "
n j

is chosen as

~� "
n j

=

8
<

:

f "
n j

(jx j)ein j � (x ) ; if 0 � j x j � R0;

ein j � (x ) ; if jx j � R0;
(2.7)

where f "
n j

is the modulus of the vortex solution in (2.3) with winding number nj

and R0 is constant which is small than the diameter of the domainD.

It is well known that to the leading order in the limit " ! 0, the M well separated

vortices move according to the reduced dynamical law, which are ODE systems. In

this section, we review various reduced dynamical laws in di�erent cases and present

some equivalent forms. We divide into three parts. The �rst part and second part

are devoted to the case of the GLSE (1.1) under Dirichlet and/or homogeneous BC

without pinning e�ect, i.e., V(x) � 1, respectively. The third part is concerned with

the GLE with inhomogeneous potential, i.e.,V(x) 6� 1 under Dirichlet BC.

2.2.1 Under homogeneous potential

In this section, we let� " = �
ln(1 =") . To simplify our presentation, forj = 1; � � � ; N ,

hereafter we letx "
j (t) = ( x"

j (t); y"
j (t)) be the location of theM distinct and isolated

vortex centers in the solution of the GLSE (1.1) with initial condition ( 2.6) at time

t � 0, and denote

X 0 := ( x0
1; x0

2; : : : ; x0
M ); X " := X " (t) = ( x "

1(t); x "
2(t); : : : ; x "

M (t)) ; t � 0;

then we have [48,74,95,100]:

Theorem 2.2.1. As " ! 0, for j = 1; � � � ; N , the vortex centerx "
j (t) will converge

to point x j (t) satisfying:

(�I + �n j J )
dx j (t)

dt
= �r x j W(X ); 0 � t < T; (2.8)

x j (t = 0) = x0
j : (2.9)
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In equation (2.8), T is the �rst time that either two vortex collide or any vortex exit

the domain, X := X (t) = ( x1(t); x2(t); : : : ; xM (t)) ;

I =

0

@
1 0

0 1

1

A ; J =

0

@
0 � 1

1 0

1

A ;

are the 2� 2 identity and symplectic matrix, respectively. Moreover, the function

W(X ) is the so called renormalized energy de�ned as:

W(X ) =: Wcen(X ) + Wbc(X ); (2.10)

where Wcen is the renormalized energy associated to theM vortex centers that

de�ned as

Wcen(X ) = �
X

1� i 6= j � N

ni nj ln jx i � x j j; (2.11)

and Wbc(X ) is the renormalized energy involving the e�ect of the BC (1.3) and/or

(1.4), which takes di�erent formations in di�erent cases.

Under Dirichlet boundary condition

For the GLSE (1.1) with initial condition ( 2.6) under Dirichlet BC (1.3), it has

been derived formally and rigorously [30,48,95,102,106,138] that Wbc(X ) = Wdbc(X )

in the renormalized energy (2:10) admits the form:

Wdbc(X ) =: �
MX

j =1

n j R(x j ; X ) +
Z

@D

2

4R(x; X ) +
MX

j =1

n j ln jx � x j j

3

5 @� ? ! (x)
2�

ds; (2.12)

where, for any �xed X 2 D M , R(x; X ) is a harmonic function inx, i.e.,

� R(x; X ) = 0 ; x 2 D ; (2.13)

satisfying the following Neumann BC

@R(x; X )
@�

= @� ? ! (x) �
@
@�

MX

l=1

nl ln jx � x l j; x 2 @D: (2.14)
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Notice that to calculate r x j W(X ), we need to calculater x j R, and since forj =

1; � � � ; N , x j is implicitly included in R(x; X ) as a parameter, hence it is di�cult

to calculate r x j R and thus di�cult to solve the reduced dynamical law (2.8) with

(2.10){( 2.12) even numerically. However, by using an identity in [30] (see Eq. (51)

on page 84),

r x j [W(X ) + Wdbc(X )] = � 2nj r x

"

R(x; X ) +
MX

l=1& l6= j

nl ln jx � x l j

#

x = x j

;

we have the following simpli�ed equivalent form for (2.8).

Lemma 2.2.1. For 1 � j � M and t > 0, system (2.8) can be simpli�ed as

(�I + �m j J )
d
dt

x j (t) = 2 nj

"

r x R (x; X ) jx = x j (t ) +
MX

l=1& l6= j

nl
x j (t) � x l (t)

jx j (t) � x l (t)j2

#

: (2.15)

Moreover, for any �xed X 2 D M , by introducing function H (x; X ) and Q(x; X )

that both are harmonic in x satisfying respectively the boundary condition [75,107]:

@H(x; X )
@�?

= @� ? ! (x) �
@
@�

MX

l=1

nl ln jx � x l j; x 2 @D; (2.16)

Q(x; X ) = ! (x) �
MX

l=1

nl � (x � x l ); x 2 @D; (2.17)

with the function � : R2 ! [0; 2� ) de�ned as

cos(� (x)) =
x

jxj
; sin(� (x)) =

y
jxj

; 0 6= x = ( x; y) 2 R2; (2.18)

we have the following lemma for the equivalence of the reduced dynamical law

(2.15) [22,23]:

Lemma 2.2.2. . For any �xed X 2 D M , we have the following identity

J r x Q (x; X ) = r x R (x; X ) = J r x H (x; X ) ; x 2 D ; (2.19)

which immediately implies the equivalence between system (2.15) and the following
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two systems: fort > 0

(�I + �n j J )
d
dt

x j (t) = 2 nj

"

J r x H (x; X ) jx = x j (t ) +
MX

l=1& l6= j

nl
x j (t) � x l (t)

jx j (t) � x l (t)j2

#

;

(�I + �n j J )
d
dt

x j (t) = 2 nj

"

J r x Q (x; X ) jx = x j (t ) +
MX

l=1& l6= j

nl
x j (t) � x l (t)

jx j (t) � x l (t)j2

#

:

Proof. For any �xed X 2 D M , sinceQ is a harmonic function, there exists a function

' 1(x) such that

J r x Q (x; X ) = r ' 1(x); x 2 D :

Thus, ' 1(x) satis�es the Laplace equation

� ' 1(x) = r � (J r x Q(x; X )) = @yx ' 1(x) � @xy ' 1(x) = 0 ; x 2 D ; (2.20)

with the following Neumann BC

@� ' 1(x) = ( J r x Q(x; X )) � � = r x Q(x; X ) � � ? = @� ? Q(x; X ); x 2 @D: (2.21)

Noticing (2.17), we obtain for x 2 @D,

@� ' 1(x) = @� ? ! (x) �
@

@�?

MX

l=1

nl � (x � x l ) = @� ? ! (x) �
@
@�

MX

l=1

nl ln jx � x l j: (2.22)

Combining (2.20), (2.22), (2.13) and (2.14), we get

�( R(x; X )� ' 1(x)) = 0 ; x 2 D ; @� (R(x; X ) � ' 1(x)) = 0 ; x 2 @D: (2.23)

Thus

R(x; X ) = ' 1(x) + constant; x 2 D ;

which immediately implies the �rst equality in (2.19).

Similarly, sinceH is a harmonic function, there exists a function' 2(x) such that

J r x H (x; X ) = r ' 2(x); x 2 D :

Thus, ' 2(x) satis�es the Laplace equation

� ' 2(x) = r � (J r x H (x; X )) = @yx ' 2(x) � @xy ' 2(x) = 0 ; x 2 D ; (2.24)
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with the following Neumann BC

@� ' 2(x) = ( J r x H (x; X )) � � = r x H (x; X ) � � ? = @� ? H (x; X ); x 2 @D: (2.25)

Combining (2.24), (2.25), (2.13), (2.14) and (2.16), we get

�( R(x; X )� ' 2(x)) = 0 ; x 2 D ; @� (R(x; X ) � ' 2(x)) = 0 ; x 2 @D: (2.26)

Thus

R(x; X ) = ' 2(x) + constant; x 2 D ;

which immediately implies the second equality in (2.19).

Under homogeneous Neumann boundary condition

For the GLSE (1.1) with initial condition ( 2.6) under homogeneous Neumann

BC (1.4), it has been derived formally and rigorously [48,76,95] that Wbc(X ) in the

renormalized energy (2:10) admit the form:

Wbc(X ) = Wnbc(X ) := �
MX

j =1

nj
~R(x j ; X ); (2.27)

and by using the following identity

r x j [W(X ) + Wnbc(X )] = � 2nj r x

"

~R(x; X ) +
MX

l=1& l6= j

nl ln jx � x l j

#

x j

; (2.28)

we have the following simpli�ed equivalent form for (2.8):

Lemma 2.2.3. For 1 � j � M and t > 0, system (2.8) can be simpli�ed as

(�I + �n j J )
d
dt

x j (t) = 2 nj

"

r x
~R (x; X ) jx = x j (t ) +

MX

l=1& l6= j

nl
x j (t) � x l (t)

jx j (t) � x l (t)j2

#

: (2.29)

Moreover, for any �xed X 2 D M , by introducing function ~H (x; X ) and ~Q(x; X ) that

both are harmonic inx satisfying respectively the boundary condition [82,83,85,107]:

@~H (x; X )
@�?

= �
@

@�

MX

l=1

nl � (x � x l ); x 2 @D; (2.30)

@~Q(x; X )
@�

= �
@

@�

MX

l=1

nl � (x � x l ); x 2 @D; (2.31)
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with the function � : R2 ! [0; 2� ) being de�ned in (2.18), we have the following

lemma for the equivalence of the reduced dynamical law (2.29) [22,23]:

Lemma 2.2.4. For any �xed X 2 D M , we have the following identity

J r x
~Q (x; X ) = r x

~R (x; X ) = J r x
~H (x; X ) ; x 2 D ; (2.32)

which immediately implies the equivalence of system (2.29) and the following two

systems: fort > 0

(�I + �n j J )
d
dt

x j (t) = 2 nj

"

r x
~H (x; X ) jx = x j (t ) +

MX

l=1& l6= j

nl
x j (t) � x l (t)

jx j (t) � x l (t)j2

#

;

(�I + �n j J )
d
dt

x j (t) = 2 nj

"

J r x
~Q (x; X ) jx = x j (t ) +

MX

l=1& l6= j

nl
x j (t) � x l (t)

jx j (t) � x l (t)j2

#

:

Proof. Follow the line in the proof of lemma2.2.1and we omit the details here for

brevity.

2.2.2 Under inhomogeneous potential

It has been shown in last section that in a homogeneous potential, vortices

in the GLE dynamics under Dirichlet BC will move according to gradient 
ow of

the so called renormalized energy, which is associated to the BC. However, in an

inhomogeneous potential, i.eV(x) 6� 1, the phenomena is quite di�erent. Generally

speaking, vortices no longer move along the gradient 
ow of the renomalized energy,

they move toward the critical points of the potentialV (x) instead [44,78,80]. And

it has been proved that they obey the following reduced dynamical law [78]:

Theorem 2.2.2. As " ! 0, for j = 1; � � � ; N , the vortex centerx "
j (t) in the GLE

dynamics with� " = 1 under Dirichlet BC will converge to pointx j (t), which satis�es:

dx j (t)
dt

= �
r V(x j )
V(x j )

; 0 � t < + 1 ; (2.33)

x j (t = 0) = x0
j : (2.34)
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In addition, for each j , if there is a Lipschitz domainGj � D such that

x0
j 2 Gj ; min

x 2 @Gj

V(x) > V (x0
j ); ; j = 1; � � � ; M;

the solution in (2.33) will satisfy:

for t > 0; x j (t) 6= x l (t) if j 6= l; and x j (t) 2 Gj :

Hence, the vortices will all be pinned together to the critical pointsof V(x) and

further to the minimum points if V (x) has no other critical points.

Unfortunately, to our limited knowledge, there are no existing studies that deal

with the vortex dynamics in the inhomogeneous potential in the GLE dynamics

under Neumann BC, or in the CGLE or NLSE dynamics in the limiting process

" ! 0.

2.3 Numerical methods

In this section, we present e�cient and accurate numerical methods for discretiz-

ing the GLSE (1.1) with a time dependent potentialU(x; t) in either a rectangle or a

disk with initial condition ( 1.2) and under either Dirichlet BC (1.3) or homogeneous

Neumann BC (1.4):

(� " + i� )@t  " (x; t) = �  " +
1
"2

(U(x; t) � j  " j2) " ; x 2 D ; t > 0; (2.35)

here U(x; t) = V(x) + W(x; t) with W(x; t) an external potential. The key idea in

our numerical methods are based on: (i) applying a time-splitting technique which

has been widely used for nonlinear partial di�erential equations [67,143] to decouple

the nonlinearity in the GLSE [20,29,149,160]; and (ii) adapt proper �nite di�erence

and/or spectral method to discretize a gradient 
ow with constant coe�cient [ 18,

22,23].

2.3.1 Time-splitting

Let � > 0 be the time step size, denotetn = n� for n � 0. For n = 0; 1; : : :, from

time t = tn to t = tn+1 , the GLSE (1.1) is solved in two splitting steps. One �rst
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solves

(� " + i� )@t  " (x; t) =
1
"2

(U(x; t ) � j  " j2) " ; x 2 D ; t � tn ; (2.36)

for the time step of length� , followed by solving

(� " + i� )@t  " (x; t) = �  " ; x 2 D ; t � tn ; (2.37)

for the same time step. Equation (2.37) is discretized in the next two subsections

on a rectangle and a disk, respectively. Fort 2 [tn ; tn+1 ], to solve equation (2.36),

we rewrite

 " (x; t) =
p

� " (x; t)eiS " (x ;t ) (2.38)

with � " and S" being the density and phase of " , respectively. From (2.36), we can

easily obtain the following ODE for� " (x; t) = j " (x; t)j2:

@t � " (x; t) = � [U(x; t) � � " (x; t)]� " (x; t); x 2 D ; tn � t � tn+1 ; (2.39)

where � = 2� " ="2(� 2
" + � 2). Solving equation (2.39), we have

� " (x; t) =
� " (x; tn ) exp[�U n (x; t)]

1 + �� " (x; tn )
Rt

tn
exp[�U n (x; s)ds]

; (2.40)

where Un (x; t) =
Rt

tn
U(x; s)ds. Moreover, if W(x; t) � 0, i.e., U(x; t) = V(x),

� (x; t) can be analytically integrated to have

� " (x; t) =

8
>>>>><

>>>>>:

� " (x; tn ); � " = 0;

� " (x ;tn )
1+ �� " (x ;tn )( t � tn ) ; V(x) = 0 & � " 6= 0;

V (x )� " (x ;tn )
� " (x ;tn )+( V (x )� � " (x ;tn )) exp[ � �V (x )( t � tn )] ; V(x); � " 6= 0:

(2.41)

Plugging (2.38) back into (2.36), we obtain the equation for the phaseS" (x; t):

@tS" (x; t) = �
�

"2(� 2
" + � 2)

[U(x; t) � � " (x; t)]; x 2 D ; tn � t � tn+1 : (2.42)

Combining (2.40) and (2.42), we obtain for t 2 [tn ; tn+1 ];

 " (x; t) =  " (x; tn )
p

Pn (x; t) exp
�
�

i�
"2(� 2

" + � 2)
(Un (x; t) �

Z t

tn

� " (x; s)ds)
�

; (2.43)



2.3 Numerical methods 25

where

Pn (x; t) =
exp[�U n (x; t)]

1 + � j " (x; tn )j2
Rt

tn
exp[�U n (x; s)]ds

: (2.44)

Furthermore, if U(x; t) = V(x), we have the explicit formation of " :

 " (x; t) =  " (x; tn )

8
>><

>>:

exp
h
� i�

" 2 � 2 (V(x) � j  " (x; tn )j2)( t � tn )
i

; � " = 0;

q
P̂(x; t) exp

h
� i�

2� 2
"

ln P̂(x; t)
i

; � " 6= 0

(2.45)

where

P̂(x; t) =

8
><

>:

1
1+ � j " (x ;tn )j2 (t � tn ) ; V(x) � 0;

V (x )
j " (x ;tn )j2+( V (x )�j  " (x ;tn )j2 ) exp( � �V (x )( t � tn )) ; V(x) 6� 0;

(2.46)

Remark 2.3.1. If functions Un (x; t) and other integrals in (2.43) cannot be calcu-

lated analytically, numerical quadrature such as the trapezoidal rule can be applied

to solve them.

Remark 2.3.2. In practice, we always use the second-order Strang splitting [143],

that is, from time t = tn to t = tn+1 : (i) evolve (2.36) for half time step �=2 with

initial data given at t = tn ; (ii) evolve (2.37) for one step� starting with the new

data; and (iii) evolve (2.36) for half time step �=2 again with the newer data.

2.3.2 Discretization in a rectangular domain

Let D = [ a; b] � [c; d] be a rectangular domain, and denote mesh sizeshx= b� a
N

and hy= d� c
L with N and L being two even positive integers.

First we present a Crank-Nicolson 4th-order compact �nite di�erence (CNFD)

method for discretizing the equation (2.37) with Dirichlet BC ( 1.3) by using the

4th-order compact �nite di�erence discretization for spatial derivatives followed by

a Crank-Nicolson scheme for temporal derivative. In order to do so, denote the grid

points asx j = a+ jh x for j = 0; 1; : : : ; N and yl = c+ lhy for l = 0; 1; : : : ; L; and  ";n
j;l
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be the numerical approximation of " (x j ; yl ; tn) for j = 0; 1; : : : ; N , l = 0; 1; : : : ; L

and n � 0. De�ne the �nite di�erence operators as

� 2
x  ";n

j;l =
 ";n

j +1 ;l � 2 ";n
j;l +  ";n

j � 1;l

h2
x

; � 2
y  ";n

j;l =
 ";n

j;l +1 � 2 ";n
j;l +  ";n

j;l � 1

h2
y

;

then a CNFD discretization for (2.37) reads, i.e., for 1� j � N � 1 and 1� l � L � 1

(� " + i� )
�

"

I +
h2

x

12
� 2

x +
h2

y

12
� 2

y

#
�

 ";n +1
j;l �  ";n

j;l

�
=

"

� 2
x + � 2

y +
h2

x + h2
y

12
� 2

x � 2
y

#  
 ";n +1

j;l +  ";n
j;l

2

!

;

(2.47)

whereI is the identity operator and the boundary condition (1.3) is discretized as

 ";n +1
0;l = g(a; yl);  ";n +1

M;l = g(b; yl); l = 0; 1; : : : ; L;

 ";n +1
j; 0 = g(x j ; c);  ";n +1

j;L = g(x j ; d); j = 0; 1; : : : ; N:

Here although an implicit time discretization is applied for (2.37), the linear system

in (2.47) can be solved explicitly via direct Poisson solver through DST [93] at the

computational cost ofO (NL ln(NL )).

Combining the above CNFD discretization with the second order Strang splitting

presented in the previous subsection, we obtain a time-splitting Crank-Nicolson �nite

di�erence (TSCNFD) discretization for the GLSE (1.1) on a rectangle with Dirichlet

BC (1.3). This TSCNFD discretization is unconditionally stable, second orderin

time and fourth order in space, the memory cost isO(NL ) and the computational

cost per time step isO (NL ln(NL )).

Next we present a cosine pseudospectral method for the equation (2.37) with

homogeneous Neumann BC (1.4) by using cosine spectral discretization for spatial

derivatives followed by integrating in timeexactly. To this end, let

YNL = spanf � pq(x) = cos(� x
p(x � a)) cos(� y

q(y� c)) ; 0 � p � N � 1; 0 � q � L � 1g;

with

� x
p =

p�
b� a

; p = 0; 1; : : : ; N � 1; � y
q =

q�
d � c

; q = 0; 1; : : : ; L � 1:
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Then the cosine spectral discretization for (2.37) with ( 1.4) is as follows:

Find  "
NL (x; t) 2 YNL , i.e.,

 "
NL (x; t) =

N � 1X

p=0

L � 1X

q=0

 ̂ "
pq(t)� pq(x); x 2 D ; t � tn ; (2.48)

such that

(� " + i� )@t  "
NL (x; t) = �  "

NL (x; t); x 2 D ; t � tn : (2.49)

Plugging (2.48) into ( 2.49), noticing the orthogonality of the cosine functions, for

0 � p � N � 1 and 0� q � L � 1, we �nd

(� " + i� )
d
dt

 ̂ "
pq(t) = �

�
(� x

p)2 + ( � y
q)2

�
 ̂ "

pq(t); t � tn : (2.50)

The above ODE can be integratedexactly in time, i.e.,

 ̂ "
pq(t) = e~� [(� x

p )2+( � y
q )2](t � tn )  ̂ "

pq(tn ); t � tn ; 0 � p � N � 1; 0 � q � L � 1; (2.51)

where ~� = i� � � "
� 2

" + � 2 . The above procedure is not suitable in practice due to the di�culty

of computing the integrals in (2.48). In practice, we need approximate the integrals

by a quadrature rule on grids. De�ne the grid points asx j + 1
2

= a + ( j + 1
2)hx

for j = 0; 1; : : : ; N � 1 and yl+ 1
2

= c + ( l + 1
2)hy for j = 0; 1; : : : ; L � 1; denote

 ";n
j + 1

2 ;l + 1
2

be the numerical approximation of " (x j + 1
2
; yl+ 1

2
; tn ) for j = 0; 1; : : : ; N � 1,

l = 0; 1; : : : ; L � 1 and n � 0; and  ";n be the solution vector at time t = tn

with components f  ";n
j + 1

2 ;l + 1
2
; 0 � j � N � 1; 0 � l � L � 1g for n � 0. Choose

 "; 0
j + 1

2 ;l + 1
2

=  "
0(x j + 1

2
; yl+ 1

2
) for 0 � j � N � 1 and 0 � l � L � 1, then a cosine

pseudospectral approximation for (2.37) with ( 1.4) reads as, for 0� j � N � 1 and

0 � l � L � 1

 ";n +1
j + 1

2 ;l + 1
2

=
N � 1X

p=0

L � 1X

q=0

� x
p � y

qe~� [(� x
p )2+( � y

q )2]�  ̂ ";n
pq � pq(x j + 1

2
; yl+ 1

2
); n � 0; (2.52)

where

 ̂ ";n
p;q = � x

p � y
q

N � 1X

j =0

L � 1X

l=0

 ";n
j + 1

2 ;l + 1
2
� pq(x j + 1

2
; yl+ 1

2
); 0 � p � N � 1; 0 � q � L � 1;
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with

� x
p =

8
<

:

q
1
N ; p = 0;

q
2
N ; 1 � p � N � 1;

� y
q =

8
<

:

q
1
L ; q = 0;

q
2
L ; 1 � q � L � 1:

Again, combining the above cosine pseudospectral discretization with the second

order Strang splitting presented in the subsection 3.1, we obtain a time-splitting co-

sine pseudospectral (TSCP) discretization for the GLSE (1.1) on a rectangle with

homogeneous Neumann BC (1.4). This TSCP discretization is unconditionally sta-

ble, second order in time and spectral order in space, the memory cost is O(NL )

and the computational cost per time step isO (NL ln(NL )) via DCT [ 140].

Remark 2.3.1. If the homogeneous Neumann BC (1.4) is replaced by periodic BC,

the above TSCP discretization for the GLSE (1.1) is still valid provided that we

replace the cosine basis functions by the Fourier basis functions in the spectral dis-

cretization and use the quadrature rule associated to the Fourier functions [140]. We

omit the details here for brevity.

2.3.3 Discretization in a disk domain

Let D = f x j jx j < R g be a disk with R > 0 a �xed constant. In this case,

it is natural to adopt the polar coordinate (r; � ). In order to discretize (2.37) with

either (1.3) or (1.4), we apply the standard Fourier pseudospectral method in� -

direction [140], �nite element method in r -direction, and Crank-Nicolson method in

time [13,18,160]. With the following truncated Fourier expansion

 " (r; �; t ) =
l= L=2� 1X

l= � L=2

 ̂ l (r; t )eil� ; 0 � r � R; 0 � � � 2�; (2.53)

where L is an even positive number and̂ l is the Fourier coe�cients for the l-

th mode, plugging (2.53) into ( 2.37) and using the orthogonality of the Fourier

functions, we obtain forl= � L
2 ; � � � ; L

2 � 1:

(� " + i� )@t  ̂ l (r; t ) =
1
r

@r

�
r@r  ̂ l (r; t )

�
�

l2

r 2
 ̂ l (r; t ); 0 < r < R; t � tn ; (2.54)
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with the following boundary condition at r = 0

@r  ̂ 0(0; t) = 0 ;  ̂ l (0; t) = 0 ; l 6= 0; t � tn : (2.55)

When the Dirichlet BC (1.3) is used for (2.37), we then impose the following

boundary condition at r = R:

 ̂ l (R; t) = ĝl :=
1

2�

Z 2�

0
g(� )e� il� d�; �

L
2

� l �
L
2

� 1; t � tn : (2.56)

Let P k denote all polynomials with degree at mostk, denote 0 = r0 < r 1 < � � � <

rN = R be a partition for the interval [0; R] with N a positive integer and a mesh

sizeh = max 0� j � N � 1(r j +1 � r j ), and de�ne a �nite element space by

Uh =
�

uh 2 C[0; R] j uh j [r j ;r j +1 ] 2 P k ; 0 � j � N � 1
	

:

Introducing the following �nite element approximate sets associated to the Dirichlet

BCs for � L
2 � l � L

2 � 1 as

Ug
l =

8
<

:

�
uh 2 Uh j uh(R) = ĝ0

	
; l = 0;

�
uh 2 Uh j uh(0) = 0 ; uh(R) = ĝl

	
; l 6= 0;

(2.57)

then we obtain the FEM approximation for (2.54) with ( 2.55) and (2.56):

Find  ̂ h
l (�; t) 2 Ug

l with � L
2 � l � L

2 � 1 such that

d
dt

A( ̂ h
l ; � h) = B( ̂ h

l ; � h) + l2C( ̂ h
l ; � h); 8� h 2 U0

l ; tn � t � tn+1 ; (2.58)

where the bilinear formsA, B and C are de�ned as

A(uh; vh) = ( � " + i� )
Z R

0
ru hvhdr; B (uh; vh) = �

Z R

0
r@r uh@r vhdr;

C(uh; vh) = �
Z R

0

1
r

uhvhdr; 8uh; vh 2 Uh :

The above ODE system (2.58) is then discretized by the standard Crank-Nicolson

scheme in time. Here although an implicit time discretization is applied for(2.58),

the one-dimensional nature of the problem makes the coe�cients matrix for the

linear system band limited. For example, if the piecewise linear polynomial is used,
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i.e., k = 1 in Uh, the matrix is tridiagonal. Thus for each �xed � L
2 � l � L

2 � 1, fast

algorithms can be applied to solve the resulting linear systems at the cost of O(N ).

Similarly, when the homogeneous Neumann BC (1.4) is used for (2.37), the above

discretization is still valid provided that we replace the boundary condition at r = R

in (2.56) by

@r  ̂ l (R; t) = 0 ; �
L
2

� l �
L
2

� 1; t � tn ; (2.59)

the �nite element subsetsUg
l in (2.57) and U0

l in (2.58) by the following �nite element

spaces

Un
l =

8
<

:
Uh; l = 0;
�

uh 2 Uh j uh(0) = 0
	

; l 6= 0:
(2.60)

The detailed discretization is omitted here for brevity.

Remark 2.3.2. The equation (2.54) with (2.55) can also be discretized in space

by either Legendre or Chebyshev pseudospectral method [140] and in time by the

Crank-Nicolson method.



Chapter 3
Vortex dynamics in GLE

Formal analysis indicate that, if initially  "
0 has isolated vortices, these vortices

move with velocities of the order ofj ln " j � 1 in the GLE dynamics with � " = 1

[28, 99, 102]. Therefore, to obtain nontrivial vortex dynamics, in this chapter, we

always assume 0< " < 1 and choose

� " =
1

j ln " j
=

1
ln(1=")

; 0 < " < 1: (3.1)

We then apply the numerical method presented in chapter2 to simulate quan-

tized vortex interaction of GLE, i.e., � = 0; � " = 1
ln(1 =") in the GLSE (1.1), with

di�erent " and under di�erent initial setups including single vortex, vortex pair,

vortex dipole and vortex cluster. We study how the dimensionless parameter " , ini-

tial setup, boundary value and geometry of the domainD a�ect the dynamics and

interaction of vortices. Moreover, we compare the results obtained from the GLE

with those from the corresponding reduced dynamical laws, and identify the cases

where the reduced dynamical laws agree qualitatively and/or quantitatively as well

as fail to agree with those from GLE on vortex interaction. Finally, we also obtain

numerically di�erent patterns of the steady states for quantizedvortex clusters and

study the alignment of the vortices in the steady state.

31
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3.1 Initial setup

For a given bounded domainD, the GLSE (1.1) is unchanged by the re-scaling

x ! lx, t ! l2t and " ! l" with l the diameter ofD. Thus without lose of generality,

hereafter, without speci�cation, we always assume that the diameter of D is O(1).

The initial data  "
0 in (1.2) for simulating GLE thus is chosen as (2.6) with R0 = 0:25

in (2.7). To simulate GLE under Dirichlet BC, we choose the functiong(x) in (1.3)

as

g(x) = ei (h(x )+
P M

j =1 n j � (x � x 0
j )) ; x 2 @D; (3.2)

and we consider following six kinds of modes for the phase shifth(x) in (3.2) and

(2.6):

� Mode 0: h(x) = 0 ; Mode 1: h(x) = x + y;

� Mode 2: h(x) = x � y; Mode 3: h(x) = x2 � y2;

� Mode 4: h(x) = x2 � y2 � 2xy; Mode 5: h(x) = x2 � y2 � 2xy:

Moreover, to simulate GLE under homogeneous Neumann BC, we choose the phase

shift h(x) to be the solution of the following problem:
8
>>><

>>>:

� h(x) = 0 ; x 2 D ;
@

@�h(x) = � @
@�

P M
l=1 nl � (x � x l ); x 2 @D;

R
D h(x)dx = 0:

(3.3)

Without speci�cation, this initial setup will also be used in chapter4 in studying

vortex interaction in the NLSE dynamics and chapter5 in the CGLE dynamics. To

simplify our presentation, for j = 1; 2; : : : ; M , hereafter we letx "
j (t) and x r

j (t) be

the j -th vortex center in the GLE dynamics and corresponding reduceddynamics,

respectively, and denoted"
j (t) = jx "

j (t) � x r
j (t)j as their di�erence. Moreover, in the

presentation of �gures, the initial location of a vortex with winding number +1, � 1

and the location that two vortices merge are marked as `+', `� ' and �̀ ', respectively.
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Furthermore, if a vortex could �nally stay steady in somewhere, wedenote its �nal

location as `*'. Finally, in our computations, if not speci�ed, we takeD = [ � 1; 1]2,

mesh sizeshx = hy = "
10 and time step � = 10� 6. The GLE with ( 1.3), (1.2) and

(2.6) is solved by the method TSCNFD presented in section 3.

3.2 Numerical results under Dirichlet BC

3.2.1 Single vortex

Here we present numerical results of the motion of a single quantized vortex

under the GLE dynamics and its corresponding reduced dynamical laws. We take

M = 1, n1 = 1 and consider following cases: case I.x0
1 = (0 ; 0), h(x) = x + y;

case II. x0
1 = (0 ; 0), h(x) = x � y; case III. x0

1 = (0 ; 0), h(x) = x2 � y2; case IV.

x0
1 = (0 :1; 0:2), h(x) = x + y; case V.x0

1 = (0 :1; 0:2), h(x) = x � y; and case VI.

x0
1 = (0 :1; 0:2), h(x) = x2 � y2. Fig. 3.1depicts trajectory of the vortex center when

" = 1
32 for the above 6 cases andd"

1 with di�erent " for case II, IV and VI. From Fig.

3.1 and additional numerical experiments not shown here for brevity,we can draw

following conclusions: (i). Whenh(x) � 0, the vortex center doesn't move and this

is similar to the case in the whole space. (ii). Whenh(x) = ( x+ by)(x� y
b) with b6= 0,

the vortex does not move ifx0 = (0 ; 0), while it does move ifx0 6= (0 ; 0) (cf. case

III and VI for b= 1). (iii). When h(x) 6= 0 and h(x) 6= ( x + by)(x � y
b) with b 6= 0,

in general, the vortex center does move to a di�erent point from itsinitial location

and stays there forever. This is quite di�erent from the situation inthe whole space,

where a single vortex may move to in�nity under the initial data (2.6) with h(x) 6= 0

and D = R2. (iv). In general, the initial location, the geometry of the domain and

the boundary value will all a�ect the motion of the vortex center. (v). When " ! 0,

the dynamics of the vortex center in the GLE dynamics converges uniformly in

time to that in the reduced dynamics (cf. Fig. 3.1) which veri�es numerically the

validation of the reduced dynamical laws. In fact, based on our extensive numerical

experiments, the motion of the vortex center from the reduced dynamical laws agree
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Figure 3.1: (a)-(b): Trajectory of the vortex center in GLE under Dirichlet BC when

" = 1
32 for cases I-VI (from left to right and then from top to bottom), and (c): d"

1

for di�erent " for cases II, IV and VI (from left to right) in section 3.2.1.

with those from the GLE dynamics qualitatively when 0< " < 1 and quantitatively

when 0< " � 1.

3.2.2 Vortex pair

Here we present numerical results of the interaction of vortex pair under the

GLE dynamics and its corresponding reduced dynamical laws, i.e., we take M = 2,

n1 = n2 = 1, x0
1 = ( � 0:5; 0) and x0

2 = (0 :5; 0) in (2.6). Fig. 3.2 depicts time

evolution of the amplitude j " j, while Fig. 3.3 shows that of the GL functionals as
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well as the trajectory of the vortex centers when" = 1
32 in with di�erent h(x) in

(2.6). Fig. 3.4 shows time evolution ofx r
1(t), x "

1(t) and d"
1(t) with di�erent h(x) in

(2.6).

From Figs. 3.2, 3.3 & 3.4 and additional numerical results not shown here for

brevity, we can draw the following conclusions for the interaction ofvortex pair un-

der the GLE dynamics with Dirichlet BC: (i). The two vortices undergoa repulsive

interaction, they never collide, both of them move towards the boundary of D for a

while and �nally stop somewhere near the boundary which indicate that the bound-

ary imposes a repulsive force on the vortices whent is large enough (cf. Figs.3.2

& 3.3). (ii). When h(x) � 0, the two vortex centers move outward along the line

connecting them initially, and their trajectories are symmetric, i.e.,x "
1(t) = � x "

2(t),

while when h(x) 6= 0, it a�ects the motion of the two vortex centers signi�cantly

(cf. Fig. 3.3). (iii). When " ! 0, the dynamics of the two vortex centers in the

GLE dynamics converges uniformly in time to that in the reduced dynamics (cf.

Fig. 3.4) which veri�es numerically the validation of the reduced dynamical laws

in this case. In fact, based on our extensive numerical experiments, the motions of

the two vortex centers from the reduced dynamical laws agree with those from the

GLE dynamics qualitatively when 0< " < 1 and quantitatively when 0< " � 1.

(iv). During the dynamics of GLE, the GL functional and its kinetic part decrease

when time increases, its interaction part changes dramatically whent is small, and

when t ! 1 , all the three quantities converge to constants (cf. Fig.3.3), which

immediately imply that a steady state solution will be reached whent ! 1 .

3.2.3 Vortex dipole

Here we present numerical results of the interaction of vortex dipole under the

GLE dynamics and its corresponding reduced dynamical laws, i.e., we take M = 2,

n1 = � 1, n2 = 1, x0
1 = ( � d0; 0) and x0

2 = ( d0; 0) in (2.6). Fig. 3.5 depicts time

evolution of the amplitude j " j, while Fig. 3.6 shows that of the GL functionals as

well as the trajectory of the vortex centers when" = 1
32 in GLE with di�erent d0
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(a)

(b)

Figure 3.2: Contour plots ofj " (x; t)j at di�erent times for the interaction of vortex

pair in GLE under Dirichlet BC with " = 1
32 and di�erent h(x) in (2.6): (a) h(x) = 0,

(b) h(x) = x + y.
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Figure 3.3: Trajectory of vortex centers (left) and time evolutionof the GL func-

tionals (right) for the interaction of vortex pair in GLE under Dirichlet BC with

" = 1
32 for di�erent h(x) in (2.6): (a) h(x) = 0, (b) h(x) = x + y.

and h(x) in (2.6) as well as the critical valued"
c for di�erent " when h(x) � x + y.

Fig. 3.7 shows time evolution ofx r
1(t), x "

1(t) and d"
1(t) with d0 = 0:5 for di�erent "

and h(x) in (2.6).

From Figs. 3.5, 3.6 & 3.7 and additional numerical results not shown here for
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Figure 3.4: Time evolution ofx "
1(t) and x r

1(t) (left and middle) and their di�erence

d"
1 (right) for di�erent " for the interaction of vortex pair in GLE under Dirichlet

BC for di�erent h(x) in (2.6): (a) h(x) = 0, (b) h(x) = x + y.

brevity, we can draw the following conclusions for the interaction ofvortex dipole

under the GLE dynamics with Dirichlet BC: (i). Both boundary value, i.e., h(x),

and distance between the two vortex centers initially, i.e., 2d0, a�ect the motion of

the vortices signi�cantly. (ii). When h(x) � 0, for any initial location of the vortex

dipole, the two vortices always undergo an attractive interaction and their centers

move toward each other along the line connecting them initially, their trajectory are

symmetric with respect to the line perpendicular to the segment connecting them

initially, and �nally, they merge at the middle point of this segment, i.e., the point

xmerge = 1
2(x0

1 + x0
2) (cf. Figs. 3.5& 3.6). At the collision, both vortices in the vortex

dipole merge/annihilate with each other; and after the collision, theywill disappear

and no vortex is left afterwards during the dynamics. For any �xed0 < " < 1, there

is a collision timeT" which increases when" decreases. (iii). Whenh(x) = x + y,

the two vortices move along a symmetric trajectory, i.e.,x "
1(t) = � x "

2(t). Moreover,

for the reduced dynamical laws, there exists a critical valuedr
c, which is found
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(a)

(b)

(c)

Figure 3.5: Contour plots ofj " (x; t)j at di�erent times for the interaction of vortex

dipole in GLE under Dirichlet BC with " = 1
32 for di�erent d0 and h(x) in (2.6): (a)

h(x) = 0, d0 = 0:5, (b) h(x) = x + y, d0 = 0:5, (c) h(x) = x + y, d0 = 0:3.

numerically as dr
c � 0:4142, such that whend0 < d r

c, then the vortex dipole will

merge at �nite time, and respectively, whend0 > d r
c, the vortex dipole will never

collide. Similarly, for the vortex dipole under the GLE dynamics, for each �xed

0 < " < 1, there exists a critical valued"
c such that whend0 < d "

c, then the vortex

dipole will merge at �nite time, and respectively, whend0 > d "
c, the vortex dipole

will never collide (cf. Figs. 3.5 & 3.6). We �nd numerically the critical distance

d"
c for 0 < " < 1 and depict them in Fig. 3.8. From these values, we can �t the
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Figure 3.6: (a)-(c): Trajectory of vortex centers (left) and time evolution of the

GL functionals (right) for the interaction of vortex dipole in GLE under Dirichlet

BC with " = 1
32 for di�erent d0 and h(x) in (2.6): (a) h(x) = 0, d0 = 0:5, (b)

h(x) = x + y, d0 = 0:5, (c) h(x) = x + y, d0 = 0:3. (d): Critical value d"
c for di�erent

" when h(x) � x + y.

following relationship betweend"
c and dr

c:

d"
c � dr

c + 41:26"3:8; 0 � " < 1:

(iv). When " ! 0, the dynamics of the two vortex centers under the GLE dynamics

converges uniformly in time to that of the reduced dynamical laws before the collision

happens (cf. Fig. 3.7) which veri�es numerically the validation of the reduced

dynamical laws in this case. In fact, based on our extensive numerical experiments,

the motion of the two vortex centers from the reduced dynamicallaws agree with

those from the GLE dynamics qualitatively when 0< " < 1 and quantitatively

when 0< " � 1 if the initial distance between the two vortex centers satis�es either

0 < d 0 < d r
c or d0 > d "

c. On the contrary, if dr
c < d 0 < d "

c, then the motion of

the vortex dipole from the reduced dynamical laws is di�erent qualitatively from

that of the GLE dynamics. (v). During the dynamics of GLE, the GL functional

decreases when time increases, its kinetic and interaction parts change dramatically
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Figure 3.7: Time evolution ofx "
1(t), x r

1(t) (left and middle) and their di�erence d"
1

(right) for di�erent " for the interaction of vortex dipole in GLE under Dirichlet BC

with d0 = 0:5 for di�erent h(x) in (2.6): (a) h(x) = 0, (b) h(x) = x + y.
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Figure 3.8: Critical value d"
c for the interaction of vortex dipole of the GLE under

Dirichlet BC with h(x) � x + y in (2.6) for di�erent " .

when t is small, and whent ! 1 , all the three quantities converge to constants (cf.

Fig. 3.6). Moreover, if �nite time merging/annihilation happens, the GL functional

and its kinetic and interaction parts change signi�cantly during the collision. In

addition, when t ! 1 , the interaction energy goes to 0 which immediately implies

that a steady state will be reached in the form of� " (x) = eic (x ) , where c(x) is a
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harmonic function satisfyingc(x)j@D = h(x) +
P M

j =1 nj � (x � x0
j ).

3.2.4 Vortex cluster

Here we present numerical results of the interaction of vortex clusters under

the GLE dynamics. We will consider the following cases: case I.M = 3, n1 =

n2 = n3 = 1, x0
1 = ( � 0:25;

p
3

4 ), x0
2 = ( � 0:25; �

p
3

4 ), x0
3 = (0 :5; 0); case II.M = 3,

n1 = n2 = n3 = 1, x0
1 = ( � 0:4; 0), x0

2 = (0 ; 0), x0
3 = (0 :4; 0); case III. M = 3,

n1 = n2 = n3 = 1, x0
1 = (0 ; 0:3), x0

2 = (0 :15; 0:15), x0
3 = (0 :3; 0); case IV.M = 3,

n1 = � 1, n2 = n3 = 1, x0
1 = ( � 0:25;

p
3

4 ), x0
2 = ( � 0:25; �

p
3

4 ), x0
3 = (0 :5; 0); case V.

M = 3, n2 = � 1, n1 = n3 = 1, x0
1 = ( � 0:4; 0), x0

2 = (0 ; 0), x0
3 = (0 :4; 0); case VI.

M = 3, n1 = � 1, n2 = n3 = 1, x0
1 = (0 :2; 0:3), x0

2 = ( � 0:3; 0:4), x0
3 = ( � 0:4; � 0:2);

case VII. M = 4, n1 = n2 = n3 = n4 = 1, x0
1 = (0 ; 0:5), x0

2 = ( � 0:5; 0), x0
3 =

(0; � 0:5), x0
4 = (0 :5; 0); case VIII. M = 4, n1 = n3 = � 1, n2 = n4 = 1, x0

1 = (0 ; 0:5),

x0
2 = ( � 0:5; 0), x0

3 = (0 ; � 0:5), x0
4 = (0 :5; 0); and case IX.M = 4, n1 = n2 = � 1,

n3 = n4 = 1, x0
1 = (0 ; 0:5), x0

2 = ( � 0:5; 0), x0
3 = (0 ; � 0:5), x0

4 = (0 :5; 0). Fig.

3.9 shows trajectory of the vortex centers when" = 1
32 in and h(x) = 0 in ( 2.6)

for the above 9 cases. From Fig.3.9 and additional numerical experiments not

shown here for brevity, we can draw the following conclusions: (i). The interaction

of vortex clusters under the GLE dynamics with Dirichlet BC is very interesting

and complicated. The detailed dynamics and interaction pattern of avortex cluster

depends on its initial alignment of the vortices, geometry of the domain D and the

boundary valueg(x). (ii). For a cluster of M vortices, if they have the same index,

then no collision will happen for any timet � 0. On the other hand, if they have

opposite index, e.g.M + > 0 vortices with index `+1' and M � > 0 vortices with

index �̀ 1' satisfying M + + M � = M , collision will always happen at �nite time.

In addition, when t is su�ciently large, there exist exactly jM + � M � j vortices of

winding number `+1' if M + > M � , and resp. �̀ 1' if M + < M � , left in the domain.
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Figure 3.9: Trajectory of vortex centers for the interaction of di�erent vortex

clusters in GLE under Dirichlet BC with " = 1
32 and h(x) = 0 for cases I-IX (from

left to right and then from top to bottom) in section 3.2.4.

3.2.5 Steady state patterns of vortex clusters

Here we present the steady state patterns of vortex clusters inthe GLE dynamics

under Dirichlet BC. We study how the geometry of the domainD and boundary

condition a�ect the alignment of vortices in the steady states. To this end, we take

" = 1
16 in,

nj = 1; x0
j = 0:5

�
cos

�
2j�
M

�
; sin

�
2j�
M

��
; j = 1; 2; : : : ; M;

i.e., initially we have M like vortices which are located uniformly in a circle centered

at origin with radius R1 = 0:5.
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(a)

(b)

(c)

Figure 3.10: Contour plots ofj� " (x)j for the steady states of vortex cluster in GLE

under Dirichlet BC with " = 1
16 for M = 8; 12; 16; 20 (from left column to

right column) and di�erent domains: (a) unit disk D = B1(0), (b) square domain

D = [ � 1; 1]2, (c) rectangular domainD = [ � 1:6; 1:6] � [� 1; 1].

Denote � " (x) as the steady state, i.e.,� " (x) = lim t !1  " (x; t) for x 2 D . Fig.

3.10depicts the contour plots of the amplitudej� " j of the steady state in the GLE

dynamics with h(x) = x2 � y2 + 2xy in (2.6) for di�erent M and domains, while

Fig. 3.11 depicts similar results on a rectangular domainD = [ � 1:6; 1:6] � [� 1; 1]

for di�erent M and h(x) in (2.6). In addition, Fig. 3.11shows similar results with

M = 8 for di�erent h(x) and domain D.

From Figs. 3.10, 3.11 & 3.12 and additional numerical results not shown here

for brevity, we can draw the following conclusions for the steady state patterns

of vortex clusters under the GLE dynamics with Dirichlet BC: (i). The vortex

undergo repulsive interaction between each other and they move to locations near

the boundary of D, there is no collision and a steady state pattern is formed when
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(a)

(b)

(c)

(d)

(e)

Figure 3.11: Contour plots ofj� " (x)j for the steady states of vortex cluster in GLE

under Dirichlet BC with " = 1
16 on a rectangular domainD = [ � 1:6; 1:6] � [� 1; 1]

for M = 8; 12; 16; 20 (from left column to right column) and di�erent h(x): (a)

h(x) = 0, (b) h(x) = x + y, (c) h(x) = x2 � y2, (d) h(x) = x � y, (e) h(x) =

x2 � y2 � 2xy.

t ! 1 . In fact, the steady state is also the solution of the following minimization

problem

� " = argmin � (x )jx 2 @D =  "
0 (x )jx 2 @D

E" (� ):

Actually, based on our extensive numerical experiments, we foundthat for a vortex

cluster of any con�guration, i.e., vortices in the vortex cluster maybe opposite

winding number, the vortices either merge and annihilate and all the leftover vortices
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Figure 3.12: Contour plots ofj� " (x)j for the steady states of vortex cluster in GLE

under Dirichlet BC with " = 1
16 and M = 8 on a unit disk D = B1(0) (top row) or

a squareD = [ � 1; 1]2 (bottom row) under di�erent h(x) = 0 ; x + y; x2 � y2; x �

y; x2 � y2 � 2xy (from left column to right column).

(a)
2 8 14

0.05

0.15

0.25

M

LW

0.7 1.7 2.7

-3

-2.2

-1.4

ln(M)

ln
(L

W
)

(b)
2 8 14

0.05

0.15

0.25

M

LW

0.7 1.7 2.7

-3

-2.2

-1.4

ln(M)

ln
(L

W
)

Figure 3.13: Width of the boundary layer LW vsM (the number of vortices) under

Dirichlet BC on a squareD = [ � 1; 1]2 when " = 1
16 for di�erent h(x): (a) h(x) = 0,

(b) h(x) = x + y.

are all pinned in near the boundary �nally. This phenomena is similar withthe one

in the superconductor involving magnetic �eld [104].

(ii). During the dynamics, the GL functional decreases when time increases.

(iii). Both the geometry of the domain and the boundary condition, i.e., h(x), a�ect

the �nal steady states signi�cantly. The con�guration of a vortex cluster at the

steady state follows the symmetry ofD and h(x). For example, in the disk domain,

when h(x) = x2 � y2 + 2xy, the vortex cluster is symmetric with respect to the two
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lines y = (1 �
p

2)x and y = (1 +
p

2)x which satisfy h(x) = 0 (cf. Fig. 3.10). (iv).

At the steady state, the distance between the vortex centers and @D depends on"

and M . For �xed M , when " decreases, the distance decreases; and respectively,

for �xed ", when M increases, the distance decreases. In order to characterize this

distance, we denote

LW := LW (M; " ) = lim
t !1

min
1� j � M

dist(x "
j (t); @D); M � 2:

For a square domainD = [ � 1; 1]2, we �nd these distances numerically and depict

LW (M; " ) with " = 1
16 for di�erent M in Fig. 3.13. From these results, we can �t

the following relations betweenLW (M; " = 1=16) as a function ofM as

LW � 0:4M � 0:7713; M � 1;

for h(x) � 0, and respectively,

LW � 0:3714M � 0:7164; M � 1;

for h(x) = x + y. For other cases, we can also �t out similar results, we omit here

for brevity.

3.2.6 Validity of RDL under small perturbation

It is well known that in the NLSE dynamics highly co-rotating vortex will radiate

out sound waves, which will in turn modify their motion. In other words, the reduced

dynamical law which does not take the radiation into account will become invalid

after the sound wave coming up, or equivalent to say, a small perturbation comes up

in the �eld. To understand if there were same bad situations in the GLE dynamics,

i.e., if the RDL in the GLE dynamics is valid under small perturbation or not, we

take the initial data (1.2) as

 " (x; 0) =  �;"
0 (x) =  "

0(x) + �e � 20(( jx j� 0:48)2 + y2) ; x = ( x; y) 2 D ; (3.4)

where  "
0 is given in (2.6) with h(x) � 0, M = 2, n1 = n2 = 1 and x0

1 = � x0
2 =

(0:5; 0), i.e., we perturb the initial data for studying the interaction of a vortex pair
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Figure 3.14: Time evolution ofd�;"
1 (t) for non-perturbed initial data (left) and per-

turbed initial data (right) in section 3.2.6

by a Gaussian function with amplitude � . Then we take � = " and let " go to

0, and solve the GLE with initial condition (3.4) for the vortex centersx �;"
1 (t) and

x �;"
2 (t) and compare them with those from the reduced dynamical law. We denote

d�;"
j (t) = jx �;"

j (t) � xr
j (t)j for j = 1; 2 as the error. Fig. 3.14 depicts time evolution

of d�;"
1 (t) for the case when� = " , i.e., small perturbation, and the case when

� = 0, i.e., no perturbation. From this �gure, we can see that small perturbation

in the initial data does not a�ect the motion of the vortices much, same as that

with non-perturbed initial setups, the dynamics of the two vortexcenters under the

GLE dynamics with perturbed initial setups converge to those obtained from the

reduced dynamical law when" ! 0 as well. Actually, from our extensive numerical

examples, we see that any kind of small perturbations that we consider in the initial

setup does not a�ect the motion of the vortex dynamics much, theRDL always hold

valid.

3.3 Numerical results under Neumann BC

3.3.1 Single vortex

Here we present numerical results of the motion of a single quantized vortex

under the GLE dynamics and its corresponding reduced dynamical laws, i.e., we

take M = 1 and n1 = 1 in ( 2.6). Fig. 3.15 depicts trajectory of the vortex center

for di�erent x0
1 in (2.6) when " = 1

32 in and d"
1 for di�erent " . From Fig. 3.15 and
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Figure 3.15: Trajectory of the vortex center when" = 1
32 (left column) and d"

1 for dif-

ferent " (right column) for the motion of a single vortex in GLE under homogeneous

Neumann BC with di�erent x0
1 in (2.6): (a) x0

1 = (0 ; 0:1), (b) x0
1 = (0 :1; 0:1).

additional numerical results not shown here for brevity, we can see that: (i). The

initial location of the vortex, i.e., value ofx0 a�ects the motion of the vortex a lot

and this shows the e�ect on the vortex from the Neumann BC. (ii). If x0
1 = ( x0; y0) 6=

(0; 0) satis�es x0 = 0 or y0 = 0 or x0 = � y0, the trajectory is a straight line. (iii).

If x0
1 = (0 ; 0), the vortex will not move all the time, otherwise, the vortex will move

and �nally exit the domain and never come back. This is quite di�erent from the

situations in bounded domain with Dirichlet BC where a single vortex cannever

move outside the domain or in the whole space where a single vortex doesn't move

at all under the initial condition ( 2.6) whenD = R2. (iv). As " ! 0, the dynamics of

the vortex center under the GLE dynamics converges uniformly in time to that of the

reduced dynamical laws well before it exits the domain, which veri�esnumerically

the validation of the reduced dynamical laws in this case. Of course,when the vortex

center is being exited the domain or after it moves out of the domain,the reduced

dynamics laws are no longer valid. However, the dynamics of GLE is stillphysically

interesting. In fact, based on our extensive numerical experiments, the motion of

the vortex centers from the reduced dynamical law agrees with that from the GLE

dynamics qualitatively when 0< " < 1 and quantitatively when 0 < " � 1 well

before it moves out of the domain.
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3.3.2 Vortex pair

Here we present numerical results of the interaction of vortex pair under the

GLE dynamics and its corresponding reduced dynamical laws, i.e., we take M = 2,

n1 = n2 = 1, x0
1 = ( � 0:5; 0) and x0

2 = (0 :5; 0) in (2.6).

Fig. 3.16 depicts time evolution of the amplitudej " j, time evolution of the

GL functionals, x r
1(t), x "

1(t) and d"
1(t), and trajectory of the vortex centers for GLE

under homogeneous Neumann BC.

From Fig. 3.16 and additional numerical results not shown here for brevity,

we can draw the following conclusions for the interaction of vortex pair under the

GLE dynamics with homogeneous Neumann BC: (i). The two vortices undergo a

repulsive interaction, their centers move outwards along the line connected them

initially with symmetric trajectories, i.e., x "
1(t) = � x "

2(t) (cf. Fig. 3.16 (a) & (b)).

Moreover, if the two vortices are not located symmetrically initially, the one closer

to the boundary will �rst move outside the domain and the other onewill exit

the domain later. All the vortices will exit the domain D at �nite time T" which

increases when" decreases. (ii). When" ! 0, the dynamics of the two vortex

centers under the GLE dynamics converge uniformly in time to that of the reduced

dynamical laws before any one of them exit the domain (cf. Fig.3.16(c)), which

veri�es numerically the validation of the reduced dynamical laws in thiscase. In

fact, based on our extensive numerical experiments, the motion of the two vortex

centers from the reduced dynamical laws agree with those from the GLE dynamics

qualitatively when 0 < " < 1 and quantitatively when 0 < " � 1. (iii). During

the dynamics of GLE, the GL functional and its kinetic parts decrease when time

increases, its interaction part doesn't change much whent is small and changes

dramatically when any one of the two vortices move outside the domain D. When

t ! 1 , all the three quantities converge to 0 (cf. Fig.3.16(c)), which imply that a

constant steady state will be reached in the form of� " (x) = eic0 for x 2 D with c0

a constant.
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Figure 3.16: Dynamics and interaction of a vortex pair in GLE under Neumann

BC: (a) contour plots of j " (x; t)j with " = 1
32 at di�erent times, (b) trajectory of the

vortex centers (left) and time evolution of the GL functionals (right) for " = 1
32, (c)

time evolution of x "
1(t) and x r

1(t) (left and middle) and their di�erence d"
1(t) (right)

for di�erent " .

3.3.3 Vortex dipole

Here we present numerical results of the interaction of vortex dipole under the

GLE dynamics and its corresponding reduced dynamical laws, i.e., we take M = 2,

n1 = � 1, n2 = 1, x0
1 = ( � d0; 0) and x0

2 = ( d0; 0) with d0 a constant.

Fig. 3.17depicts contour plots of the amplitudej " j, while Fig. 3.18shows time

evolution of GL functionals and trajectory of the vortex centerswhen " = 1
32 in for



3.3 Numerical results under Neumann BC 51

(a)

(b)

Figure 3.17: Contour plots ofj " (x; t)j at di�erent times for the interaction of vortex

dipole in GLE under Neumann BC with " = 1
32 for di�erent d0: (a) d0 = 0:2, (b)

d0 = 0:7.
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Figure 3.18: Trajectory of vortex centers (left) and time evolution of the GL func-

tionals (right) for the interaction of vortex dipole in GLE under Neumann BC with

" = 1
32 for di�erent d0: (a) d0 = 0:2, (b) d0 = 0:7.

di�erent d0 in (2.6). Fig. 3.19 shows time evolution ofx r
1(t), x "

1(t) and d"
1(t) for

di�erent " and d0.

From Figs. 3.17, 3.18& 3.19and additional numerical results not shown here for

brevity, we can draw the following conclusions for the interaction ofvortex dipole
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Figure 3.19: Time evolution ofx "
1(t) and x r

1(t) (left and middle) and their di�erence

d"
1(t) (right) for di�erent " and d0: (a) d0 = 0:2, (b) d0 = 0:7.

under the GLE dynamics with homogeneous Neumann BC: (i). The initial location

of the vortices, i.e.,d0, a�ects the motion of vortices signi�cantly. In fact, there exists

a critical value dr
c = d"

c for 0 < " < 1, which is found numerically asdr
c = 0:5, such

that when the distance between the two vortex centers initiallyd0 = 1
2 jx0

1 � x0
2j < d r

c,

then the two vortices will move towards each other along the line connecting their

initial locations and �nally merge at the origin at �nite time T" which increases when

" decreases, and respectively, whend0 > d r
c, the two vortices will move outwards

along the line connecting their initial locations and �nally move out of the domain at

�nite time T" which increases when" decreases (cf. Figs.3.17& 3.18). Moreover, the

trajectories of the two vortices are symmetric, i.e.,x1(t) = � x2(t), and �nally the

GLE dynamics will lead to a constant steady state with amplitude 1, i.e.,� " (x) = eic0

for x 2 D with c0 a real constant. (ii). When" ! 0, the dynamics of the two vortex

centers under the GLE dynamics converges uniformly in time to thatof the reduced

dynamical laws before they collide or move out of the domain (cf. Fig.3.19) which

veri�es numerically the validation of the reduced dynamical laws in thiscase. In
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fact, based on our extensive numerical experiments, the motion of the two vortex

centers from the reduced dynamical laws agree with those from the GLE dynamics

qualitatively when 0 < " < 1 and quantitatively when 0 < " � 1. (iii). During

the dynamics of GLE, the GL functional and its kinetic part decrease when time

increases, its interaction part doesn't change much whent is small. All the three

quantities changes dramatically when the two vortices collide or moveacross@D

and eventually converge to 0 whent ! 1 (cf. Fig. 3.18).

3.3.4 Vortex cluster

Here we present numerical results of the interaction of vortex clusters under

the GLE dynamics. We will consider the following cases: case I.M = 3, n1 =

n2 = n3 = 1, x0
1 = ( � 0:2;

p
3

5 ), x0
2 = ( � 0:2; �

p
3

5 ), x0
3 = (0 :4; 0); case II. M = 3,

n1 = n2 = n3 = 1, x0
1 = ( � 0:4; 0), x0

2 = (0 ; 0), x0
3 = (0 :4; 0); case III. M = 3,

n1 = n2 = n3 = 1, x0
1 = ( � 0:4; 0:2), x0

2 = (0 ; 0:2), x0
3 = (0 :4; 0:2); case IV.M = 3,

n2 = � 1, n1 = n3 = 1, x0
1 = ( � 0:4; 0), x0

2 = (0 ; 0), x0
3 = (0 :4; 0); case V.M = 3,

n3 = � 1, n1 = n2 = 1, x0
1 = ( � 0:2;

p
3

5 ), x0
2 = ( � 0:2; �

p
3

5 ), x0
3 = (0 :4; 0); case VI.

M = 4, n1 = n2 = n3 = n4 = 1, x0
1 = (0 :4; � 0:4 sin(1)), x0

2 = ( � 0:2; 0:4 cos(1)),

x0
3 = ( � 0:2; 0:4 sin(1)), x0

4 = (0 ; 0); case VII. M = 4, n1 = n3 = � 1, n2 = n4 = 1,

x0
1 = ( � 0:4; 0), x0

2 = ( � 2
15; 0), x0

3 = ( 2
15; 0), x0

4 = (0 :4; 0); case VIII. M = 4,

n1 = n2 = � 1, n3 = n4 = 1, x0
1 = (0 :4; 0), x0

2 = ( � 0:2;
p

3
5 ), x0

3 = ( � 0:2; �
p

3
5 ),

x0
4 = (0 ; 0); and case IX.M = 4, n2 = n3 = 1, n1 = n4 = � 1, x0

1 = (0 :4; 0),

x0
2 = ( � 0:2;

p
3

5 ), x0
3 = ( � 0:2; �

p
3

5 ), x0
4 = (0 ; 0).

Fig. 3.20shows trajectory of the vortex centers when" = 1
32 in for the above 9

cases. From Fig.3.20and additional numerical results not shown here for brevity, we

can draw the following conclusions: (i). The interaction of vortex clusters under the

GLE dynamics with homogeneous Neumann BC is very interesting and complicated.

The detailed dynamics and interaction pattern of a vortex cluster depends on its

initial alignment of the vortices and geometry of the domainD. (ii). For a cluster

of M vortices, if they have the same index, then at leastM � 1 vortices will move
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Figure 3.20: Trajectory of vortex centers for the interaction ofdi�erent vortex

clusters in GLE under homogeneous Neumann BC with" = 1
32 for cases I-IX (from

left to right and then from top to bottom) in section 3.3.4.

out of the domain at �nite time and no collision will happen for any timet � 0.

On the other hand, if they have opposite index, collision will happen at�nite time.

After collisions, the leftover vortices will then move out of the domain at �nite time

and at most one vortex may left in the domain. Whent is su�ciently large, in most

cases, no vortex is left in the domain; of course, when the geometry and initial setup

are properly symmetric andM is odd, there maybe one vortex left in the domain.
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Figure 3.21: Contour plots of the amplitudej " (x; t)j for the initial data (top)

and corresponding steady states (bottom) of vortex cluster in the GLE under ho-

mogeneous Neumann BC with" = 1
16 for di�erent number of vortices M and

winding number nj : M = 3; n1 = n2 = n3 = 1 (�rst and second columns);

M = 3; n1 = � n2 = n3 = 1 (third column); and M = 4; n1 = � n2 = n3 = � n4 = 1

(fourth column).

3.3.5 Steady state patterns of vortex clusters

Here we present the steady state patterns of vortex clusters under the GLE

dynamics with homogeneous Neumann BC. To this end, we take" = 1
16 in and

assume theM vortices are initially located uniformly on a line, i.e.,

x0
j =

�
� 0:5 +

j � 1
M � 1

; 0
�

; j = 1; 2; : : : ; M;

or on a circle with radiusR1 = 0:5, i.e.,

x0
j = 0:5

�
cos

�
2j�
M

�
; sin

�
2j�
M

��
; j = 1; 2; : : : ; M:

Fig. 3.21depicts the amplitudej " j of the initial data and �nal steady states under

the GLE dynamics with di�erent initial setups.



3.3 Numerical results under Neumann BC 56

From Fig. 3.21 and additional numerical results not shown here for brevity,

we can draw the following conclusions for the interaction of vortex clusters under

the GLE dynamics with homogeneous Neumann BC: (i). If the three like vortices

initially located uniformly on a circle, they will repel each other and �nally exit

outside the domain and never come back. (ii). If the three like vortices initially

located uniformly on a line, the left and right vortices will �nally exit outside the

domain and never come back, while the middle one does not move all thetime. (iii).

If the three vortices initially located uniformly on a line with the middle vortex

whose winding number is opposite to the other two, the middle one will not move

all the time, while the left and right vortices will move toward the originand one

of them will merge with the middle vortex, �nally only one vortex will stay at the

origin forever. (iv). If the four vortices initially located uniformly on a circle with

the sign of winding number alternatively changed, the four vorticeswill move toward

the original point and merge with each other, and �nally there will be no vortex

in the domain. (v). Actually, from our extensive numerical experiments, we can

conclude that for any initial setup, if the number of vorticesM is even, the vortices

will either merge or move outside the domain, and �nally there will be novortex

leftover in the domain; while if M is odd, there will be at most one vortex leftover

in the domain whent ! 1 .

3.3.6 Validity of RDL under small perturbation

Same as the motivation in section3.2.6, here we study the radiation property

of the GLE dynamics under homogeneous Neumann BC in this subsection. To this

end, we take the initial data (1.2) as (3.4) with  "
0 chosen as (2.6) with M = 2,

n1 = n2 = 1, x0
1 = � x0

2 = (0 :5; 0) and h(x) as (3.3). Then we take� = " and let " go

to 0, and solve the GLE with initial condition (3.4) for the vortex centersx �;"
1 (t) and

x �;"
2 (t) and compare them with those from the reduced dynamical law. We denote

d�;"
j (t) = jx �;"

j (t) � xr
j (t)j for j = 1; 2 as the error. Fig.3.22depicts time evolution of

d�;"
1 (t) for the case when� = " , i.e., small perturbation, and the case when� = 0, i.e.,
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Figure 3.22: Time evolution ofd�;"
1 (t) for non-perturbed initial data (left) and per-

turbed initial data (right) in section 3.3.6

no perturbation. From this �gure, we can see that small perturbation in the initial

data does not a�ect the motion of the vortices much, same as the non-perturbed

initial setups, the dynamics of the two vortex centers under the GLE dynamics with

perturbed initial setups also converge to those obtained from thereduced dynamical

law when" ! 0, which is simply similar as the situation in the GLE dynamics with

perturbed initial data under Dirichlet BC.

3.4 Vortex dynamics in inhomogeneous potential

In this subsection, we study numerically the vortex dynamics in the GLE dynam-

ics under Dirichlet BC in inhomogeneous potential. We let the externalpotential in

(1.1) as:

V(x) =
1

1 + 9e� 
 x (( x � x0
c )2 � 
 y (y� y0

c )2 )
; x 2 D ; (3.5)

where
 x , 
 y, x0
c and y0

c are constants, i.e., we impose a single well external potential

with minimal location sitting at point ( x0
c; y0

c). To study the joint e�ect of the

pinning e�ect, the boundary e�ect and the interaction between vortices on the vortex

dynamics, we consider two types of inhomogeneous external potential:

� Type I. Symmetric external potential, i.e.,
 x = 
 y = 20;

� Type II. Anisotropic external potential, i.e., 
 x = 30, 
 y = 15.
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Choose the initial data as (2.6) and for simplicity, we always let h(x) = 0 and

(x0
c; y0

c) = (0 ; 0) =: O. We study following three cases: case I:M = 1, n1 = 1, x1 =

[0:4; 0:4], V (x) is chosen as type I potential; case II:M = 1, n1 = 1, x1 = [0:4; 0:4],

V (x) is chosen as type II potential; case III:M = 2, n1 = n2 = 1, x1 = [ � 0:3; 0],

x2 = [0; 0:3], V(x) is chosen as type I potential.

Fig. 3.23, shows the trajectory, time evolution of the distance between the vortex

center and potential center andd"
1(t) for di�erent " for case I and II, as well as

trajectory of vortex center for di�erent " of the vortices for case III. From this �gure

and additional numerical experiment not shown here for brevity, we can see that:

(i). For the single vortex, it moves monotonically toward the pointsxp = ( x0
c; y0

c),

where the external potential V(x) attains its minimum value (cf. Fig. 3.23 (a)

& (b)), which shows clearly the pinning e�ect. Moreover, the trajectory depend

on the type of the potential V (x). The speed that vortex move toxp as well as

the �nal location that vortex stay steady depend on the value of" (cf. Fig. 3.23

(a) & (b)). The smaller the " is, the closer the �nal location to xp and the faster

the vortex move to it. (ii). As " ! 0, the dynamics of the vortex center in the

GLE dynamics converges uniformly in time to that in the reduced dynamics which

veri�es numerically the validation of the reduced dynamical laws in thiscase. (iii).

For the vortex pair, when" is large, the two vortices will move apart from each other

for a while, then monotonically toward each other and toxp, which illustrate the

pinning e�ect clearly (cf. Fig. 3.23(c)). Then, they will move apart from each other

again in the opposite direction with one towardxp due to the repulsive interaction

between the two vortices. Otherwise, when" is small enough, the vortex will simply

move monotonically close to each other and toxp and �nally they will stop and

stay steady at someplace nearxp. The smaller the " is, the closer the two vortex

to the point xp. As we know, in the speeded time scale� " = 1
ln( 1

" )
, the vortex pair

undergo a repulsive interaction and they always move apart from each other toward

the boundary in the GLE dynamics under homogeneous potential when h(x) = 0,

and the smaller the" is, the stronger they repulse from each other, thus, it might
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Figure 3.23: (a) and (b): trajectory, time evolution of the distance between the

vortex center and potential center andd"
1(t) for di�erent " for case I and II, and (c):

Trajectory of vortex center for di�erent " of the vortices for case III in section3.4.

be interesting that we studying the pinning e�ect of the vortex pairin speeded time

scale to see how the vortex pair continue to move after they move close toxp. Will

they move apart from each other again?

3.5 Conclusion

In this chapter, by applying the e�cient and accurate numerical methods pro-

posed in chapter2 to simulate Ginzburg-Landau equation (GLE) with a dimension-

less parameter 0< " < 1 on bounded domains with either Dirichlet or homogenous



3.5 Conclusion 60

Neumann BC and its corresponding reduced dynamical laws (RDLs),we studied

numerically quantized vortex interaction in GLE with/without impuritie s for super-

conductivity and compared numerically patterns of vortex interaction between the

GLE dynamics and its corresponding reduced dynamical laws under di�erent initial

setups.

For the GLE under a homogeneous potential, based on extensive numerical re-

sults, we veri�ed that the dynamics of vortex centers under the GLE dynamics

converges to that of the reduced dynamical laws when" ! 0 before they collide

and/or move out of the domain. Certainly, after either vortices collide with each

other or move out of the domain, the RDLs are no longer valid; however, the dy-

namics and interaction of quantized vortices are still physically interesting and they

can be obtained from the direct numerical simulations for the GLE with �xed " > 0

even after they collide and/or move out of the domain. We also identi�ed the pa-

rameter regimes where the RDLs agree with qualitatively and/or qualitatively as

well as fail to agree with those from the GLE dynamics. In the validityregimes, the

RDL is still valid under small perturbation in the initial data due to the dissipative

nature of the GLE. Some very interesting nonlinear phenomena related to the quan-

tized vortex interactions in the GLE for superconductivity were also observed from

our direct numerical simulation results of GLE. Di�erent steady state patterns of

vortex clusters under the GLE dynamics were obtained numerically.From our nu-

merical results, we observed that boundary conditions and domaingeometry a�ect

signi�cantly on vortex dynamics and interaction, which showed di�erent interaction

patterns compared to those in the whole space case [160,161].

For the GLE in an inhomogeneous potential under the Dirichlet BC, wealso

numerically veri�ed the validity of the RDL. By directly simulating the GL E, we

�nd that vortices move in quite di�erent ways from that in the homogeneous case.

The vortices basically move toward critical points of the inhomogeneous potential

in the limiting process " ! 0, which show the pinning e�ect that caused by the

impurities given by the inhomogeneities.



Chapter 4
Vortex dynamics in NLSE

In this chapter, we apply the numerical method presented in chapter 2 to simulate

quantized vortex interaction of NLSE, i.e.,� " = 0, � = 1 in the GLSE (1.1), with

di�erent " and under di�erent initial setups including single vortex, vortex pair,

vortex dipole and vortex cluster. We study how the dimensionless parameter " ,

initial setup, boundary value and geometry of the domainD a�ect the dynamics

and interaction of vortices. Moreover, we compare the results obtained from the

NLSE with those from the corresponding reduced dynamical laws, and identify the

cases where the reduced dynamical laws agree qualitatively and/orquantitatively

as well as fail to agree with those from NLSE on vortex interaction.Finally, we

also investigate the sound-vortex interaction and study the radiative nature of the

vortices in NLSE dynamics.

Without speci�cation, the initial data is chose as the same one in section 3.1 in

chapter 3.

4.1 Numerical results under Dirichlet BC

4.1.1 Single vortex

In this subsection, we present numerical results of the motion of asingle quan-

tized vortex in the NLSE dynamics and the corresponding reduced dynamics, i.e

61
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we take M = 1, n1 = 1 in ( 2.6). To study how the initial phase shift h(x) and

initial location of the vortex x0 a�ect the motion of the vortex and to understand

the validity of the reduced dynamical law, we consider the following 11cases:

� Case I-III: x0
1 = (0 ; 0), and h(x) is chosen as Mode 1, 2 and 3, respectively;

� Case IV-VIII: x0
1 = (0 :1; 0), and h(x) is chosen as Mode 1, 2, 3, 4 and 5,

respectively;

� Case IX-XI: x0
1 = (0 :1; 0:1), andh(x) is chosen as Mode 3, 4 and 5, respectively.

Moreover, to study the e�ect of domain geometry, we considerD of three types: type

I. a squareD = [ � 1; 1] � [� 1; 1], type II. a rectangleD = [ � 1; 1] � [� 0:65; 0:65],

and type III. a unit disk D = B1(0). Thus we also study the following 4 additional

cases:

� Case XII-XIII: x0
1 = (0 ; 0), h(x) = x + y, D is chosen as type II and III,

respectively;

� Case XIV-XV: x0
1 = (0 :1; 0), h(x) = x2 � y2, D is chosen as type II and III,

respectively.

Fig. 4.1depicts trajectory of the vortex center when" = 1
40 for Cases I-VI andd"

1

with di�erent " for Cases I, V and VI. Fig. 4.2 shows trajectory of the vortex center

when " = 1
64 in NLSE for cases VI-XI, while Fig.4.3 shows that for Cases XII-XVII

when " = 1
32. From Figs. 4.1-4.3 and additional numerical experiments not shown

here for brevity, we can draw the following conclusions: (i). Whenh(x) � 0, the

vortex center doesn't move and this is similar to the case in the whole space. (ii).

When h(x) = ( x + by)(x � y
b) with b 6= 0, the vortex does not move ifx0

1 = (0 ; 0),

while it does move ifx0
1 6= (0 ; 0) (cf. Fig. 4.1 Cases III and VI for b = 1). (iii).

When h(x) 6= 0 and h(x) 6= ( x + by)(x � y
b) with b6= 0, in general, the vortex center

does move. For the NLSE dynamics, there exists a critical value" c depending on

h(x), x0
1 and D such that if " < " c, the vortex will move periodically in a close
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loop (cf. Fig. 4.1), otherwise their trajectory will not be a close loop. This di�ers

from the situation in the reduced dynamics signi�cantly, where the trajectory is

always periodic (cf. Fig. 4.2 red dash line). Thus the reduced dynamical laws fail

qualitatively when " > " c. It should be an interesting problem to �nd how this

critical value depends onh(x), x0
1 and the geometry ofD. (iv). In general, the

initial location, the geometry of the domain and the boundary value will all a�ect

the motion of the vortex (cf. Fig. 4.3). (v). When " ! 0, the dynamics of the vortex

center in the NLSE dynamics converges uniformly in time to that in thereduced

dynamics (cf. Fig. 4.1 bottom row) which veri�es numerically the validation of the

reduced dynamical laws.

4.1.2 Vortex pair

Here we present numerical results of the interaction of vortex pair under the

NLSE dynamics and its corresponding reduced dynamical laws, i.e., wetake M = 2,

n1 = n2 = 1. We always suppose that the two vortices are initially located symmetric

on the x-axis, i.e., we takex0
2 = � x0

1 = ( d0; 0) with 0 < d 0 < 1 in (2.6). Let " = 1
40,

we consider the following three cases: case I.d0 = 0:1 andh(x) = 0 ; case II.d0 = 0:5

and h(x) = 0 ; case III. d0 = 0:5 and h(x) = x + y. Fig. 4.4 depicts the trajectory of

the vortex pair, the time evolution of E" (t), E"
kin (t), x "

1(t), x "
2(t) and d"

1(t) for above

3 cases.

From Figs. 4.4 and additional numerical results not shown here for brevity, we

can draw the following conclusions for the interaction of vortex pairunder the NLSE

dynamics with Dirichlet BC: (i). The total energy is conserved duringthe dynamics

of the NLSE in all cases. (ii). The pattern of the motion of the vortex centers depend

on both the initial location of the two vortices and the initial phase shift h(x) in

(2.6). (iii). When h(x) � 0, the vortices move periodically and their trajectories

are symmetric, i.e.,x "
1(t) = � x "

2(t). Moreover, for both the reduced dynamical law

and NLSE dynamics, there is a critical value ofd0, say dr
c and d"

c respectively, such

that if d0 < d r
c (or d0 < d "

c in NLSE dynamics), the two vortices will rotate with
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Figure 4.1: Trajectory of the vortex center in NLSE under DirichletBC when" = 1
40

for Cases I-VI (from left to right and then from top to bottom in top two rows),

and d"
1 for di�erent " for Cases I,V&VI (from left to right in bottom row) in section

4.1.1.

each other and move along a circle-like trajectory, otherwise, they will move along

a crescent-like trajectory (cf. Figs.4.4 (a) & (b)). We �nd numerically the critical

value dr
c � 0:4923 andd"

c for 0 < " < 1 which are depicted in Fig.4.5. From these

values, we can �t the following relation fordr
c and d"

c:

d"
c = dr

c + 2:11"2:08; 0 < " < 1:

(iv). When h(x) 6= 0, it a�ects the motion of the two vortex centers signi�cantly (cf .

Figs.4.4 (c)). (v). For any �xed d0, the dynamics of the two vortex centers under
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Figure 4.2: Trajectory of the vortex center in NLSE dynamics under Dirichlet BC

when " = 1
64 (blue solid line) and from the reduced dynamical laws (red dash line)

for Cases VI-XI (from left to right and then from top to bottom) in section4.1.1.

the NLSE dynamics converges uniformly in time to that of the reduced dynamical

laws (cf. Figs.4.4 (d)) when " ! 0. However, for �xed ", the reduced dynamical law

fails qualitatively to describe the motion of vortices ifdr
c < d 0 < d "

c.

4.1.3 Vortex dipole

Here we present numerical results of the interaction of vortex dipole under the

NLSE dynamics and its corresponding reduced dynamical laws, i.e., wetake M = 2,

n1 = � n2 = � 1, x0
2 = � x0

1 = ( d0; 0) in (2.6) with d0 = 0:5 and " = 1
25. Fig.

4.6 depicts contour plots of j " (x; t )j at di�erent times, trajectory of the vortex

dipole, time evolution ofx "
1(t), x "

2(t) and d"
1(t) for di�erent h(x). From Fig. 4.6 and

additional numerical results not shown here for brevity, we can draw the following

conclusions: (i). The total energy is conserved numerically very well during the

dynamics. (ii). The pattern of the motion of the vortex centers depend on both the

initial location of the two vortices and the initial phase shifth(x) in (2.6). (iii). The
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Figure 4.3: Trajectory of the vortex center in NLSE under DirichletBC when" = 1
40

for cases I, XII-XIII, VI and XIV-XV (from left to right and then from top to bottom)

in section 4.1.1.

vortex dipole moves upward symmetrically with respect toy-axis and �nally merges

and annihilates somewhere near the top boundary simultaneously. The distance

between the merging place and the boundary is ofO(") when " is small. After

merging, new waves will be created and re
ected by the top boundary. The new

waves will then move back into the domain and be re
ected back into the domain

again when they hit the boundaries (cf. Fig.4.6). Moreover, the vortex dipole in

the NLSE dynamics will always merge in some place near the top boundary for all

d0. However, in the reduced dynamics, they never merge insideD, in fact, they will

move outside the domain before they merge. Hence, the reduced dynamical law fails

quantitatively when the vortex dipole is near the boundary. (iv). When h(x) 6= 0,

it a�ects the motion of the two vortex centers signi�cantly (cf. Figs.4.4 (c)). (v).

When " ! 0, the dynamics of the two vortex centers under the NLSE dynamics

converges uniformly to that of the reduced dynamical laws (cf. Fig. 4.6) before they

merge each other or near the boundary which veri�es numerically the validation of
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Figure 4.4: Form left to right in (a)-(c): trajectory of the vortex pair, time evolution

of E" (t) and E"
kin (t) as well asx "

1(t) and x "
2(t) for the 3 cases in section4.1.2. (a).

case I, (b). case II, (c). case III. (d). time evolution ofd"
1(t) for case I-III (form left

to right).

the reduced dynamical laws in this case. In fact, based on our extensive numerical

experiments, the motions of the two vortex centers from the reduced dynamical
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Figure 4.5: Critical value d"
c for the interaction of vortex pair of the NLSE under

the Dirichlet BC with di�erent " and h(x) = 0 in ( 2.6): if d0 < d "
c, the two vortex

will move along a circle-like trajectory, ifd > d "
c, the two vortex will move along a

crescent-like trajectory.

laws agree with those from the NLSE dynamics qualitatively when 0< " < 1 and

quantitatively when 0 < " � 1 when they are not too close to the boundary.

4.1.4 Vortex cluster

Here we present numerical studies on the dynamics of vortex clusters in the

NLSE with Dirichlet BC ( 1.3), i.e., choose the initial data (1.2) as (2.6) and study

four cases:

Case I.M = 3, n1 = n2 = n3 = 1, x0
1 = � x0

3 = ( d0; 0) and x0
2 = (0 ; 0).

Case II. M = 3, n1 = � n2 = n3 = 1, x0
1 = � x0

3 = ( d0; 0) and x0
2 = (0 ; 0).

Case III. M = 4, n1 = n2 = � n3 = � n4 = 1, x0
1 = � x0

2 = ( d1; 0) and x0
3 =

� x0
4 = (0 ; d2) with 0 < d 1; d2 < 1.

Case IV.D = B5(0), M = 9, n1 = n2 = � � � = n9 = 1 and the 9 vortex centers are

initially located on a 3� 3 uniform mesh points for the rectangle [� d0; d0] � [� d0; d0]

with 0 < d 0 < 1.

Fig. 4.7depicts the trajectory and time evolution ofx0
1(t), x0

2(t) and x0
3(t) in the

NLSE dynamics for Cases I and II. Fig.4.8 shows contour plots ofj " j at di�erent

times in the NLSE dynamics for Case III, and Fig.4.9depicts contour plots of�j  " j,

S" (x; t) as well as slice plots ofj " (x; 0; t)j for showing sound wave propagation of
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Figure 4.6: Contour plots ofj " (x; t)j at di�erent times (top two rows) as well as

the trajectory, time evolution of x "
1(t), x "

2(t) and d"
1(t) (bottom two rows) for the

dynamics of a vortex dipole with di�erent h(x)in section 4.1.3: (1). h(x) = 0 (top

three rows), (2). h(x) = x + y (bottom row).

the NLSE dynamics in Case IV. Based on Figs.4.7-4.9and additional computations

not shown here for brevity, we can draw the following conclusions: (1). For Case I,

the middle vortex (initially at the origin) will not move while the other two vortices
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Figure 4.7: Trajectory of the vortexx "
1 (blue line), x "

2 (dark dash-dot line) andx "
3

(red dash line) (�rst and third rows) and their corresponding time evolution (second

and fourth rows) for Case I (top two rows) and Case II (bottom two rows) for small

time (left column), intermediate time (middle column) and large time (right column)

with " = 1
40 and d0 = 0:25 in section4.1.4.
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Figure 4.8: Contour plots ofj " (x; t)j with " = 1
16 at di�erent times for the NLSE

dynamics of a vortex cluster in Case III with di�erent initial locations: d1 = d2 =

0:25 (top two rows); d1 = 0:55, d2 = 0:25 (middle two rows); d1 = 0:25, d2 = 0:55

(bottom two rows) in section 4.1.4.
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Figure 4.9: Contour plots of�j  " (x; t)j ((a) & (c)) and the corresponding phase

S" (x; t) ((b) & (d)) as well as slice plots ofj " (x; 0; t)j ((e) & (f)) at di�erent times

for showing sound wave propagation under the NLSE dynamics of a vortex cluster

in Case IV with d0 = 0:5 and " = 1
8 in section 4.1.4.

rotate clockwise around the origin for some time. This dynamics agrees very well

with the NLSE dynamics in the whole plane [160,161]. After some time, the above
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Figure 4.10: Time evolution ofd�;"
1 (t) for non-perturbed initial data (left) and per-

turbed initial data (right) in section 4.1.5

symmetric structure is broken due to boundary e�ect and numerical errors, i.e.

the middle vortex will begin to move towards one of the other two vortices and

form as a vortex pair which will rotate with each other and also with the other

single vortex for a while. Then this pair will separate and one of them will form

a new vortex pair with the single vortex, leave the other one to be a new single

vortex rotating with them. This process will be repeated tautologically like three

dancers exchange their partners alternatively. In fact, the dynamical pattern after

the symmetric structure breaking depends highly on the mesh size and time step.

(ii). For Case II, similar as Case I, the middle vortex (initially at the origin) will

not move while the other two vortices rotate counter-clockwise around the origin for

some time. This dynamics agrees very well with the NLSE dynamics in the whole

plane [160, 161]. After some time, again the above symmetric structure is broken

due to boundary e�ect and numerical errors, i.e. the middle vortexwill begin to

move towards one of the other two vortices and form as a vortex dipole which will

move nearly parallel towards the boundary and merge near the boundary. Sound

waves will be created and re
ected back into the domain which drive the leftover

vortex in the domain to move (cf. Fig. ??). Again the dynamical pattern after

the symmetric structure breaking depends highly on the mesh size and time step.

From section4.1.1, we know that a single vortex in the NLSE withh(x) = 0 does

not move, hence this example illustrates clearly the sound-vortex interactions which

cannot be predicted by the reduced dynamical laws since they are only valid before

annihilation and when " is very small. (iii). For Case III, the four vortices form
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as two vortex dipoles whent is small. Then the two dipoles will move outwards

in opposite direction and �nally the two vortices in each vortex dipole merge and

annihilate at some place near the boundary. Ifd1 = d2, the two vortex dipoles

move symmetrically with respect to the liney = x, and merge some place near the

top-right and bottom-left corners, respectively; ifd1 > d 2, both of them will move

towards the top-bottom boundary and merge near there; and ifd1 < d 2, both of

them will move towards the side boundary and merge near there. New waves are

created after merging and they are re
ected back into the domainwhen they hit

the boundary (cf. Fig. 4.8). (iv). For Case IV, the vortex initially at the origin

does not move due to symmetry, while the other eight vortices rotate clockwise and

move along two circle-like trajectories (cf. Fig.4.9). During the dynamics, sound

waves are generated and they propagate outwards and are re
ected back into the

domain when they hit the boundary. The distances between other vortices and the

one centered at the origin increase when sound waves are radiatedoutwards; on the

other hand, they decrease and become even smaller than their initial distances when

sound waves are re
ected by the boundary and move back into thedomain (cf. Fig.

4.9). This example clearly shows sound waves and their impact on the dynamics of

vortices.

(v). Similar to the case in BEC setups [92,113,123,146], the symmetric structure

near t = 0 in Cases I & II for 3 vortices is dynamically unstable, i.e. symmetric

structure breaking will happen very quickly if we perturb the location of either the

central vortex or one of the side vortices a little bit. To show this, we perturb the

initial locations of some vortices in Case I to:

Type I. Asymmetric perturbation: x0
2 from (0; 0) ! (�; 0) with � > 0;

Type II. Asymmetric perturbation: x0
1 from (d0; 0) ! (d0 � �; 0) with � > 0;

Type III. Symmetric perturbation: x0
1 from (d0; 0) ! (d0 � �; 0) and x0

3 from

(� d0; 0) ! (� d0 + �; 0) with � > 0.

Fig. 4.11depicts the trajectory ofx "
1(t), x "

2(t) and x "
3(t) as well asd"

2(t) := jx "
2(t)j

for the above three perturbations. From this �gure and additional computations
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not shown here, we see that the symmetric structure is dynamicallystable under a

symmetric perturbation, and it is dynamically unstable under a small asymmetric

perturbation. For more stability analysis of vortex clusters, we refer to [27,92,113,

117,123,145,146] and references therein.
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Figure 4.11: Trajectory of the vortexx "
1(t) (blue dash-line), x "

2(t) (red solid line)

and x "
3(t) (dark dash-dot line) (top row) for � = 0:0005 as well as time evolution

of the distance ofx "
2 to origin, i.e. jx "

2(t)j, (bottom row) for Type I (�rst column),

Type II (second column) and Type III (third column) perturbation on the initial

location of the vortices for di�erent � in section4.1.4, where" = 1
40 and d0 = 0:25.

4.1.5 Radiation and sound wave

We study the radiation property of the NLSE dynamics under Dirichlet BC in

this subsection. To this end, we study two types of perturbation.

Type I: Perturbation on the initial data, i.e., we take the initial data (1.2) as

 " (x; 0) =  �;"
0 (x) =  "

0(x) + �e � 10(( jx j� 0:08)2 + y2) ; x = ( x; y) 2 D ; (4.1)
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where  "
0 is given in (2.6) with h(x) � 0, M = 2, n1 = n2 = 1 and x0

1 = � x0
2 =

(0:1; 0). Then we take � = " and let " go to 0, and solve the NLSE with initial

condition (4.1) for the vortex centersx �;"
1 (t) and x �;"

2 (t) and compare them with those

from the reduced dynamical law. We denoted�;"
j (t) = jx �;"

j (t) � xr
j (t)j for j = 1; 2 as

the error. Fig. 4.10 depicts time evolution ofd�;"
1 (t) for the case when� = " , i.e.,

small perturbation, and the case when� = 0, i.e., no perturbation. From this �gure,

we can see that the dynamics of the two vortex centers under theNLSE dynamics

converge to those obtained from the reduced dynamical law when" ! 0 without

perturbation (cf. Fig. 4.10left). On the contrary, the two vortex centers under the

NLSE dynamics do not converge to those obtained from the reduced dynamical law

when" ! 0 with small perturbation (cf. Fig. 4.10right). This clearly demonstrates

radiation and sound wave e�ect on vortices in the NLSE dynamics withDirichlet

BC.

Type II: Perturbation by an external potential, i.e., we replaceV(x) � 1 in

NLSE by V(x; t) = 1 � W(x; t) with

W(x; t) =

8
<

:

� sin(2t)2; t 2 [0; 0:5];

0; t > 0:5;
x 2 D : (4.2)

The initial data is chosen as (2.6) with M = 1, n1 = 1, x0
1 = (0 ; 0), D = B5(0) and

" = 1
4. In fact, the perturbation is introduced whent 2 [0; 0:5] and is removed after

t = 0:5. Fig. 4.12 illustrates surface plots of�j  " j and contour plots of S" (x; t)

as well as the slice plots of " (x; 0; t) at di�erent times for showing sound wave

propagation. From Fig. 4.12, we can see that the perturbed vortex con�guration

rotates and radiates sound waves. This agrees well with some former prediction in

the whole plane, for example, in Lange and Schroers [98] for the caseM = 2. The

waves will be re
ected back into the domain when they hit the boundary and then

be absorbed by the vortex core. Then the vortex core will radiatenew waves and the

process is repeated tautologically. This process explicitly illustratesthe radiation in

the NLSE dynamics.

Remark 4.1.1. Based on this example and other numerical results not show here for
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Figure 4.12: Surface plots of�j  " (x; t)j ((a) & (c)) and contour plots of the corre-

sponding phaseS" (x; t) ((b) & (d)) as well as slice plots ofj " (x; 0; t)j ((e) & (f)) at

di�erent times for showing sound wave propagation under the NLSEdynamics in a

disk with " = 1
4 and a perturbation in the potential in section4.1.5.

brevity, we can conclude that the vortex with winding numberm = � 1 is dynamically

stable under the NLSE dynamics in a bounded domain with a perturbation in the
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Figure 4.13: Trajectory of the vortex center when" = 1
32 and time evolution ofd"

1 for

di�erent " for the motion of a single vortex in NLSE under homogeneous Neumann

BC with x0
1 = (0 :35; 0:4) (left two) or x0

1 = (0 ; 0:2) (right two) in ( 2.6) in section

4.2.1.

initial data and/or external potential. Meanwhile, we alsofound numerically that

the vortex with winding numberm = 2 and " = 1
32 is also dynamically stable under

a perturbation in the external potential. Actually, Mirionescu [115] indicated that

for a vortex with winding numberjmj > 1, there exists a critical value" c
m such

that if " < " c
m , the vortex is unstable, otherwise the vortex is stable. It was also

numerically observed that a vortex withjmj > 1 is unstable under a perturbation in

the potential but stable under a perturbation in the initialdata in the whole plane

case [160]. Hence, it would be an interesting problem to investigate numerically

how the stability of a vortex depends on its winding number, value of " and strength

and/or type of the perturbation under the NLSE dynamics in bounded domains.

4.2 Numerical results under Neumann BC

4.2.1 Single vortex

Here we present numerical results of the motion of a single quantized vortex

under the NLSE dynamics and its corresponding reduced dynamicallaws, i.e., we

take M = 1 and n1 = 1 in ( 2.6). Fig. 4.13 depicts trajectory of the vortex center

for di�erent x0
1 in (2.6) when " = 1

32 in NLSE and d"
1 for di�erent " . From Fig. 4.13

and additional numerical results not shown here for brevity, we can see that:

(i). If x0
1 = (0 ; 0), the vortex will not move all the time, otherwise, the vortex will
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Figure 4.14: Trajectory of the vortex pair (left), time evolution of E" and E"
kin

(second), x "
1(t) and x "

2(t) (third), and d"
1(t) (right) in the NLSE dynamics under

homogeneous Neumann BC with" = 1
32 and d0 = 0:5 in section4.2.2.

move and its initial location x0
1 does not a�ect its motion qualitatively. Actually,

it moves periodically in a circle-like trajectory centered at the origin.This is quite

di�erent from the situation in bounded domain with Dirichlet BC where the motion

of a single vortex depends signi�cantly on its initial location for someh(x). It is also

quite di�erent from the situation in the whole space where a single vortex doesn't

move at all under the initial condition (2.6) when D = R2.

(ii). As " ! 0, the dynamics of the vortex center under the NLSE dynamics

converges uniformly in time to that of the reduced dynamical laws. In fact, based

on our extensive numerical experiments, the motion of the vortexcenter from the

reduced dynamical laws agrees with that from the NLSE dynamics qualitatively

when 0< " < 1 and quantitatively when 0< " � 1.

4.2.2 Vortex pair

Here we present numerical results of the interaction of vortex pair under the

NLSE dynamics and its corresponding reduced dynamical laws, i.e., wetake M = 2,

n1 = n2 = 1 and x0
2 = � x0

1 = ( d0; 0) with 0 < d 0 < 1 in (2.6). Fig. 4.14depicts the

trajectory of the vortex pair, time evolution of E" (t), E"
kin (t), x "

1(t), x "
2(t) and d"

1(t)

when " = 1
32 in NLSE and d0 = 0:5 in (2.6).

From Fig. 4.14 and additional numerical results not shown here for brevity,

we can draw the following conclusions for the interaction of vortex pair under the

NLSE dynamics with homogeneous Neumann BC: (i). The total energy is conserved
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Figure 4.15: Trajectory and time evolution ofx "
1(t) and x "

2(t) for d0 = 0:25 (top left

two), d0 = 0:7 (top right two) and d0 = 0:1 (bottom left two) and time evolution of

d"
1(t) for d0 = 0:25 andd0 = 0:7 (bottom right two) in section 4.2.3.

numerically very well during the dynamics. (ii). The two vortices moveperiodically

along a circle-like trajectory for all 0< d 0 < 1 and their trajectories are symmetric.

(iii). When " ! 0, the dynamics of the two vortex centers under the NLSE dynamics

converges uniformly in time to that of the reduced dynamical laws which veri�es

numerically the validation of the reduced dynamical laws in this case. In fact, based

on our extensive numerical experiments, the motions of the two vortex centers from

the reduced dynamical laws agree with those from the NLSE dynamics qualitatively

when 0< " < 1 and quantitatively when 0< " � 1.

4.2.3 Vortex dipole

Here we present numerical results of the interaction of vortex dipole under the

NLSE dynamics and its corresponding reduced dynamical laws, i.e., wetake M = 2,

n1 = � n2 = � 1, x0
2 = � x0

1 = ( d0; 0) with di�erent d0 and " = 1
32. Fig. 4.15depicts

the trajectory of the vortex dipole, time evolution ofx "
1(t), x "

2(t) and d"
1(t).

From Fig. 4.15 and additional numerical results not shown here for brevity,

we can draw the following conclusions for the interaction of vortex dipole under the

NLSE dynamics with homogeneous Neumann BC: (i). The total energy is conserved
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numerically very well during the dynamics. (ii). The pattern of the motion of the

two vortices depends on their initial locations. (iii). The two vorticeswill move

symmetrically (and periodically if they are well separated) with respect to y-axis.

Moreover, there exists a critical valuedr
c = d"

c = dc for 0 < " < 1, which is found

numerically asdc = 0:5, such that if initially d0 < d c, the two vortices will move

�rstly upwards to the top boundary, then turn outwards to the side boundary and

�nally move counter-clockwise and clockwise, respectively (cf. Fig.4.15). While if

d0 > d c, then they will move �rstly downwards to the bottom boundary, then turn

inwards to the domain and �nally move counter-clockwise and clockwise, respectively

(cf. Fig. 4.15). Certainly, when d0 = 0:5, the vortex dipole does not move due to

symmetry. (iv). For �xed 0 < " < 1, there exists another critical valued̂"
c satisfying

lim " ! 0 d̂"
c = 0, such that if d0 < d̂"

c, the vortex dipole in the NLSE dynamics will

merge at a �nite time Tc depending on" and d0 (cf. Fig. 4.15). However, the vortex

dipole from the reduced dynamical laws never merges at �nite time. Hence, the

reduced dynamical laws fail qualitatively if 0< d 0 < d̂"
0. (v). For �xed d0, when

" ! 0, the dynamics of the two vortex centers in the NLSE dynamics converges

uniformly in time to that of the reduced dynamical laws before they merge (cf.

Figs. 4.15) which veri�es numerically the validation of the reduced dynamical laws

in this case. In fact, based on our extensive numerical experiments, the motions of

the two vortex centers from the reduced dynamical laws agree with those from the

NLSE dynamics qualitatively when 0< " < 1 and quantitatively when 0< " � 1.

4.2.4 Vortex cluster

Here we present numerical studies on the dynamics of vortex clusters in the

NLSE with homogeneous Neumann BC, i.e., we choose the initial data (1.2) as (2.6)

and study four cases:

Case I.M = 3, n1 = n2 = n3 = 1, x0
1 = � x0

3 = ( d0; 0) and x0
2 = (0 ; 0).

Case II. M = 4, n1 = n2 = n3 = n4 = 1, x0
1 = � x0

2 = ( d1; 0) and x0
3 = � x0

4 =

(d2; 0) with 0 < d 1 6= d2 < 1.



4.2 Numerical results under Neumann BC 82

-1 0 1
-1

0

1

x

y

-1 0 1
-1

0

1

x

y

-0.4 0 0.4
-0.4

0

0.4

x

y

0 0.13 0.27 0.4
-0.3

0

0.3

0.6

t
 

 
x

3
e(t)

y
3
e(t)

x
2
e(t)

y
2
e(t)

0.4 0.43 0.46 0.49

-0.3

0

0.3

0.6

t
 

 
x

3
e(t)

y
3
e(t)

x
2
e(t)

y
2
e(t)

0.49 0.81 1.13 1.45

-0.3

0

0.3

0.6

t
 

 
x

3
e(t)

y
3
e(t)

x
2
e(t)

ye(t)

Figure 4.16: Trajectory of the vortexx "
1 (blue line), x "

2 (dark dash-dot line) andx "
3

(red dash line) and their corresponding time evolution for Case I during small time

(left column), intermediate time (middle column) and large time (right column) with

" = 1
40 and d0 = 0:25 in section4.2.4.

Case III. M = 4, n1 = n2 = � n3 = � n4 = 1, x0
1 = � x0

2 = ( d1; 0) and x0
3 =

� x0
4 = (0 ; d2) with 0 < d 1; d2 < 1.

Case IV. M = 9, n1 = � � � = n9 = 1, and the vortex centers are initially located

on a 3� 3 uniform mesh points for the rectangle [� d0; d0]� [� d0; d0] with 0 < d 0 < 1.

Fig. 4.16 shows trajectory and time evolution ofx "
1(t), x "

2(t) and x "
3(t) in the

NLSE dynamics for Case I. Fig.4.17depicts contour plots ofj " j at di�erent times

in NLSE dynamics for Cases II and III, and Fig.4.18shows contour plots of�j  " j

and slice plots ofj (0; y; t)j in NLSE dynamics for Case IV to show sound wave

propagation. Based on Figs.4.16-4.18 and additional results not shown here for

brevity, we can draw the following conclusions:

(i). For Case I, the dynamics of the vortices is quite similar as those under

Dirichlet BC in section 4.1.4 and those in trapped BEC [27, 117, 145]. The middle

vortex (initially at the origin) will not move while the other two vortices rotate
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Figure 4.17: Contour plots ofj " (x; t)j with " = 1
16 at di�erent times for the NLSE

dynamics of a vortex lattice for Case II withd1 = 0:6; d2 = 0:3 (top two rows) and

Case III with d1 = d2 = 0:3 (bottom two rows) in section4.2.4.

clockwise around the origin for some time. This dynamics agrees verywell with

the NLSE dynamics in the whole plane [160, 161]. After some time, the above

symmetric structure is broken due to boundary e�ect and numerical errors, i.e. the

middle vortex will begin to move towards one of the other two vortices and form as

a vortex pair which will rotate with each other and also with the othersingle vortex

for a while. Then this pair will separate and one of them will form a new vortex pair

with the single vortex, leave the other one to be a new single vortex rotating with

them. This process will be repeated tautologically like three dancersexchange their
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Figure 4.18: Contour plots of�j  " (x; t)j (left) and slice plots of j " (0; y; t)j (right)

at di�erent times under the NLSE dynamics of a vortex cluster in Case IV with

d0 = 0:15 and" = 1
40 for showing sound wave propagation in section4.2.4.

partners alternatively. In fact, the dynamical pattern after the symmetric structure

breaking depends highly on the mesh size and time step. (ii). For CaseII, the four

vortices form as two vortex pairs whent is small. These two pairs rotate with each

other clockwise, meanwhile, the two vortices in each pair also rotatewith each other

clockwise, and radiations and sound waves are emitted. The sound waves propagate

radially and are re
ected back into the domain when they hit the boundary, which

push the two vortex pairs get closer. When the two vortex pairs get close enough,

the two vortices with smallest distance among the four form a new vortex pair and

leave the rest two as single vortex individually. The vortex pair rotates around the

origin. This process is iteratively repeated during the dynamics (cf.Fig. 4.17 top

two rows). (iii). For Case III, when t is small, the four vortices form as two vortex
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dipoles and they move symmetrically with respect to the liney = � x towards the

top right and bottom left corners, respectively. Meanwhile, the two vortices in each

dipole move symmetrically with respect to the liney = x. After a while and when

the two dipoles arrive at some places near the corners, the two vortices in each

dipole split with each other and re-formulate two di�erent dipoles. After this, the

two vortices in each dipole move symmetrically with respect to the liney = � x,

and the two new dipoles then move symmetrically with respect to the line y = x

towards their initial locations. This process is then repeated periodically (cf. Fig.

4.17bottom two rows). (iv). For Case IV, the vortex initially centered at the origin

does not move due to symmetry, and the other eight vortices rotate clockwise and

move along two circle-like trajectories (cf. Fig.4.18). During the dynamics, sound

waves are generated and they propagate outwards. Some of thesound waves will

exit out of the domain while others are re
ected back into the domainwhen they

hit the boundary. The distances between the one located at the origin and the other

vortices become larger when the sound waves are radiated outwards, while they

decrease when the sound waves are re
ected from the boundaryand move back into

the domain (cf. Fig. 4.18).

4.2.5 Radiation and sound wave

Here we study numerically how the radiation and sound waves a�ect the dy-

namics of quantized vortices in the NLSE dynamics under homogeneous Neumann

BC. To this end, we take the initial data (1.2) as (4.1) with  "
0 chosen as (2.6) with

M = 2, n1 = n2 = 1 and x0
1 = � x0

2 = (0 :1; 0) and h(x) as (3.3). Then we take� = "

and let " goes to 0, and solve the NLSE with initial condition (4.1) for the vortex

centersx �;"
1 (t) and x �;"

2 (t) and compare them with those from the reduced dynamical

law. We denoted�;"
j (t) = jx �;"

j (t) � xr
j (t)j for j = 1; 2 as the error. Fig.4.19depicts

time evolution of d�;"
1 (t) for the case when� = " , i.e., small perturbation, and the

case when� = 0, i.e., no perturbation. From this �gure, we can see that the dynam-

ics of the two vortex centers under the NLSE dynamics converge to those obtained
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Figure 4.19: Time evolution ofd�;"
1 (t) for non-perturbed initial data (left) and per-

turbed initial data (right) in section 4.2.5

from the reduced dynamical law when" ! 0 without perturbation (cf. Fig. 4.19

left). On the contrary, the two vortex centers under the NLSE dynamics do not

converge to those obtained from the reduced dynamical law when" ! 0 with small

perturbation (cf. Fig. 4.19 right). This clearly demonstrates radiation and sound

wave e�ect on vortices under the NLSE dynamics with homogenous Neumann BC.

4.3 Conclusion

In this chapter, by applying the e�cient and accurate numerical methods pro-

posed in chapter2 to simulate nonlinear Schr•odinger equation (NLSE) with a di-

mensionless parameter 0< " < 1 in bounded domains under either Dirichlet or

homogenous Neumann BC as well as its corresponding reduced dynamical laws for

the dynamics ofM quantized vortex centers, we studied numerically quantized vor-

tex dynamics and interaction and investigated the sound-vortex interaction [64,119]

in NLSE for super
uidity as well as examined the validity of the corresponding re-

duced dynamical laws under di�erent initial setups. Based on extensive numerical

results, �rstly, we veri�ed that the dynamics of vortex centers under the NLSE dy-

namics converges to that of the reduced dynamical laws when" ! 0 before they

collide and/or move too close to the boundary. Certainly the reduced dynamical law

is only valid up to the �rst collision time of any two vortices, thereforethey cannot

show the vortex dynamics after collision, which, however, can be observed and inves-

tigated by our directly numerical simulations. Secondly, we identi�edthe parameter
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regimes where the reduced dynamical laws agree with quantitativelyand/or quali-

tatively as well as fail to agree with those from the NLSE dynamics. We concluded

that the dynamical pattern of two vortices depend on the initial phase shift (in the

case of Dirichlet BC) as well as the initial distance of the two vortices. Thirdly, We

also found that the boundary e�ect a�ect the vortex interaction very much, which

lead to very di�erent nonlinear phenomena from those observed in the whole plane

case. The Dirichlet BC might correspond to introduce a tangential force (clock-

wise force for negative charged vortex while counter-clockwise for positive charged

vortex) while the Neumann BC might correspond to apply a normal force at the

boundary to the vortices, hence vortices might move according toa crescent-like

trajectory, or move nearly parallel to the boundary without goingoutside the do-

main, or merge near the boundary in some situation. Moreover, we found that the

radiation of NLSE dynamics which is carried by oscillating sound waves modi�es

the motion of vortices much, especially in the dynamics of vortex clusters, highly

co-rotating vortex pairs and overlapping vortices. However, it should be reminded

that the motion of the vortices still qualitatively obeys the reduceddynamical law

when sound waves have moved away from them, either absorbed bythe vortex core

or the boundary. Finally, we would like to remark here that it should bean in-

teresting question to �nd out how the dynamics pattern of the vortices depend on

the domain shape and size as well as the distances between vortices, and it might

be fascinating and di�cult problems to extend the reduced dynamical laws for the

motion of vortices involving vortex collision and splitting, which has been conducted

by Serfaty [138] and Bethuel et al. [32] in the context of Ginzburg-Landau equation,

as well as �nd possible corrections to the reduced dynamical laws due to radiation.



Chapter 5
Vortex dynamics in CGLE

In this chapter, we apply the numerical method presented in chapter 2 to sim-

ulate quantized vortex interaction of CGLE, i.e., � " 6= 0, � 6= 0 in GLSE (1.1),

with di�erent " and under di�erent initial setups including single vortex, vortex

pair, vortex dipole and vortex cluster. Let� " = �
ln(1 =") , we study how the dimen-

sionless parameter" , initial setup, boundary value and geometry of the domainD

a�ect the dynamics and interaction of vortices. Moreover, we compare the results

obtained from the CGLE with those from the corresponding reduced dynamical

laws, and identify the cases where the reduced dynamical laws agree qualitatively

and/or quantitatively as well as fail to agree with those from CGLE on vortex in-

teraction. Finally, we also obtain numerically di�erent patterns of the steady states

for quantized vortex clusters and study the alignment of the vortices in the steady

state.

Without speci�cation, we let � = � = 1 and choose the initial data as the same

one in section3.1 in chapter 3.

88
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5.1 Numerical results under Dirichlet BC

5.1.1 Single vortex

In this subsection, we present numerical results of the motion of asingle quan-

tized vortex in the CGLE dynamics and the corresponding reduced dynamics, i.e

we take M = 1, n1 = 1 in ( 2.6). To study how the initial phase shift h(x) and

initial location of the vortex x0 a�ect the motion of the vortex and to understand

the validity of the reduced dynamical law, we consider the following 12cases:

� Case I-III: x0
1 = (0 ; 0), and h(x) is chosen as Mode 1, 2 and 3, respectively;

� Case IV-VIII: x0
1 = (0 :1; 0), and h(x) is chosen as Mode 1, 2, 3, 4 and 5,

respectively;

� Case IX-XII: x0
1 = (0 :1; 0:2), and h(x) is chosen as Mode 2, 3, 4 and 5, respec-

tively.

Moreover, to study the e�ect of domain geometry, we consider domains D of three

types: type I: D = [ � 1; 1] � [� 1; 1]; type II: D = [ � 1; 1] � [� 0:65; 0:65]; type III:

D = B1(0); and study additionally the following 4 cases:

� Case XIII-XIV: x0
1 = (0 ; 0), h(x) = x + y and domainD is chosen as type II

and III, respectively;

� Case XV-XVI: x0
1 = (0 :1; 0:2), h(x) = x2 � y2 and domainD is chosen as type

II and III, respectively.

Fig. 5.1 depicts trajectory of the vortex center when" = 1
32 for cases II-IV and VI

as well as time evolution ofd"
1(t) for di�erent " for cases II and VI. Fig. 5.2 depicts

trajectory of the vortex center for cases V-XII, while Fig.5.3 shows that for cases

I, X, XIII-XVII when " = 1
32 in CGLE. From Figs. 5.1-5.3 and additional numerical

experiments not shown here for brevity, we can draw following conclusions: (i).

When h(x) � 0, the vortex center doesn't move, which is similar to the vortex
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Figure 5.1: Trajectory of the vortex center in CGLE under DirichletBC when

" = 1
32 for cases II-IV and VI and time evolution ofd"

1 for di�erent " for cases II and

VI (from left to right and then from top to bottom) in section 5.1.1.
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Figure 5.2: Trajectory of the vortex center in CGLE under DirichletBC when" = 1
32

for cases IV-VII (left) and cases V-XII (right) in section5.1.1.

dynamics in the whole space and in GLE and NLSE dynamics. (ii). Whenh(x) =

(x+ by)(x � y
b) with b6= 0, the vortex does not move ifx0 = (0 ; 0), while it does move

if x0 6= (0 ; 0) (cf. case III and VI for b= 1). This is also same with the phenomena

in GLE and NLSE dynamics. (iii). When h(x) 6= 0 and h(x) 6= ( x + by)(x � y
b)

with b 6= 0, in general, the vortex center does move to a di�erent point from its
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Figure 5.3: Trajectory of the vortex center in CGLE under DirichletBC when" = 1
32

for cases: (a) I, XIII, XIV, (b) X, XV, XVI (from left to right) in s ection 5.1.1.

initial location and stays there forever. This is quite di�erent from the situation

in the whole space, where a single vortex may move to in�nity under the initial

data (2.6) with h(x) 6= 0. (iv). In general, the initial location, the geometry of the

domain and the boundary value will all a�ect the motion of the vortexcenter. (v).

When " ! 0, the dynamics of the vortex center in the CGLE dynamics converges

uniformly in time to that in the reduced dynamics (cf. Fig. 5.1) which veri�es

numerically the validation of the reduced dynamical laws. In fact, based on our

extensive numerical experiments, the motion of the vortex center from the reduced

dynamical laws agrees with those from the CGLE dynamics qualitatively when 0<

" < 1 and quantitatively when 0< " � 1.

5.1.2 Vortex pair

Here we present numerical results of the interaction of vortex pair in the CGLE

dynamics and its corresponding reduced dynamics, i.e., we takeM = 2, n1 = n2 = 1,

x0
1 = ( � 0:3; 0) andx0

2 = (0 :3; 0) in (2.6). Fig. 5.4depicts the trajectory of the vortex
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Figure 5.4: Trajectory of the vortex centers (a) and their corresponding time

evolution of the GL functionals (b) in CGLE dynamics under Dirichlet BCwhen

" = 1
25 with di�erent h(x) in (2.6) in section 5.1.2.

centers and their corresponding time evolution of the GL functionals when " = 1
25

in the CGLE with di�erent h(x) in (2.6), while Fig. 5.5 shows contour plots of

j " (x; t)j for " = 1
25 at di�erent times as well as the time evolution ofx "

1(t), x r
1(t)

and d"
1(t) for di�erent " with h(x) = 0 in ( 2.6).

From Figs. 5.4 and 5.5 and additional numerical experiments now shown here

for brevity, we can draw the following conclusions for the interaction of vortex pair

in the CGLE dynamics with Dirichlet BC: (i). The two vortices undergo arepulsive

interaction, they never collide. They rotate with each other and meanwhile move

apart from each other towards the boundary ofD and �nally stop somewhere near

the boundary, which indicates that the boundary imposes a repulsive force on the

vortices (cf. Fig. 5.4). As shown in previous chapters, a vortex pair in the GLE

dynamics moves outward along the line that connects the two vortices and �nally

stay steady near the boundary, while in the NLSE dynamics the two vortices always

rotate around each other periodically. Hence, the motion of the vortex pair here is
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somehow the combination of that in the GLE and NLSE dynamics. Actually, from

extensive numerical results, we �nd that the larger the value� (� ) is, the closer

the motion in CGLE dynamics is to that in NLSE (GLE) dynamics, which evidence

numerically that the CGLE under Dirichlet BC is somehow in between theGLE

and NLSE under Dirichlet BC. (ii). The phase shifth(x) a�ects the motion of the

vortices signi�cantly. When h(x) = ( x + by)(x � y
b) with b 6= 0, the vortices will

move outward symmetric with respect to the origin, i.e.,x1(t) = � x2(t) (cf. Fig.

5.4). (iii). When " ! 0, the dynamics of the two vortex centers in the CGLE

dynamics converges uniformly in time to that in the reduced dynamics(cf. Fig.

5.5) which veri�es numerically the validation of the reduced dynamical laws in this

case. In fact, based on our extensive numerical experiments, the motions of the two

vortex centers from the reduced dynamical laws agree with thosefrom the CGLE

dynamics qualitatively when 0< " < 1 and quantitatively when 0< " � 1. (iv).

During the dynamics of CGLE, the GL functional and its kinetic part decrease

when time increases, its interaction part changes dramatically whent is small, and

when t ! 1 , all the three quantities converge to constants (cf. Fig.5.4), which

immediately imply that a steady state solution will be reached whent ! 1 .

5.1.3 Vortex dipole

Here we present numerical results of the interaction of vortex dipole under the

CGLE dynamics and its corresponding reduced dynamical laws, i.e., wetake M = 2,

n1 = � n2 = � 1, x0
2 = � x0

1 = (0 :3; 0) in (2.6). Fig. 5.6 depicts the trajectory of the

vortex centers and their corresponding time evolution of the GL functionals when

" = 1
25 in the CGLE with di�erent h(x) in (2.6), while Fig. 5.7 shows contour

plot of j " (x; t)j for " = 1
25 at di�erent times as well as the time evolution ofx "

1(t),

x r
1(t) and d"

1(t) for di�erent " with h(x) = 0 in ( 2.6). From Figs. 5.6 and 5.7

and additional numerical experiments now shown here for brevity,we can draw the

following conclusions for the interaction of vortex dipole in the CGLE dynamics

with Dirichlet BC: (i). The two vortices undergo an attractive interaction, they
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Figure 5.5: Contour plot of j " (x; t)j for " = 1
25 at di�erent times as well as time

evolution of x "
1(t) in CGLE dynamics and x r

1(t) in the reduced dynamics under

Dirichlet BC with h(x) = 0 in ( 2.6) and their di�erence d"
1(t) for di�erent " in

section5.1.2.

will collide and annihilation with each other. (ii). The phase shifth(x) and the

initial distance of the two vortices a�ect the motion of the vorticessigni�cantly. If

h(x) = 0, the vortex dipole will �nally merge regardless where they are initially

located. However, similar as the case in GLE dynamics, ifh(x) 6� 0, say h(x) =

x + y for example, there would be a critical distanced"
c, which depend on the

value of " , that divide the motion of the vortex dipole into two groups: (a) if

the distance between the vortex dipole initiallyjx0
2 � x0

1j > d "
c, the vortex will

never merge, they will �nally stay steady and separately at some place that near

the boundary. (b) otherwise, they do �nally merge and annihilation. (iii). For

h(x) = 0, when " ! 0, the dynamics of the two vortex centers in the CGLE

dynamics converges uniformly in time to that in the reduced dynamics(cf. Fig.

5.7) which veri�es numerically the validation of the reduced dynamical laws in this

case. In fact, based on our extensive numerical experiments, the motions of the two
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Figure 5.6: Trajectory of the vortex centers (a) and their corresponding time

evolution of the GL functionals (b) in CGLE dynamics under Dirichlet BCwhen

" = 1
25 with di�erent h(x) in (2.6) in section 5.1.3.

vortex centers from the reduced dynamical laws agree with thosefrom the CGLE

dynamics qualitatively when 0< " < 1 and quantitatively when 0< " � 1 before

they merge. (iv). During the dynamics of CGLE, the GL functional decreases when

time increases, its kinetic and interaction parts don't change dramatically when t is

small, and whent ! 1 , all the three quantities converge to constants. Moreover,

if �nite time merging/annihilation happens, the GL functional and its kinetic and

interaction parts change signi�cantly during the collision. In addition, whent ! 1 ,

the interaction energy goes to 0 which immediately implies that a steady state will

be reached in the form of� " (x) = eic (x ) , wherec(x) is a harmonic function satisfying

c(x)j@D = h(x) +
P M

j =1 nj � (x � x0
j ).

5.1.4 Vortex cluster

Here we present numerical results of the interaction of vortex clusters under the

CGLE dynamics. We consider the following cases: case I.M = 3, n1 = n2 = n3 = 1,
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Figure 5.7: Contour plots ofj " (x; t)j for " = 1
25 at di�erent times as well as time

evolution of x "
1(t) in CGLE dynamics, x r

1(t) in the reduced dynamics under Dirichlet

BC with h(x) = 0 in ( 2.6) and their di�erence d"
1(t) for di�erent " in section 5.1.3.

x0
1 = (0 :5; 0); x0

2 = ( � 0:25;
p

3
4 ), x0

3 = ( � 0:25; �
p

3
4 ), case II.M = 3, n1 = n2 = n3 =

1, x0
1 = ( � 0:4; 0), x0

2 = (0 ; 0), x0
3 = (0 :4; 0); case III. M = 3, n1 = n2 = n3 = 1,

x0
1 = (0 ; 0:3), x0

2 = (0 :15; 0:15), x0
3 = (0 :3; 0); case IV.M = 3, � n1 = n2 = n3 = 1,

x0
1 = (0 :5; 0); x0

2 = ( � 0:25;
p

3
4 ), x0

3 = ( � 0:25; �
p

3
4 ), case V. M = 3, n2 = � 1,

n1 = n3 = 1, x0
1 = ( � 0:4; 0), x0

2 = (0 ; 0), x0
3 = (0 :4; 0); case VI.M = 3, n1 = � 1,

n2 = n3 = 1, x0
1 = (0 :2; 0:3), x0

2 = ( � 0:3; 0:4), x0
3 = ( � 0:4; � 0:2); case VII. M = 4,

n1 = n2 = n3 = n4 = 1, x0
1 = (0 :5; 0), x0

2 = (0 ; 0:5), x0
3 = ( � 0:5; 0), x0

4 = (0 ; � 0:5);

case VIII. M = 4, n1 = n3 = 1, n2 = n4 = � 1, x0
1 = (0 :5; 0), x0

2 = (0 ; 0:5),

x0
3 = ( � 0:5; 0), x0

4 = (0 ; � 0:5); case IX.M = 4, n2 = n3 = � 1, n1 = n4 = 1, x0
1 =

(0:5; 0), x0
2 = (0 ; 0:5), x0

3 = ( � 0:5; 0), x0
4 = (0 ; � 0:5); case X.M = 4, n1 = n3 = 1,

n2 = n4 = � 1, x0
1 = (0 :5; 0:5), x0

2 = ( � 0:5; 0:5), x0
3 = ( � 0:5; � 0:5), x0

4 = (0 :5; � 0:5);

case XI. M = 4, n2 = n3 = � 1, n1 = n4 = 1, x0
1 = (0 :5; 0:5), x0

2 = ( � 0:5; 0:5),

x0
3 = ( � 0:5; � 0:5), x0

4 = (0 :5; � 0:5); case XII. M = 4, n1 = n3 = � 1, n2 = n4 = 1,

x0
1 = (0 :4; 0), x0

2 = ( � 0:4=3; 0), x0
3 = (0 :4=3; 0), x0

4 = (0 :4; 0); case XIII. M = 4,
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n2 = n3 = � 1, n1 = n4 = 1, x0
1 = (0 :4; 0), x0

2 = ( � 0:4=3; 0), x0
3 = (0 :4=3; 0),

x0
4 = (0 :4; 0); case XIV. M = 4, n1 = n2 = � 1, n3 = n4 = 1, x0

1 = (0 :4; 0),

x0
2 = ( � 0:4=3; 0), x0

3 = (0 :4=3; 0), x0
4 = (0 :4; 0); case XV.M = 4, n1 = n3 = � 1,

n2 = n4 = 1, x0
1 = (0 :2; 0:3), x0

2 = ( � 0:3; 0:4), x0
3 = ( � 0:4; � 0:2); x0

4 = (0 :3; � 0:3);

Fig. 5.8shows trajectory of the vortex centers when" = 1
32 in 1.1and h(x) = 0 in

(2.6) for the above 15 cases. From Fig.5.8and additional numerical experiments not

shown here for brevity, we can draw the following conclusions: (i). The interaction

of vortex clusters under the CGLE dynamics with Dirichlet BC is very interesting

and complicated. The detailed dynamics and interaction pattern of avortex cluster

depends on its initial alignment of the vortices, geometry of the domain D and the

boundary valueg(x). (ii). For a cluster of M vortices, if they have the same index,

then no collision will happen for any timet � 0. On the other hand, if they have

opposite index, e.g.M + > 0 vortices with index `+1' and M � > 0 vortices with

index �̀ 1' satisfying M + + M � = M , collision will always happen at �nite time.

In addition, when t is su�ciently large, there exist exactly jM + � M � j vortices of

winding number `+1' if M + > M � , and resp. �̀ 1' if M + < M � , left in the domain.

5.1.5 Steady state patterns of vortex clusters

Here we present the steady state patterns of vortex clusters inthe CGLE dynam-

ics under Dirichlet BC. We study how the geometry of the domainD and boundary

condition a�ect the alignment of vortices in the steady states. To this end, we take

" = 1
32 in,

nj = 1; x0
j = 0:5

�
cos

�
2j�
M

�
; sin

�
2j�
M

��
; j = 1; 2; : : : ; M;

i.e., initially we have M like vortices which are located uniformly in a circle centered

at origin with radius R1 = 0:5.

Denote � " (x) as the steady state, i.e.,� " (x) = lim t !1  " (x; t) for x 2 D . Fig.

5.9 depicts the contour plots of the amplitudej� " j of the steady state in the CGLE

dynamics with h(x) = 0 in ( 2.6) for di�erent M and domains, while Fig.5.10depicts
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Figure 5.8: Trajectory of vortex centers for the interaction of di�erent vortex

lattices in GLE under Dirichlet BC with " = 1
32 and h(x) = 0 for cases I-IX (from

left to right and then from top to bottom) in section 5.1.4.
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(a)

(b)

(c)

Figure 5.9: Contour plots ofj� " (x)j for the steady states of vortex cluster in CGLE

under Dirichlet BC with " = 1
32 for M = 8; 12; 16; 20 (from left column to

right column) and di�erent domains: (a) unit disk D = B1(0), (b) square domain

D = [ � 1; 1]2, (c) rectangular domainD = [ � 1:6; 1:6] � [� 0:8; 0:8].

similar results with M = 12 for di�erent h(x) in (2.6).

From Figs. 5.9 & 5.10 and additional numerical results not shown here for

brevity, we can draw the following conclusions for the steady statepatterns of vor-

tex clusters under the CGLE dynamics with Dirichlet BC: (i). The vortex undergo

repulsive interaction between each other and they move to locations near the bound-

ary of D, there is no collision and a steady state pattern is formed whent ! 1 . In

fact, the steady state is also the solution of the following minimizationproblem

� " = argmin � (x )jx 2 @D =  "
0 (x )jx 2 @D

E" (� ):

Actually, based on our extensive numerical experiments, we foundthat for a vortex

cluster of any con�guration, i.e., vortices in the vortex cluster maybe opposite

winding number, the vortices either merge and annihilate and all the leftover vortices
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Figure 5.10: Contour plots ofj� " (x)j for the steady states of vortex cluster in CGLE

under Dirichlet BC with " = 1
32 and M = 12 on a unit disk D = B1(0) (top row)

or a squareD = [ � 1; 1]2 (middle row) or a rectangular domainD = [ � 1:6; 1:6] �

[� 0:8; 0:8] (bottom row) under di�erent h(x) = x + y; x2 � y2; x � y; x2 � y2 +

2xy; x2 � y2 � 2xy (from left column to right column).

are all pinned in near the boundary �nally. This phenomena is similar withthe one

in the superconductor involving magnetic �eld [104]. (ii). During the dynamics, the

GL functional decreases when time increases. (iii). Both the geometry of the domain

and the boundary condition, i.e.,h(x), a�ect the �nal steady states signi�cantly.

(iv). At the steady state, the distance between the vortex centers and@D depends on

" and M . For �xed M , when" decreases, the distance decreases; and respectively, for

�xed ", whenM increases, the distance decreases. We remark it here as a interesting

open problem to �nd how the width depend on the value of" , the boundary condition

as well as the geometry of the domain.
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Figure 5.11: Time evolution ofd�;"
1 (t) for non-perturbed initial data (left) and per-

turbed initial data (right) in section 5.1.6

5.1.6 Validity of RDL under small perturbation

As seen from former chapters, the small perturbation a�ects the motion of the

vortices in NLSE dynamics much but hardly a�ects those in the GLE dynamics.

The question that how this a�ects those vortex motion in CGLE dynamics now

come up naturally. To this end, similar as the one studied in the GLE dynamics, we

take the initial data (1.2) as (3.4) with  "
0 chosen as (2.6) with h(x) � 0, M = 2,

n1 = n2 = 1 and x0
1 = � x0

2 = (0 :3; 0). Then we take� = " and let " go to 0, and

solve the CGLE under Dirichlet BC and with initial condition (3.4) for the vortex

centersx �;"
1 (t) and x �;"

2 (t) and compare them with those from the reduced dynamical

law. We denoted�;"
j (t) = jx �;"

j (t) � xr
j (t)j for j = 1; 2 as the error. Fig.5.11depicts

time evolution of d�;"
1 (t) for the case when� = " , i.e., small perturbation, and the

case when� = 0, i.e., no perturbation. From this �gure, we can see that small

perturbation in the initial data does not a�ect the motion of the vortices much,

same as the non-perturbed initial setups, the dynamics of the twovortex centers

under the CGLE dynamics with perturbed initial setups also converge to those

obtained from the reduced dynamical law when" ! 0. Same as the case in GLE

dynamics, this situation is foreseeable since the CGLE is also a dissipative system,

and small perturbation initially imposed for a dissipative system will nota�ect the

system much for the dynamics.
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Figure 5.12: Trajectory of the vortex center when" = 1
25 (left) as well as time

evolution of x "
1 (middle) and d"

1 for di�erent " (right) for the motion of a single

vortex in CGLE under homogeneous Neumann BC with di�erentx0
1 in (2.6) in

section5.2.1.: (a) x0
1 = (0 :1; 0), (b) x0

1 = (0 :1; 0:2).

5.2 Numerical results under Neumann BC

5.2.1 Single vortex

Here we present numerical results of the motion of a single quantized vortex

under the CGLE dynamics and its corresponding reduced dynamicallaws, i.e., we

take M = 1 and n1 = 1 in ( 2.6). Fig. 5.12depicts trajectory of the vortex center for

di�erent x0
1 in (2.6) when " = 1

25 as well as time evolution ofx "
1 and d"

1 for di�erent

" . From Fig. 5.12 and additional numerical results not shown here for brevity, we

can see that:

(i). The initial location of the vortex, i.e., value of x0 a�ects the motion of the

vortex a lot and this shows the e�ect on the vortex from the Neumann BC.

(ii). If x0
1 = (0 ; 0), the vortex will not move all the time, otherwise, the vortex

will move and �nally exit the domain and never come back. This is quite di�erent



5.2 Numerical results under Neumann BC 103

(a) (c)

0 0.4 0.8
0

14

28

t
 

 

E " ( t )
E "

k i n

0 0.4 0.8
0

1.7

3.4

t 

 

E "
i n t

(b) (d)

0 0.17 0.34
0

10

20

t
 

 

E " ( t )
E "

k i n

0 0.17 0.34
0

1.7

3.4

t
 

 

E "
i n t

Figure 5.13: Contour plots ofj " (x; t)j at di�erent times when " = 1
25 ((a) &

(b)) and the corresponding time evolution of the GL functionals ((c) & (d)) for the

motion of vortex pair in CGLE under homogeneous Neumann BC with di�erent d0

in (2.6) in section 5.2.2: top row: d0 = 0:3, bottom row: d0 = 0:7.

from the situations in bounded domain with Dirichlet BC where a single vortex can

never move outside the domain or in the whole space where a single vortex doesn't

move at all under the initial condition (2.6) when D = R2.

(iii). As " ! 0, the dynamics of the vortex center under the CGLE dynamics

converges uniformly in time to that of the reduced dynamical laws well before it exits

the domain, which veri�es numerically the validation of the reduced dynamical laws

in this case. Surely, when the vortex center is being exited the domain or after it

moves out of the domain, the reduced dynamics laws are no longer valid. However,

the dynamics of CGLE is still physically interesting. In fact, based onour extensive

numerical experiments, the motion of the vortex center from thereduced dynamical

laws agrees with that from the CGLE dynamics qualitatively when 0< " < 1 and

quantitatively when 0 < " � 1 well before it moves out of the domain.



5.2 Numerical results under Neumann BC 104

(a) -1 0 1
-1

0

1

x

y

0 0.285 0.57
0

0.55

t

x 1e (t)

 

 

e=1/16

e=1/25

e=1/40
reduced

0 0.285 0.57
-1

0

t

y 1e (t)

0 0.275 0.55
0

0.15

0.3

t

d 1e (t)

 

 

e=1/16

e=1/25

e=1/40

(b) -1 0 1
-1

0

1

x

y

0 0.045 0.09
0.7

1

t

x 1e (t)

 

 
e=1/16

e=1/25

e=1/40
reduced

0 0.045 0.09
-0.4

0

t

y 1e (t)

0 0.045 0.09
0

0.07

0.14

t

d 1e (t)

 

 

e=1/16

e=1/25

e=1/40

Figure 5.14: Trajectory of the vortex center when" = 1
25 (left) as well as time

evolution of x "
1 (middle) and d"

1 for di�erent " (right) for the motion of vortex pair

in CGLE under homogeneous Neumann BC with di�erentd0 in (2.6) in section5.2.2:

(a) d0 = 0:3, (b) d0 = 0:7.

5.2.2 Vortex pair

Here we present numerical results of the interaction of vortex pair under the

CGLE dynamics and its corresponding reduced dynamical laws, i.e., wetake M = 2,

n1 = n2 = 1 and x0
2 = � x0

1 = ( d0; 0) with 0 < d 0 < 1 in (2.6). Fig. 5.13shows the

contour plots of j " (x; t)j at di�erent times when " = 1
25, while Fig. 5.14 depicts

the trajectory of the vortex pair when " = 1
25 as well as time evolution ofx"

1(t) and

d"
1(t) for di�erent d0 in (2.6).

From Figs. 5.14 and 5.13 and additional numerical results not shown here for

brevity, we can draw the following conclusions for the interaction ofvortex pair

under the NLSE dynamics with homogeneous Neumann BC:

(i). The initial location of the vortex, i.e., value of d0 a�ects the motion of the

vortex a lot and this shows the e�ect on the vortex from the Neumann BC.

(ii). For the CGLE with " �xed, there exist a sequence of critical valuesdc;"
1 >
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dc;"
2 > d c;"

3 > � � � > d c;"
k > � � � such that: if d0 > d c;"

1 , the two vortex will exit the

domain from the side boundary; ifdc;"
1 > d 0 > d c;"

2 , the two vortex will exit the

domain from the top-bottom boundary; if dc;"
2 > d 0 > d c;"

3 , the two vortex will exit

the domain from the side boundary again. Actually, they exit from the side or top-

bottom boundary alternatively, i.e., for n = 0; 1; � � � : if dc;"
2n > d 0 > d c;"

2n+1 , the two

vortex will exit the domain from the side boundary; otherwise, ifdc;"
2n+1 > d 0 > d c;"

2n+2 ,

the two vortex will exit the domain from the top-bottom boundary. For the reduced

dynamical law, there also exist such series of critical valuesf dc;r
k ; k = 0; � � � g which

divide the patterns of the trajectory. It might be an interesting problem to �nd

thosedc;"
k and dc;r

k , and to study how they agree with each other.

Again, the motion here is somehow the combination of that in the GLE dynam-

ics and that in the NLSE dynamics. The vortex pair in the GLE dynamicswill

always move outward along the line that connects the two vortices and �nally exit

the domain, while in the NLSE dynamics, they always rotate around each other

periodically. Actually, from extensive numerical results, we �nd that for a �xed

initial setups, the larger the value� is, the more rotation the pair will do before

they exit the domain, i.e, the closer the motion in CGLE dynamics is to that in

NLSE dynamics; on contrary, the larger the value� , the faster the vortex exit the

domain, in other words, the closer the motion in CGLE dynamics is to that in NLSE

dynamics. This again evidence numerically that the CGLE under Neumann BC is

somehow in between the GLE and NLSE under Neumann BC.

(iii). As " ! 0, the dynamics of the two vortex centers under the CGLE dynamics

converge uniformly in time to that of the reduced dynamical laws wellbefore any

one of them exit the domain, which veri�es numerically the validation ofthe reduced

dynamical laws in this case. Surely, when the vortex centers are being exiting the

domain or after they moves out of the domain, the reduced dynamics laws are no

longer valid. However, the dynamics of CGLE is still physically interesting. In

fact, based on our extensive numerical experiments, the motionsof the two vortex

centers from the reduced dynamical laws agree with those from the CGLE dynamics
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Figure 5.15: Contour plots ofj " (x; t)j at di�erent times when " = 1
25 and the

corresponding time evolution of the GL functionals for the motion ofvortex dipole

in CGLE under homogeneous Neumann BC with di�erentd0 in (2.6) in section5.2.3:

top row: d0 = 0:3, bottom row: d0 = 0:7.

qualitatively when 0 < " < 1 and quantitatively when 0< " � 1.

(iv). During the dynamics of CGLE, the GL functional and its kinetic parts

decrease when time increases. They doesn't change much whent is small and changes

dramatically when either one of the two vortices moves outside the domainD. When

t ! 1 , all the three quantities converge to 0 (cf. Fig.5.13(c) & (d)), which imply

that a constant steady state will be reached in the form of� " (x) = eic0 for x 2 D

with c0 a constant.

5.2.3 Vortex dipole

Here we present numerical results of the interaction of vortex dipole in the CGLE

dynamics and its corresponding reduced dynamics, i.e., we takeM = 2, n2 = � n1 =

1 and x0
2 = � x0

1 = ( d0; 0) with 0 < d 0 < 1 in (2.6).

Fig. 5.15 shows the contour plots ofj " (x; t)j at di�erent times when " = 1
25,

while Fig. 5.16depicts the trajectory of the vortex pair when" = 1
25 as well as time
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Figure 5.16: Trajectory of the vortex center when" = 1
25 (left) as well as time

evolution of x "
1 (middle) and d"

1 for di�erent " (right) for the motion of vortex dipole

in CGLE under homogeneous Neumann BC with di�erentd0 in (2.6) in section5.2.2:

(a) d0 = 0:3, (b) d0 = 0:7.

evolution of x"
1(t) and d"

1(t) for di�erent d0 in (2.6).

From Fig. 5.16 and 5.15 and additional numerical results not shown here for

brevity, we can draw the following conclusions for the interaction ofvortex pair

under the NLSE dynamics with homogeneous Neumann BC:

(i). The initial location of the vortex, i.e., value of d0 a�ects the motion of the

vortex a lot and this shows the e�ect on the vortex from the Neumann BC. (ii).

For the CGLE with " �xed, there exists a critical value d"
c such that: if d0 > d "

c,

the two vortices will exit the domain from the side boundary, otherwise, they will

merge somewhere in the boundary. For the reduced dynamical law,there also exists

such series of critical valuesdr
c which divide the patterns of the trajectory. It might

be an interesting problem to �nd thosed"
c and dr

c, and to study how they agree

with each other. Moreover, the trajectories of the two vorticesare symmetric i.e.,

x1(t) = � x2(t), and �nally the CGLE dynamics will lead to a constant steady state
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with amplitude 1, i.e., � " (x) = eic0 for x 2 D with c0 a real constant. (iii). As

" ! 0, the dynamics of the two vortex centers under the CGLE dynamics converge

uniformly in time to that of the reduced dynamical laws well before they move out

of the domain or merge with each other, which veri�es numerically thevalidation of

the reduced dynamical laws in this case. In fact, based on our extensive numerical

experiments, the motions of the two vortex centers from the reduced dynamical

laws agree with those from the CGLE dynamics qualitatively when 0< " < 1 and

quantitatively when 0 < " � 1.

5.2.4 Vortex cluster

Here we present numerical results of the interaction of vortex clusters under the

CGLE dynamics. We consider the following 15 cases:

case I. M = 3, n1 = n2 = n3 = 1, x0
1 = (0 :4; 0); x0

2 = ( � 0:2;
p

3
5 ), x0

3 =

(� 0:2; �
p

3
5 ), case II. M = 3, n1 = n2 = n3 = 1, x0

1 = ( � 0:4; 0:2), x0
2 = (0 ; 0:2),

x0
3 = (0 :4; 0:2); case III. M = 3, n1 = n2 = n3 = 1, x0

1 = ( � 0:4; 0), x0
2 = (0 ; 0),

x0
3 = (0 :4; 0); case IV.M = 3, � n1 = n2 = n3 = 1, x0

1 = (0 :4; 0); x0
2 = ( � 0:2;

p
3

5 ),

x0
3 = ( � 0:2; �

p
3

5 ), case V.M = 3, � n2 = n1 = n3 = 1, x0
1 = ( � 0:4; 0), x0

2 = (0 ; 0),

x0
3 = (0 :4; 0); case VI. M = 3, � n2 = n1 = n3 = 1, x0

1 = ( � 0:7; 0), x0
2 = (0 ; 0),

x0
3 = (0 :7; 0); case VII. M = 4, n1 = n2 = n3 = n4 = 1, x0

1 = (0 :4; 0), x0
2 = (0 ; 0:4),

x0
3 = ( � 0:4; 0), x0

4 = (0 ; � 0:4); case VIII. M = 4, n1 = n3 = � 1, n2 = n4 = 1,

x0
1 = (0 :4; 0), x0

2 = (0 ; 0:4), x0
3 = ( � 0:4; 0), x0

4 = (0 ; � 0:4); case IX. M = 4,

n1 = n3 = � 1, n2 = n4 = 1, x0
1 = (0 :59; 0), x0

2 = (0 ; 0:59), x0
3 = ( � 0:59; 0),

x0
4 = (0 ; � 0:59); case X.M = 4, n1 = n3 = � 1, n2 = n4 = 1, x0

1 = (0 :7; 0),

x0
2 = (0 ; 0:7), x0

3 = ( � 0:7; 0), x0
4 = (0 ; � 0:7); case XI. M = 4, n2 = n3 = � 1,

n1 = n4 = 1, x0
1 = (0 :4; 0), x0

2 = (0 ; 0:4), x0
3 = ( � 0:4; 0), x0

4 = (0 ; � 0:4); case XII.

M = 4, n2 = n3 = � 1, n1 = n4 = 1, x0
1 = (0 :6; 0), x0

2 = (0 ; 0:6), x0
3 = ( � 0:6; 0),

x0
4 = (0 ; � 0:6); case XIII. M = 4, n1 = n3 = � 1, n2 = n4 = 1, x0

1 = (0 :4; 0),

x0
2 = ( � 0:4=3; 0), x0

3 = (0 :4=3; 0), x0
4 = (0 :4; 0); case XIV. M = 4, n1 = n3 = � 1,

n2 = n4 = 1, x0
1 = (0 :4; 0), x0

2 = ( � 0:4=3; 0), x0
3 = (0 :4=3; 0), x0

4 = (0 :4; 0); case XV.
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Figure 5.17: Trajectory of vortex centers for the interaction ofdi�erent vortex

clusters in CGLE under Neumman BC with" = 1
32 for cases I-IX (from left to right

and then from top to bottom) in section5.2.4.
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M = 4, n1 = n3 = � 1, n2 = n4 = 1, x0
1 = ( � 0:6; 0), x0

2 = ( � 0:1; 0), x0
3 = (0 :1; 0),

x0
4 = (0 :6; 0);

Fig. 5.17 shows trajectory of the vortex centers for the above 15 caseswhen

" = 1
32, while Fig. 5.18 depicts the contour plots ofj " j for the initial data and

corresponding steady states for cases I, III, V, VI, VII and XIV.

From Figs. 5.17 & 5.18 and additional numerical experiments not shown here

for brevity, we can draw the following conclusions: (i). The interaction of vortex

clusters under the CGLE dynamics with homogeneous BC is very interesting and

complicated. The detailed dynamics and interaction pattern of a cluster depends

on its initial alignment of the cluster and geometry of the domainD. (ii). For a

cluster of M vortices, if they have the same index, then at leastM � 1 vortices

will move out of the domain at �nite time and no collision will happen for any time

t � 0. On the other hand, if they have opposite index, collision will happenat �nite

time. After collisions, the leftover vortices will then move out of thedomain at �nite

time and at most one vortex may left in the domain. Whent is su�ciently large,

in most cases, no vortex is left in the domain; of course, when the geometry and

initial setup are properly symmetric andM is odd, there maybe one vortex left in

the domain. (iii). If �nally no vortex leftover in the domain, the GL fun ctionals will

always vanish ast ! 1 , which indicate that the �nal steady states always admit

the form of � " (x) = eic0 for x 2 D with c0 a real constant.

5.2.5 Validity of RDL under small perturbation

Same as the motivation in section5.1.6, here we study the radiation property of

the CGLE dynamics under homogeneous Neumann BC in this subsection.

To this end, we take the initial data (1.2) as (3.4) with  "
0 chosen as (2.6) with

M = 2, n1 = n2 = 1, x0
1 = � x0

2 = (0 :7; 0) and h(x) as (3.3). Then we take � = "

and let " go to 0, solve the CGLE with initial condition (3.4) for the vortex centers

x �;"
1 (t) and x �;"

2 (t) and compare them with those from the reduced dynamical law.

We denoted�;"
j (t) = jx �;"

j (t) � xr
j (t)j for j = 1; 2 as the error. Fig.5.19depicts time



5.2 Numerical results under Neumann BC 111

(a)

(b)

(c)

(d)

Figure 5.18: Contour plots ofj " (x; t)j for the initial data ((a) & (c)) and cor-

responding steady states ((b) & (d)) of vortex cluster in CGLE dynamics under

Neumman BC with " = 1
32 and for cases I, III, V, VI, VII and XIV (from left to

right and then from top to bottom) in section 5.2.4.

evolution of d�;"
1 (t) for the case when� = " , i.e., small perturbation, and the case

when� = 0, i.e., no perturbation. From Fig. 5.19, we can see that small perturbation
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Figure 5.19: Time evolution ofd�;"
1 (t) for non-perturbed initial data (left) and per-

turbed initial data (right) in section 5.2.5

in the initial data does not a�ect the motion of the vortices much, same as the non-

perturbed initial setups, the dynamics of the two vortex centersunder the CGLE

dynamics with perturbed initial setups also converge to those obtained from the

reduced dynamical law when" ! 0, which is simply similar as the situation in the

CGLE dynamics with perturbed initial data under Dirichlet BC.

5.3 Vortex dynamics in inhomogeneous potential

In this subsection, we study numerically the vortex dynamics in the CGLE dy-

namics with Dirichlet BC under inhomogeneous potential. Analogous tothe one

studied in section3.4, the external potential and cases studied are chosen as the

same one presented in section3.4.

Fig. 5.20, shows the trajectory and time evolution of the distance between

the vortex center and potential center for di�erent " for case I and II, as well as

trajectory of vortex center for di�erent " of the vortices for case III. From this �gure

and additional numerical experiment not shown here for brevity, we can see that:

(i). For the single vortex, it moves monotonically toward the pointsxp = ( x0
c; y0

c),

where the external potential V(x) attains its minimum value (cf. Fig. 5.20 (a) &

(b)), which shows clearly the pinning e�ect. Moreover, the trajectory depend on

the type of the potential V (x). The speed that vortex move toxp as well as the

�nal location that vortex stay steady depend on the value of" (cf. Fig. 5.20 (a)

& (b)). The smaller the " is, the closer the �nal location to xp and the faster the
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Figure 5.20: Trajectory and time evolution of the distance betweenthe vortex

center di�erent " for case I-III ((a)-(c)) in section 5.3.

vortex move to it. (ii). As " ! 0, the trajectory seems to converge, and the �nal

location of the vortex seems to converge to pointsxp, which are the position that

the potential attain its minimum. (iii). For the vortex pair, well, the ph enomena is

quite di�erent from the one in the GLE dynamics. The vortices will always move

close to each other and the pointxp �rstly, which show the pinning e�ect. However,

they will move apart from each other and the pointxp after some time. And the

smaller the" is, the farther the vortex pair sit away from each other and the points

xp.
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5.4 Conclusion

In this chapter, by applying the e�cient and accurate numerical methods pro-

posed in chapter2 to simulate complex Ginzburg-Landau equation (CGLE) with a

dimensionless parameter 0< " < 1 on bounded domains with either Dirichlet or

homogenous Neumann BC and its corresponding reduced dynamicallaws (RDLs),

we studied numerically quantized vortex interaction in CGLE with/without impuri-

ties for superconductivity and compared numerically patterns of vortex interaction

between the CGLE dynamics and its corresponding reduced dynamical laws under

di�erent initial setups. We �nd that vortex dynamics in the CGLE is somehow the

combination of that in GLE and NLSE.

For the CGLE under a homogeneous potential, based on extensive numerical

results, we veri�ed that the dynamics of vortex centers under the CGLE dynamics

converges to that of the reduced dynamical laws when" ! 0 before they collide

and/or move out of the domain. Certainly, after either vortices collide with each

other or move out of the domain, the RDLs are no longer valid; however, the dy-

namics and interaction of quantized vortices are still physically interesting and they

can be obtained from the direct numerical simulations for the CGLE with �xed

" > 0 even after they collide and/or move out of the domain. We also identi�ed the

parameter regimes where the RDLs agree with qualitatively and/or qualitatively as

well as fail to agree with those from the CGLE dynamics. In the validity regimes,

the RDL is still valid under small perturbation in the initial data due to t he dissipa-

tive nature of the CGLE. Some very interesting nonlinear phenomena related to the

quantized vortex interactions in the CGLE for superconductivity were also observed

from our direct numerical simulation results of CGLE. Di�erent steady state pat-

terns of vortex clusters under the CGLE dynamics were obtained numerically. From

our numerical results, we observed that boundary conditions anddomain geome-

try a�ect signi�cantly on vortex dynamics and interaction, which showed di�erent

interaction patterns compared to those in the whole space case [160,161].

For the CGLE in an inhomogeneous potential under the Dirichlet BC, by directly
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simulate the GLE, we �nd that vortices move in a quite di�erent ways from that

in the homogeneous case. The vortices basically move toward critical points of the

inhomogeneous potential in the limiting process" ! 0, which show the pinning

e�ect that caused by the impurities given by the inhomogeneities.



Chapter 6
Numerical methods for GPE with angular

momentum

In this chapter, we �rst review how to reduce the 3D GPE (1.10) with strongly

anisotropic con�ning potential V(x) into 2D GPE, then we propose a simple, e�-

cient and accurate numerical method for simulating the dynamics ofrotating Bose-

Einstein condensates (BECs) in a rotational frame with/without a long-range dipole-

dipole interaction. We then apply the numerical method to test the dynamical laws

of rotating BECs such as the dynamics of condensate width, angular momentum

expectation and center-of-mass, and to investigate numerically the dynamics and

interaction of quantized vortex lattices in rotating BECs without/with the long-

range dipole-dipole interaction.

6.1 GPE with angular momentum

In many physical experiments of rotating BEC, the external trapV(x) in (1.10)

is strongly con�ned in the z-direction, i.e.,

V (x) = V2(x; y) +
z2

2"4
; x 2 R3; (6.1)

116
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with 0 < " � 1 a given dimensionless parameter [14], resulting in a pancake-shaped

BEC. Similar to the case of a non-rotating BEC, formally the GPE (1.10) or (1.13)-

(1.14) can e�ectively be approximated by a two-dimensional (2D) GPE as [17,18,41]:

i@t  (x? ; t) =
�
�

1
2

r 2
? + V2(x? ) +

� + � (3n2
3 � 1)

"
p

2�
j j2 �

3�
2

' � 
 L z

�
 ; (6.2)

' = ' (x? ; t) =
�
@n? n? � n2

3r 2
?

�
u(x? ; t); x? = ( x; y)T 2 R2; t � 0; (6.3)

where r ? = ( @x ; @y)T , r 2
? = @xx + @yy , n? = ( n1; n2)T , @n? = n? � r ? , @n? n? =

@n? (@n? ) and

u(x? ; t) = G" � j  j2; G" (x? ) =
1

(2� )3=2

Z

R

e� s2=2

p
jx? j2 + "2s2

ds; x? 2 R2: (6.4)

The above problem (6.2)-(6.3) with ( 6.4) is usually calledsurface adiabatic model

(SAM) for a rotating BEC with dipole-dipole interaction in 2D. Furthermore, taking

" ! 0+ in (6.4), we obtain

G" (x? ) !
1

2� jx? j
:= G0(x? ); x? 2 R2: (6.5)

This, together with (6.4), implies that when " ! 0+ ,

u(x? ; t) =
1

2� jx? j
� j  j2 () (�r 2

? )1=2u = j j2 with lim
jx ? j!1

u(x? ; t) = 0 : (6.6)

The problem (6.2)-(6.3) with ( 6.6) is usually calledsurface density model(SDM) for

a rotating BEC with dipole-dipole interaction in 2D. Note that even forthe SDM

we retain the "-dependence in (6.2).

In fact, the GPE (1.10) or (1.13) in 3D and the SAM or SDM in 2D can be

written in a uni�ed way in d-dimensions (d = 2 or 3) with x = ( x; y)T when d = 2

and x = ( x; y; z)T when d = 3:

i@t  (x; t) =
�
�

1
2

r 2 + V(x) + � j j2 + �' (x; t) � 
 L z

�
 (x; t); (6.7)

' (x; t) = Ln u(x; t); u(x; t) = G � j  j2; x 2 Rd; t � 0; (6.8)

whereV(x) = V2(x) when d = 2 and

� =

8
<

:

� + � (3n2
3 � 1)

"
p

2�
;

� � �;
� =

8
<

:
� 3�= 2;

� 3�;
Ln =

8
<

:
@n? n? � n2

3r
2; d = 2;

@nn ; d = 3;
(6.9)
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G(x) =

8
>>><

>>>:

1=2� jxj;

G" (x);

1=4� jxj;

() bG(� ) =

8
>>><

>>>:

1=j� j; d = 2 & SDM ;
1

2� 2

R
R

e� " 2s2 =2

j � j2+ s2 ds; d= 2 & SAM ;

1=j� j2; d = 3;

(6.10)

where bf (� ) denotes the Fourier transform of the functionf (x) for x; � 2 Rd. For

studying the dynamics of a rotating BEC, the following initial conditionis used:

 (x; 0) =  0(x); x 2 Rd; with k 0k2 :=
Z

Rd
j 0(x)j2 dx = 1: (6.11)

We remark here that in most BEC experiments, the following dimensionless har-

monic potential is used

V(x) =
1
2

8
<

:


 2
x x2 + 
 2

yy2; d = 2;


 2
x x2 + 
 2

yy2 + 
 2
zz2; d = 3;

(6.12)

where 
 x > 0, 
 y > 0 and 
 z > 0 are dimensionless constants proportional to the

trapping frequencies inx-, y- and z-direction, respectively.

6.2 Dynamical properties

In this section, we analytically study the dynamics of rotating dipolarBECs. We

present dynamical laws, including the conservation of angular momentum expecta-

tion, the dynamics of condensate widths and the dynamics of the center of mass.

The results are quite similar to the ones in [18,25].

6.2.1 Conservation of mass and energy

The GPE in (6.7){( 6.11) has two important invariants: the mass(or normaliza-

tion) of the wave function, which is de�ned as

N (t) := k (�; t)k2 :=
Z

Rd
j (x; t)j2dx �

Z

Rd
j (x; 0)j2dx = 1; t � 0; (6.13)

and the energy per particle

E(t) := E( (�; t)) =
Z

Rd

�
1
2

jr  j2 + V(x)j j2 +
�
2

j j4 +
�
2

' j j2 � 
  � L z 
�

dx

� E( (�; 0)) = E( 0); t � 0; (6.14)
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wheref � denotes the conjugate of the complex-valued functionf . Stationary states,

corresponding to critical points of the energy de�ned in (6.14), play an important

role in the study of rotating dipolar BECs. Usually, to �nd stationary states � s(x),

one can use the ansatz

 (x; t) = e� i� s t � s(x); x 2 Rd; t � 0; (6.15)

where � s 2 R is the chemical potential. Substituting (6.15) into ( 6.7) yields the

nonlinear eigenvalue problem

� s� s(x) =
�
�

1
2

r 2 + V(x) + � j� sj2 + �' s � 
 L z

�
� s(x); x 2 Rd; (6.16)

' s(x) = Ln us(x); us(x) = G � j � sj2; x 2 Rd; (6.17)

under the constraint

k� sk2 =
Z

Rd
j� s(x)j2dx = 1: (6.18)

Thus, by solving the constrained nonlinear eigenvalue problem (6.16){( 6.18), one

can �nd the stationary states of rotating dipolar BECs. In physicsliterature, the

stationary state with the lowest energy is calledground state, while those with larger

energy are calledexcited states.

6.2.2 Conservation of angular momentum expectation

The angular momentum expectationof a condensate is de�ned as [18,25]

hL z i (t) =
Z

Rd
 � (x; t)L z (x; t) dx; t � 0: (6.19)

This quantity is often used to measure the vortex 
ux. The followinglemma de-

scribes the dynamics of angular momentum expectation in rotating dipolar BECs.

Lemma 6.2.1. Suppose that (x; t) solves the GPE (6.7){( 6.11) with V(x) chosen

as the harmonic potential (6.12). Then we have

dhL z i (t)
dt

= ( 
 2
x � 
 2

y )
Z

Rd
xyj j2dx � �

Z

Rd
j j2 [(x@y � y@x )' ] dx; t � 0: (6.20)
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Furthermore, the angular momentum expectation is conserved, i.e.,

hL z i (t) � h L zi (0); t � 0; (6.21)

if the following two conditions are satis�ed: (i). 
 x = 
 y; (ii). any one of the

following conditions hold true: (a). � = 0; (b). in 3D, n = (0 ; 0; 1)T ; (c). in 2D, n =

(0; 0; 1)T and  0 satis�es  0(x) = f (r )eim� . That is, in a radially symmetric trap in

2D or a cylindrically symmetric trap in 3D, the angular momentum expectation is

conserved when either there is no dipolar interaction or thedipole axis is parallel to

the z-axis in 3-D or in 2-D with a radially symmetric or central vortex-type initial

data.

Proof. Di�erentiating ( 6.19) with respect to t, integrating by parts and taking (6.7)

into account, we get

dhL z i (t)
dt

= � i
Z

R3

h
 �

t (x@y � y@x) +  � (x@y � y@x) t

i
dx

=
Z

R3

h
(� i �

t )(x@y � y@x ) + ( i t )(x@y � y@x ) �
i
dx

=
Z

R3

�
�

1
2

�
r 2 � (x@y � y@x) + r 2 (x@y � y@x) �

�

+
�
V(x) + � dj j2 + �'

� �
(x@y � y@x )j j2

�
�
dx

= �
Z

R3
j j2

h
(x@y � y@x ) (V (x) + �' )

i
dx; t � 0: (6.22)

Substituting (6.12) into ( 6.22) leads to (6.20) immediately. In 3D, due to (1.14), the
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second term in (6.20) further becomes

� �
Z

R3
j j2(x@y � y@x )'d x = �

Z

R3
r 2u(x@y � y@x ) (@nn u) dx

= � �
Z

R3
(@n yr 2u + yr 2@n u)(@x @n u)dx + �

Z

R3
(@n xr 2u + xr 2@n u)(@y@n u) dx

= �
Z

R3

h
n1@y(@n u) � n2@x (@n u)

i
r 2u dx � �

Z

R3

h
x@y(@n u) � y@x (@n u)

i
r 2(@n u) dx

= �
Z

R3

h
n1@y(@n u) � n2@x (@n u)

i
j j2 dx + �

Z

R3

h
y(r @n u)@x (r � @n u)

+ r yr (@n u)@x (@n u) � x(r @n u)@y(r @n u) � r xr (@n u)@y(@n u)
i
dx

= �
Z

R3

h
n1@y(@n u) � n2@x (@n u)

i
j j2 dx + �

Z

R3
(r @n u)(y@x � x@y)( r @n u)dx

= �
Z

R3

h
n1@y(@n u) � n2@x (@n u)

i
j j2 dx; t � 0: (6.23)

Thus, in a radially symmetric trap, i.e., 
 x = 
 y, if there is � = 0 or n = (0 ; 0; 1)T ,

we get

dhL z i (t)
dt

= 0; t � 0; (6.24)

from (6.20) and (6.23), which implies the conservation ofhL z i in (6.21).

Look into (6.20), claims in (ii) (a) is clearly and (c) is straightforward due to the

radial symmetry of the solution of (x; t) under the condition given there.

6.2.3 Dynamics of condensate width

The condensate widthof a BEC in � -direction (where� = x; y; z or r =
p

x2 + y2)

is de�ned by

� � (t) =
p

� � (t); t � 0; where � � (t) =
Z

Rd
� 2j (x; t)j2dx: (6.25)

In particular, when d = 2, we have the following lemma for its dynamics [18]:

Lemma 6.2.2. Consider two-dimensional BECs with radially symmetric harmonic

trap (6.12), i.e., d = 2 and 
 x = 
 y := 
 r . If � = 0, then for any initial datum

 0(x) in ( 6.11), it holds for t � 0

� r (t) =
E( 0) + 
 hL z i (0)


 2
r

[1 � cos(2
 r t)] + � (0)
r cos(2
 r t) +

� (1)
r

2
 r
sin(2
 r t); (6.26)
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where� r (t) := � x (t) + � y(t), � (0)
r := � x (0) + � y(0) and � (1)

r := _� x (0) + _� y(0). Further-

more, if the initial condition  0(x) is radially symmetric, we have fort � 0

� x (t) = � y(t) =
1
2

� r (t)

=
E( 0) + 
 hL z i (0)

2
 2
x

[1 � cos(2
 x t)] + � (0)
x cos(2
 x t) +

� (1)
x

2
 x
sin(2
 x t): (6.27)

Thus, in this case the condensate widths� x (t) and � y(t) are periodic functions with

frequency doubling trapping frequency.

Proof. Di�erentiating ( 6.25) with respect to t, integrating by parts and taking (6.7)

into account, we obtain

d� � (t)
dt

=
Z

Rd
� 2 ( �

t  +  �  t ) dx = i
Z

Rd
� 2

h
(� i �

t ) �  � (i t )
i
dx

= i
Z

Rd

�
�

� 2

2

�
 r 2 � �  � r 2 

�
� i 
 � 2 (x@y � y@x) j j2

�
dx

=
Z

Rd

�
i� ( @�  � �  � @�  ) � 2
 � j j2(x@y � y@x )�

�
dx; t � 0: (6.28)

Similarly, di�erentiating ( 6.28) with respect to t, integrating by parts and noticing

(6.7), we have

d2� � (t)
dt2

=
Z

Rd
�

�
i
�

 t  �
� +   �

�t �  �
t  � �  �  �t

�
� 2
(  �

t  +  �  t )(x@y � y@x )�
�
dx

=
Z

Rd

�
2�

�
(i t ) �

� + ( � i �
t ) �

�
+

�
 � (i t ) +  (� i �

t )
�

� 2i 
 � (x@y � � y@x � )
�

(� i �
t ) �  � (i t )

� �
dx

=
Z

Rd

�
�

�
� ( �

� r 2 +  � r 2 � ) + 2( V(x) + � j j2 + �' )@� j j2

+ 2i 
(  �
� (x@y � y@x) �  � (x@y � y@x) � )

�
+

�
�

1
2

( � r 2 +  r 2 � )

+ 2( V(x) + � j j2 + �' )j j2 � i 
(  (x@y � y@x) � �  � (x@y � y@x ) )
�

+ 2 i 
 � (x@y � � y@x � )
� 1

2
( r 2 � �  � r 2 ) + i 
( x@y � y@x)j j2

� �
dx;
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Moreover, we obtain fort � 0

d2� � (t)
dt2

=
Z

Rd

� �
2j � j2 � jr  j2 � 2(V(x) + � j j2 + �' )j j2 + � j j4

� 2� j j2@� (V(x) + �' ) + 2 i 
( @y � � @x � ) � (x@y + y@x ) 

� 2i 
  � (x@y � y@x) 
�

+
�

jr  j2 + 2( V(x) + � j j2 + �' )j j2

+ 2i 
  � (x@y � y@x ) 
�

+ ( @y � � @x � )
�

2i 
  � (x@y + y@x ) 

+ 2
 2(x2 � y2)j j2
� �

dx

= � 2
 2
� � � (t) +

Z

R2

�
2j � j2 + � j j4 � 2�� j j2@� '

+ ( @y � � @x � )
�

4i 
( x@y + y@x ) + 2
 2(x2 � y2)j j2
� �

dx: (6.29)

Hence whend = 2, if 
 x = 
 y = 
 r and � = 0, combine with (6.29), (6.14) and

lemma 6.2.1, we have

d2� r (t)
dt2

=
d2� x (t)

dt2
+

d2� y(t)
dt2

= � 4
 2
r � r (t) + 2

Z

R2

�
jr  j2 + � j j4

�
dx

= � 4
 2
r � r (t) + 4

Z

R2

�
1
2

jr  j2 + V(x)j j2 +
�
2

j j4 � 
Re(  � L z )
�

dx

+ 4

Z

R2
Re( � L z )dx

= � 4
 2
r � r (t) + 4 E( 0) + 4
 hL z i (0); t � 0: (6.30)

Thus, (6.26) is the unique solution of the second order ODE (6.30) with the

initial condition � r (0) = � (0)
r and _� r (0) = � (1)

r .

Furthermore, if  0 has radial symmetric structure, the solution (x; t) is also

radial symmetric since
 x = 
 y, and can be rewritten in the form of

 (x; t) = f (r; t )eim� (t )

and thus

� x (t) =
Z

Rd

x2j� j2dx =
Z 1

0

Z 2�

0
r 2 cos2 � jf (r; t )j2rd�dr

= �
Z 1

0
r 2jf (r; t )j2rdr =

Z 1

0

Z 2�

0
r 2 sin2 � jf (r; t )j2rd�dr

=
Z

Rd
y2j� j2dx = � y(t) =

1
2

� r (t): (6.31)
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6.2.4 Dynamics of center of mass

We de�ne the center of massof a condensate at any timet by

xc(t) =
Z

Rd
x j (x; t)j2dx; t � 0: (6.32)

The following lemma describes the dynamics of the center of mass.

Lemma 6.2.3. Suppose that (x; t) solves the GPE (6.7){( 6.11) with V(x) chosen

as the harmonic potential (6.12). Then for any given initial data  0, the dynamics

of the center of mass are governed by the following second-order ODEs:

•xc(t) � 2
 J _xc(t) + (� + 
 2J 2) xc(t) = 0 ; t � 0; (6.33)

xc(0) = x (0)
c :=

Z

Rd
xj 0j2dx; (6.34)

_xc(0) = x (1)
c :=

Z

Rd
Im ( �

0r  0) dx � 
 Jx (0)
c ; (6.35)

whereIm(f ) denotes the imaginary part of the functionf and the matrices

J =

0

@
0 1

� 1 0

1

A ; � =

0

@

 2

x 0

0 
 2
y

1

A ; for d = 2;

or

J =

0

B
B
B
@

0 1 0

� 1 0 0

0 0 0

1

C
C
C
A

; � =

0

B
B
B
@


 2
x 0 0

0 
 2
y 0

0 0 
 2
z

1

C
C
C
A

; for d = 3:

Proof. For simplicity, we considerd = 3 in the following proof. Di�erentiating ( 6.32)

with respect to t, integrating by parts and taking (6.7) into account, we obtain

dxc(t)
dt

=
Z

R3
x( �

t  +  �  t )dx = i
Z

R3
x

h
(� i �

t ) �  � (i t )
i
dx

= i
Z

R3

�
�

1
2

x
�
 r 2 � �  � r 2 

�
� i 
 x(x@y � y@x )j j2

�
dx

=
Z

R3

h
� i � r  � 
 j j2(x@y � y@x )x

i
dx

=
Z

R3

�
� i � r  + 
 Jx j j2

�
dx = 
 Jx c(t) � i

Z

R3
( � r  ) dx; t � 0: (6.36)
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Di�erentiating ( 6.36) with respect to t and following the similar procedures, we have

d2xc(t)
dt2

� 
 J
dxc(t)

dt

= � i
Z

R3
( �

t r  +  � r  t ) dx =
Z

R3

h
(� i �

t )r  + ( i t )r  �
i
dx

=
Z

R3

�
�

1
2

�
r 2 � r  + r 2 r  �

�
+ ( V(x) + �' ) rj  j2

� i 

�

(x@y � y@x) � r  � (x@y � y@x ) r  �
� �

dx

= �
Z

R3
j j2r [V(x) + �' ] dx � i 
 J

Z

R3
( � r  ) dx: (6.37)

Noticing (6.36) and V(x) de�ned in ( 6.12), we can rewrite the ODE (6.37) as

d2xc(t)
dt2

� 
 J
dxc(t)

dt

= � �
Z

R3
xj j2dx � 
 J

�
dxc(t)

dt
+ 
 Jx c(t)

�
+ �

Z

R3
(r 2u)r @nn u dx

= � �
Z

R3
xj j2dx � 
 J

�
dxc(t)

dt
+ 
 Jx c(t)

�
� �

Z

R3
rjr (@n u)j2 dx

= � �x c(t) + 
 J
dxc(t)

dt
+ 
 2xc(t); t � 0: (6.38)

Combining (6.38) with ( 6.32) and (6.36) at time t = 0, we can get the ODEs (6.33){

(6.35).

Lemma6.2.3shows that the dynamics of the center of mass depends on the trapping

frequencies and the angular velocity, but it is independent of the interaction strength

constants� and � in (6.7). For analytical solutions to the second-order ODEs (6.33)-

(6.35), we refer to [159].

6.2.5 An analytical solution under special initial data

From Lemma 6.2.3, we can construct an analytical solution to the GPE (6.7){

(6.11) when the initial data is chosen as a stationary state with its centershifted.

Lemma 6.2.4. SupposeV(x) in ( 6.7) is chosen as the harmonic potential (6.12)

and the initial condition  0(x) in ( 6.11) is chosen as

 0(x) = � s(x � x0); x 2 Rd; (6.39)
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where x0 2 Rd is a given point and� s(x) is a stationary state de�ned in (6.16){

(6.18) with chemical potential � s, then the exact solution of (6.7){( 6.11) can be

constructed as

 (x; t) = � s(x � xc(t)) e� i� s t eiw (x ;t ) ; x 2 Rd; t � 0; (6.40)

wherexc(t) satis�es the ODE (6.33) with

xc(0) = x0; _xc(0) = � 
 Jx0; (6.41)

and w(x; t) is linear in x, i.e.,

w(x; t) = c(t) � x + g(t); c(t) = ( c1(t); : : : ; cd(t))T ; x 2 Rd; t � 0

for some functionsc(t) and g(t). Thus, up to phase shifts, remains a stationary

state with shifted center at all times.

6.3 GPE under a rotating Lagrangian coordinate

In this section, we �rst introduce a coordinate transformation and derive the

GPE in transformed coordinates. Then we reformulate the dynamical quantities

studied in Section6.2 in the new coordinate system.

6.3.1 A rotating Lagrangian coordinate transformation

For any time t � 0, let A(t) be an orthogonal rotational matrix de�ned as

A(t) =

0

@
cos(
 t) sin(
 t)

� sin(
 t) cos(
 t)

1

A ; if d = 2, (6.42)

and

A(t) =

0

B
B
B
@

cos(
 t) sin(
 t) 0

� sin(
 t) cos(
 t) 0

0 0 1

1

C
C
C
A

; if d = 3. (6.43)
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It is easy to verify that A � 1(t) = AT (t) for any t � 0 and A(0) = I with I the

identity matrix. For any t � 0, we introduce therotating Lagrangian coordinatesex

as [11,65,73]

ex = A � 1(t)x = AT (t)x , x = A(t)ex; x 2 Rd; (6.44)

and denote the wave function in the new coordinates as� := � (ex; t)

� (ex; t) :=  (x; t) =  (A(t)ex; t) ; x 2 Rd; t � 0: (6.45)

In fact, here we refer the Cartesian coordinatesx as the Eulerian coordinatesand

Fig. 6.1 depicts the geometrical relation between the Eulerian coordinatesx and

the rotating Lagrangian coordinatesex for any �xed t � 0.

+t

~y

~x

y

x

Figure 6.1: Cartesian (or Eulerian) coordinates (x; y) (solid) and rotating La-

grangian coordinates (~x; ~y) (dashed) in 2D for any �xed t � 0.

Using the chain rule, we obtain the derivatives:

@t � (ex; t) = @t  (x; t) + r  (x; t) �
�

_A(t)ex
�

= @t  (x; t) � 
( x@y � y@x ) (x; t);

r � (ex; t) = A � 1(t)r  (x; t); r 2� (ex; t) = r 2 (x; t):

Substituting them into (6.7){( 6.11) gives the followingd-dimensional GPE in the

rotating Lagrangian coordinates:

i@t � (ex; t) =
�
�

1
2

r 2 + W(ex; t) + � j� j2 + �' (ex; t)
�

� (ex; t); ex 2 Rd; t > 0; (6.46)

' (ex; t) = Lm (t)u(ex; t); u(ex; t) = G � j � j2; ex 2 Rd; t � 0; (6.47)
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whereG is de�ned in (6.10) and

W(ex; t) = V(A(t)ex); ex 2 Rd; (6.48)

Lm (t) =

8
<

:

@m ? (t )m ? (t ) � n2
3r 2; d = 2;

@m (t)m (t) ; d = 3;
t � 0; (6.49)

with m(t) 2 R3 and m? (t) 2 R2 de�ned as

m(t) =

0

B
B
B
@

m1(t)

m2(t)

m3(t)

1

C
C
C
A

:= A � 1(t)n =

0

B
B
B
@

n1 cos(
 t) � n2 sin(
 t)

n1 sin(
 t) + n2 cos(
 t)

n3

1

C
C
C
A

; t � 0; (6.50)

and m? (t) = ( m1(t); m2(t))T , respectively. The initial data transforms as

� (ex; 0) =  (x; 0) =  0(x) := � 0(x) = � 0(ex); ex = x 2 Rd: (6.51)

We remark here again that ifV(x) in (6.7) is a harmonic potential as de�ned in

(6.12), then the potential W(ex; t) in (6.46) has the form

W(ex; t) =
1
4

8
<

:

! 1(ex2 + ey2) + ! 2 [(ex2 � ey2) cos(2
 t) + 2 exey sin(2
 t)] ; d = 2;

! 1(ex2 + ey2) + ! 2 [(ex2 � ey2) cos(2
 t) + 2 exey sin(2
 t)] + 2 
 2
z ez2; d = 3;

where ! 1 = 
 2
x + 
 2

y and ! 2 = 
 2
x � 
 2

y . It is easy to see that when
 x = 
 y := 
 r ,

i.e., radially and cylindrically symmetric harmonic trap in 2D and 3D, respectively,

we have ! 1 = 2
 2
r and ! 2 = 0 and thus the potential W(ex; t) = V(ex) becomes

time-independent.

In contrast to (6.7), the GPE (6.46) does not have an angular momentum rota-

tion term, which enables us to develop simple and e�cient numerical methods for

simulating the dynamics of rotating dipolar BEC in Section6.4.

6.3.2 Dynamical quantities

In the above, we introduced rotating Lagrangian coordinates andcast the GPE

in the new coordinate system. Next we consider the dynamical laws interms of the

new wave function� (ex; t).
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Mass and energy. In rotating Lagrangian coordinates, the conservation of mass

(6.13) yields

k (�; t)k2 :=
Z

Rd
j (x; t)j2dx =

Z

Rd
j� (ex; t)j2dex = k� (�; t)k2 � 1; t � 0: (6.52)

The energy de�ned in (6.14) becomes

eE(� (�; t)) =
Z

Rd

�
1
2

jr � j2 + W(ex; t)j� j2 +
�
2

j� j4 +
�
2

' j� j2
�

dex

�
Z

Rd

Z t

0

h
@sW(ex; s) +

�
2

(@sLm (s))u(ex; s)
i
j� j2ds dex

� eE(� (�; 0)); t � 0; (6.53)

whereu is given in (6.47). Speci�cally, it holds

@tLm (t) = 2

8
><

>:

@_A T (t )n?
@A T (t )n?

; d = 2;

@_A T (t )n @A T (t )n ; d = 3:

Angular momentum expectation. The angular momentum expectation in the

new coordinates becomes

hL z i (t) = � i
Z

Rd
 � (x; t)(x@y � y@x) (x; t) dx

= � i
Z

Rd
� � (ex; t)(ex@~y � ey@~x )� (ex; t) dex; t � 0; (6.54)

which has the same form as (6.19) in the new coordinates ofex 2 Rd and the

wave function � (ex; t). Indeed, if we denoteeL z as the z-component of the angular

momentum in the rotating Lagrangian coordinates, we haveeL z = � i (ex@~y � ey@~x ) =

� i (x@y � y@x ) = L z, i.e., the coordinate transform does not change the angular

momentum in z-direction. In addition, noticing that for any t � 0 it holds � (ex; t) =

 (x; t) and jA(t)j = 1 for any t � 0 immediately yields (6.54).

Condensate width. After the coordinate transform, it holds

� r (t) =
Z

Rd
(x2 + y2)j j2dx =

Z

Rd
(ex2 + ey2)j� j2dex = � ~x (t) + � ~y(t); (6.55)

� z(t) =
Z

Rd
z2j j2dx =

Z

Rd
ez2j� j2dex = � ~z(t); (6.56)
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for any t � 0.

Center of mass. The center of mass in rotating Lagrangian coordinates is de�ned

as

exc(t) =
Z

Rd

ex j� (ex; t)j2dex; t � 0: (6.57)

Since det(A(t)) = 1 for any t � 0, it holds that xc(t) = A(t)exc(t) for any time t � 0.

In rotating Lagrangian coordinates, we have the following analogueof Lemma6.2.4:

Lemma 6.3.1. SupposeV(x) in ( 6.7) is chosen as the harmonic potential (6.12)

and the initial condition � 0(ex) in ( 6.51) is chosen as

� 0(ex) = � s(ex � ex0); ex 2 Rd; (6.58)

where ex0 is a given point in Rd and � s(ex) is a stationary state de�ned in (6.16){

(6.18) with chemical potential � s, then the exact solution of(6.46){ (6.47) is of the

form

� (ex; t) = � s(ex � exc(t)) e� i� s t ei ew(ex ;t ) ; t > 0; (6.59)

whereexc(t) satis�es the second-order ODEs:

•exc(t) + AT (t)� A(t) exc(t) = 0; t � 0; (6.60)

exc(0) = ex0; _exc(0) = 0; (6.61)

with the matrix � de�ned in Lemma 6.2.3 and ew(ex; t) is linear in ex, i.e.,

ew(ex; t) = ec(t) � ex + eg(t); ec(t) = ( ec1(t); : : : ;ecd(t))T ; x 2 Rd; t � 0:

We have seen that the form of the transformation matrixA(t) in (6.43) is such

that the coordinate transformation does not a�ect the quantities in z-direction, e.g.

hL z i (t), � z(t) and zc(t).
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6.4 Numerical methods

To study the dynamics of rotating dipolar BECs, in this section we propose

a simple and e�cient numerical method for discretizing the GPE (6.46){( 6.51) in

rotating Lagrangian coordinates. The detailed discretizations forboth the 2D and

3D GPEs are presented. Here we assume 
6= 0, and for 
 = 0, we refer to

[15,17,41,151].

In practical computations, we �rst truncate the whole space problem (6.46){

(6.51) to a bounded computational domainD � Rd and consider

i@t � (ex; t) = �
1
2

r 2� + W(ex; t)� + � j� j2� + �'�; ex 2 D ; t > 0; (6.62)

' (ex; t) = Lm (t)u(ex; t); u(ex; t) =
Z

Rd
G(ex � ey)� (ey; t) dey; ex 2 D ; t > 0; (6.63)

where

� (ey; t) =

8
<

:

j� (ey; t)j2; ey 2 D ;

0; otherwise;
ey 2 Rd:

The initial condition is given by

� (ex; 0) = � 0(ex); ex 2 D: (6.64)

The boundary condition to (6.62) will be chosen based on the kernel functionG

de�ned in (6.10). Due to the convolution in (6.63), it is natural to consider using

the Fourier transform to compute u(ex; t). However, from (6.10) and (6.52), we

know that lim � ! 0
bG(� ) = 1 and dj� j2(� = 0) 6= 0. As noted for simulating dipolar

BECs in 3D [17, 37, 131], there is a numerical locking phenomena, i.e., numerical

errors will be bounded below no matter how small the mesh size is, when one uses

the Fourier transform to evaluateu(ex; t) and/or ' (ex; t) numerically in (6.63). As

noticed in [14,17], the second (integral) equation in (6.63) can be reformulated into

the Poisson equation (1.14) and square-root-Poisson equation (6.6) for 3D and 2D

SDM model, respectively. With these PDE formulations foru(ex; t), we can truncate

them on the domainD and solve them numerically via spectral method with sine



6.4 Numerical methods 132

basis functions instead of Fourier basis functions and thus we can avoid using the

0-modes [17]. Thus in 3D and 2D SDM model, we choose the homogeneous Dirichlet

boundary conditions to (6.62). Of course, for the 2D SAM model, one has to use the

Fourier transform to computeu(ex; t), thus we take the periodic boundary conditions

to (6.62).

The computational domainD � Rd is chosen asD = [ a; b] � [c; d] if d = 2 and

D = [ a; b] � [c; d] � [e; f ] if d = 3. Due to the con�nement of the external potential,

the wave function decays exponentially fast asjexj ! 1 . Thus if we chooseD to be

su�ciently large, the error from the domain truncation can be neglected. As long as

we solve� (ex; t) in the bounded computational domainD, we obtain a corresponding

solution  (x; t) in the domain A(t)D. As shown in Fig. 6.2 for the example of a 2D

domain, although the domainsA(t)D for t � 0, are in general di�erent for di�erent

time t, they share a common disk which is bounded by the inner green solid circle in

Fig. 6.2. Thus, the value of (x; t) inside the vertical maximal square (the magenta

area) which lies fully within the inner disk can be calculated easily by interpolation.

6.4.1 Time-splitting method

Next, let us introduce a time-splitting method to discretize (6.62){( 6.64). We

choose a time-step size� > 0 and de�ne the time sequence astn = n� for n 2 N.

Then from t = tn to t = tn+1 , we numerically solve the GPE (6.62) in two steps.

First we solve

i@t � (ex; t) = �
1
2

r 2� (ex; t); ex 2 D ; tn � t � tn+1 (6.65)

for a time step of length� , and then we solve

i@t � (ex; t) =
�
W(ex; t) + � j� j2 + �'

�
� (ex; t); ex 2 D ; tn � t � tn+1 ; (6.66)

' (ex; t) = Lm (t)u(ex; t); u(ex; t) =
Z

Rd
G(ex � ey)� (ey; t) dey; (6.67)

for the same time step.
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~y

~x

D

x

y
t = :

4
t = :

2

A(t)D

t = 3:
4t = 0

Figure 6.2: The bounded computational domainD in rotating Lagrangian coor-

dinates ex (left) and the corresponding domainA(t)D in Cartesian (or Eulerian)

coordinatesx (right) when 
 = 0 :5 at di�erent times: t = 0 (black solid), t = �
4

(cyan dashed),t = �
2 (red dotted) and t = 3�

4 (blue dash-dotted). The two green

solid circles determine two disks which are the union (inner circle) and the intersec-

tion of all domains A(t)D for t � 0, respectively. The magenta area is the vertical

maximal square inside the inner circle.

Equation (6.65) can be discretized in space by sine or Fourier pseudospectral

methods and then integrated exactly in time. If homogeneous Dirichlet boundary

conditions are used, then we choose the sine pseudospectral method to discretize it;

otherwise, the Fourier pseudospectral method is used if the boundary conditions are

periodic. For more details, see e.g. [17,25].

On the other hand, we notice that on each time interval [tn ; tn+1 ], the problem

(6.66){( 6.67) leaves j� (ex; t)j and henceu(ex; t) invariant, i.e., j� (ex; t)j = j� (ex; tn )j

and u(ex; t) = u(ex; tn ) for all times tn � t � tn+1 . Thus, for t 2 [tn ; tn+1 ], Eq. (6.66)

reduces to

i@t � (ex; t) =
�
W(ex; t) + � j� (ex; tn )j2 + �

�
Lm (t)u(ex; tn )

��
� (ex; t); ex 2 D : (6.68)

Integrating (6.68) in time gives the solution

� (ex; t) = � (ex; tn ) exp
�
� i

�
� j� (ex; tn )j2(t � tn ) + � �( ex; t) +

Z t

tn

W(ex; s)ds
��

(6.69)
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for ex 2 D and t 2 [tn ; tn+1 ], where the function �( ex; t) is de�ned by

�( ex; t) =
Z t

tn

�
Lm (s)u(ex; tn )

�
ds =

� Z t

tn

Lm (s) ds
�

u(ex; tn ): (6.70)

Plugging (6.50) and (6.49) into ( 6.70), we get

�( ex; t) = ~Ld(t)u(ex; tn ); ex 2 D ; tn � t � tn+1 ; (6.71)

where

~Ld(t) =

8
<

:

[l11
e (t) � l33

e (t)]@~x ~x + [ l22
e (t) � l33

e (t)]@~y~y + l12
e (t)@~x ~y ; d = 2;

l11
e (t)@~x ~x + l22

e (t)@~y~y + l33
e (t)@~z~z + l12

e (t)@~x ~y + l13
e (t)@~x ~z + l23

e (t)@~y~z; d = 3;

with

l11
e (t) =

Z t

tn

m2
1(s)ds =

Z t

tn

�
n2

1 cos2(
 s) + n2
2 sin2(
 s) � n1n2 sin(2
 s)

�
ds

=
n2

1 + n2
2

2
(t � tn ) +

n2
1 � n2

2

4

[sin(2
 t) � sin(2
 tn )] +

n1n2

2

[cos(2
 t) � cos(2
 tn )] ;

l22
e (t) =

Z t

tn

m2
2(s)ds =

Z t

tn

�
n2

2 cos2(
 s) + n2
1 sin2(
 s) + n1n2 sin(2
 s)

�
ds

=
n2

1 + n2
2

2
(t � tn ) �

n2
1 � n2

2

4

[sin(2
 t) � sin(2
 tn )] �

n1n2

2

[cos(2
 t) � cos(2
 tn )] ;

l12
e (t) = 2

Z t

tn

m1(s)m2(s)ds =
Z t

tn

�
(n2

1 � n2
2) sin(2
 s) + 2 n1n2 cos(2
 t)

�
ds

=
n2

1 � n2
2

2

[cos(2
 tn ) � cos(2
 t)] +

n1n2



[sin(2
 t) � sin(2
 tn )] ;

l13
e (t) = 2 n3

Z t

tn

m1(s)ds = 2n3

Z t

tn

[n1 cos(
 s) � n2 sin(
 s)] ds

=
2n3



[n1 [sin(
 t) � sin(
 tn )] + n2 [cos(
 t) � cos(
 tn )]] ;

l23
e (t) = 2 n3

Z t

tn

m2(s)ds = 2n3

Z t

tn

[n1 sin(
 s) + n2 cos(
 s)] ds

=
2n3



[n2 [sin(
 t) � sin(
 tn )] � n1 [cos(
 t) � cos(
 tn )]] ;

l33
e (t) =

Z t

tn

n2
3 ds = n2

3(t � tn ); tn � t � tn+1 :

In Section6.4.2, we will discuss in detail the approximations to �(ex; t) in (6.71).

In addition, we remark here again that ifV(x) in (6.7) is a harmonic potential as
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de�ned in (6.12), then the de�nite integral in ( 6.69) can be calculated analytically

as

Z t

tn

W(ex; s)ds =
1
4

! 1(ex2 + ey2)( t � tn ) + H (ex; t) +
1
2

8
<

:
0; d = 2;


 2
z ez2(t � tn ); d = 3;

where

H (ex; t) =
1
4

Z t

tn

! 2

�
(ex2 � ey2) cos(2
 s) + 2 exey sin(2
 s)

�
ds

=
! 2

8


��
ex2 � ey2

�
[sin(2
 t) � sin(2
 tn )] � 2exey [cos(2
 t) � cos(2
 tn )]

�
:

Of course, for general external potentialV (x) in (6.7), the integral of W(ex; s)

in (6.69) might not be found analytically. In this situation, we can simply adopta

numerical quadrature to approximate it, e.g. the Simpson's rule canbe used as
Z t

tn

W(ex; s) ds �
t � tn

6

�
W(ex; tn ) + 4 W(ex;

tn + t
2

) + W(ex; t)
�

:

We remark here that, in practice, we always use the second-orderStrang splitting

method [143] to combine the two steps in (6.65) and (6.66){( 6.67). For a more

general discussion of the splitting method, we refer the reader to[15,25,67].

6.4.2 Computation of �( ex; t)

In this section, we present approximations to the function �(ex; t) in (6.71).

From the discussion in the previous subsection, we need only show how to discretize

u(ex; tn ) in (6.63) and its second-order derivatives in (6.71).

Surface adiabatic model in 2D

In this case, the functionu(ex; tn ) in (6.70) is given by

u(ex; tn) =
Z

R2
G(ex � ey)� (ey; t) dey; ex 2 D ; (6.72)

with the kernel function G de�ned in the second line of (6.10). To approximate it,

we consider a 2D boxD with periodic boundary conditions.
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Let M and K be two even positive integers. Then we make the (approximate)

ansatz

u(ex; tn) =
M=2� 1X

p= � M=2

K= 2� 1X

q= � K= 2

buf
pq(tn ) ei� 1

p (ex� a)ei� 2
q (ey� c) ; ex = ( ex; ey) 2 D ; (6.73)

where buf
pq(tn ) is the Fourier coe�cient of u(ex; tn ) corresponding to the frequencies

(p; q) and

� 1
p =

2p�
b� a

; � 2
q =

2q�
d � c

; (p; q) 2 SMK :

The index setSMK is de�ned as

SMK =
�

(p; q) j �
M
2

� p �
M
2

� 1; �
K
2

� q �
K
2

� 1
�

:

We approximate the convolution in (6.72) by a discrete convolution and take its

discrete Fourier transform to obtain

buf
pq(tn ) = bG(� 1

p ; � 2
q) � ( [j� n j2)f

pq; (p; q) 2 SMK ; (6.74)

where ([j� n j2)f
pq is the Fourier coe�cient corresponding to the frequencies (p; q) of

the function j� (ex; tn )j2, and bG(� 1
p ; � 2

q) are given by (see details in (6.10))

bG(� 1
p ; � 2

q) =
1

2� 2

Z 1

�1

e� " 2s2=2

(� 1
p)2 + ( � 2

q)2 + s2
ds; (p; q) 2 SMK : (6.75)

Since the integrand in (6.75) decays exponentially fast, in practice we can �rst trun-

cate it to an interval [s1; s2] with js1j; s2 > 0 su�ciently large and then evaluate the

truncated integral by using quadrature rules, e.g. composite Simpson's or trape-

zoidal quadrature rule.

Combining (6.71), (6.73) and (6.74), we obtain an approximation of �( ex; t) in

the solution (6.69) via the Fourier spectral method as

�( ex; t) =
M=2� 1X

p= � M=2

K= 2� 1X

q= � K= 2

h
L(� 1

p ; � 2
q; t) bG(� 1

p ; � 2
q) � ( [j� n j2)f

pq

i
ei� 1

p (ex� a)ei� 2
q (ey� c) ; (6.76)

for time tn � t � tn+1 , where the functionL(� 1; � 2; t) is de�ned as

L(� 1; � 2; t) = �
��

l11
e (t) � l33

e (t)
�

� 2
1 +

�
l22
e (t) � l33

e (t)
�

� 2
2 + l12

e (t)� 1� 2

�
:
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Surface density model in 2D

In this case, the functionu(ex; tn ) in (6.70) also satis�es the square-root-Poisson

equation in (6.6) which can be truncated on the computational domainD with

homogeneous Dirichlet boundary conditions as

(�r 2)1=2u(ex; tn ) = j� (ex; tn )j2; ex 2 D ; u(ex; tn )j@D = 0: (6.77)

The above problem can be discretized by using a sine pseudospectral method in

which the 0-modes are avoided. LettingM; K 2 N, we denote the index set

TMK = f (p; q) j 1 � p � M � 1; 1 � q � K � 1g;

and de�ne the functions

Up;q(ex) = sin( � 1
p(ex � a)) sin(� 2

q(ey � c)) ; (p; q) 2 TMK ; ex = ( ex; ey) 2 D ;

where

� 1
p =

p�
b� a

; � 2
q =

q�
d � c

; (p; q) 2 TMK : (6.78)

Assume that

u(ex; tn) =
M � 1X

p=1

K � 1X

q=1

bus
pq(tn )Up;q(ex); ex 2 D ; (6.79)

where bus
pq(tn ) is the sine transform ofu(ex; tn ) at frequencies (p; q). Substituting

(6.79) into ( 6.77) and taking sine transform on both sides, we obtain

bus
pq(tn ) =

( [j� n j2)s
pqq

(� 1
p)2 + ( � 2

q)2
; (p; q) 2 TMK ; (6.80)

where ([j� n j2)s
pq is the sine transform ofj� (ex; tn )j2 at frequencies (p; q).

Combining (6.79), (6.80) and (6.71), we obtain an approximation of �( ex; t) in

the solution (6.69) via sine spectral method as

�( ex; t) =
M � 1X

p=1

K � 1X

q=1

( [j� n j2)s
pqq

(� 1
p)2 + ( � 2

q)2

�
L(� 1

p; � 2
q; t)Up;q(ex) + l12

e (t)Vp;q(ex)
�

; (6.81)

where the functionsL(� 1; � 2; t) and Vp;q(ex) are de�ned as

L(� 1; � 2; t) = �
��

l11
e (t) � l33

e (t)
�

� 2
1 +

�
l22
e (t) � l33

e (t)
�

� 2
2

�
; (6.82)

Vp;q(ex) = @ex eyUp;q(ex) = � 1
p�

2
q cos(� 1

p(ex � a)) cos(� 2
q(ey � c)) ; (p; q) 2 TMK : (6.83)
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Approximations in 3D

In 3D case, again the functionu(ex; tn ) in (6.70) also satis�es the Poisson equation

in (1.14) which can be truncated on the computational domainD with homogeneous

Dirichlet boundary conditions as

�r 2u(ex; tn) = j� (ex; tn )j2; ex 2 D ; u(ex; tn )j@D = 0: (6.84)

The above problem can be discretized by using a sine pseudospectral method in

which the 0-modes are avoided. Denote the index set

TMKL = f (p; q; r) j 1 � p � M � 1; 1 � q � K � 1; 1 � r � L � 1g

whereM; K; L > 0 are integers and de�ne the functions

Up;q;r (ex) = sin( � 1
p(ex � a)) sin(� 2

q(ey � c)) sin(� 3
r (ez � e)); (p; q; r) 2 TMKL ;

where

� 3
r = r�= (f � e); 1 � r � L � 1:

Again, we take the (approximate) ansatz

u(ex; tn ) =
M � 1X

p=1

K � 1X

q=1

L � 1X

r =1

bus
pqr(tn ) Up;q;r (ex); ex = ( ex; ey; ez) 2 D ; (6.85)

wherebus
pqr(tn ) is the sine transform ofu(ex; tn ) corresponding to frequencies (p; q; r).

Substituting (6.85) into the Poisson equation (6.84) and noticing the orthogonality

of the sine functions, we obtain

bus
pqr(tn ) =

( [j� n j2)s
pqr

(� 1
p)2 + ( � 2

q)2 + ( � 3
r )2

; (p; q; r) 2 TMKL ; (6.86)

where ([j� n j2)s
pqr is the sine transform ofj� (ex; tn )j2 corresponding to frequencies

(p; q; r).

Combining (6.71), (6.85) and (6.86), we obtain an approximation of �( ex; t) in

the solution (6.69) via sine spectral method as

�( ex; t) =
M � 1X

p=1

K � 1X

q=1

L � 1X

r =1

bus
pqr(tn )

�
L(� 1

p; � 2
q; � 3

r ; t)Up;q;r(ex) + l12
e V (1)

p;q;r (ex)

+ l13
e V (2)

p;q;r(ex) + l23
e V (3)

p;q;r (ex)
�
; ex 2 D ; (6.87)
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where the functionsL(� 1; � 2; � 3; t), V (1)
p;q;r(ex), V (2)

p;q;r(ex) and V (3)
p;q;r(ex) (for ( p; q; r) 2

TMKL ) are de�ned as

L(� 1; � 2; � 3; t) = �
�
l11
e (t)� 2

1 + l22
e (t)� 2

2 + l33
e (t)� 2

3

�
;

V (1)
p;q;r(ex) = @ex eyUp;q;r (ex) = � 1

p� 2
q cos(� 1

p(ex � a)) cos(� 2
q(ey � c)) sin(� 3

r (ez � e));

V (2)
p;q;r(ex) = @exezUp;q;r (ex) = � 1

p�
3
r cos(� 1

p(ex � a)) sin(� 2
q(ey � c)) cos(� 3

r (ez � e));

V (3)
p;q;r(ex) = @eyezUp;q;r (ex) = � 2

q�
3
r sin(� 1

p(ex � a)) cos(� 2
q(ey � c)) cos(� 3

r (ez � e)):

Remark 6.4.1. After obtaining the numerical solution� (ex; t) on the bounded com-

putational domainD, if it is needed to recover the original wave function (x; t) over

a set of �xed grid points in the Cartesian coordinatesx, one can use the standard

Fourier/sine interpolation operators from the discrete numerical solution � (ex; t) to

construct an interpolation continuous function overD [38, 141], which can be used

to compute (x; t) over a set of �xed grid points in the Cartesian coordinatesx for

any �xed time t � 0.

Remark 6.4.2. If the potential V(x) in ( 6.7) is replaced by a time-dependent po-

tential, e.g. V(x; t), the rotating Lagrangian coordinates transformation and the nu-

merical method are still valid provided that we replaceW(ex; t) in ( 6.48) by W(ex; t) =

V(A(t)ex; t) for ex 2 Rd and t � 0.

6.5 Numerical results

In this section, we �rst test the accuracy of our numerical method and compare

it with previously known methods for computing the dynamics of rotating BECs.

We then study the dynamics of rotating dipolar BECs, including the center of mass,

angular momentum expectation and condensate widths. In addition, the dynamics

of vortex lattices in rotating dipolar BEC are presented. For simplicity, throughout

this section, we consider the 2D GPE (6.7)-(6.8) with the surface density model and

choose the external potentialV (x) according to (6.12).
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6.5.1 Comparisons of di�erent methods

To test the performance of our method, we compare it with some representative

methods in the literature for computing the dynamics of rotating BECs, includ-

ing the Crank{Nicolson �nite di�erence (CNFD) method [16,90,116], semi-implicit

�nite di�erence (SIFD) method [ 16,90] and time-splitting alternating direction im-

plicit (TSADI) method [ 24]. Note that these methods solve the GPE in Eulerian

coordinates. Here we will not compare our method with those in [18, 21], where

the polar and cylindrical coordinates are used in 2D and 3D, respectively. Since

di�erent computational domains and meshes are used, it is hard to carry out a fair

comparison.

We consider the 2D GPE (6.7)-(6.8) for a rotating BEC without DDI. The pa-

rameters are chosen asd = 2, 
 = 0 :4, 
 x = 
 y = 1 and � = 0. The initial condition

of the wave function in (6.11) is taken as

 0(x) =
1

� 1=4
e

� ( x 2+2 y 2)
2 ; x = ( x; y)T 2 R2: (6.88)

In our simulations, we choose a bounded computational domainD = [ � 8�; 8� ]2.

Let  (t) represent the numerical solution with very �ne mesh sizehx = hy = h =

�= 128 and small time step �t = 0:0001, and assume it to be a su�ciently good

representation of theexactsolution at time t. Denote (hx ;hy ;� t )(t) as the numerical

solution at time t obtained with the mesh size (hx ; hy) and time step � t. Tables

6.1{ 6.2 show the spatial and temporal errors of di�erent methods, where the errors

are computed ask (t) �  (h;h; � t )(t)kl2 at time t = 1:5. To calculate the spatial

errors in Table 6.1, we always use a very small time step �t = 0:0001 so that

the errors from temporal discretization can be neglected compared to those from

spatial discretization. Similarly, the temporal errors are obtainedwhen �ne mesh

sizehx = hy = �= 128 is used.

From Table 6.1, we see that for the same mesh size and time step, the resulting

errors of TSADI and our methods are much smaller than those for CNFD and SIFD

methods. It also indicates that the CNFD and SIFD methods are second-order
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Mesh size �= 4 �= 8 �= 16 �= 32 �= 64

� = 10:15

CNFD 3.895E-1 1.475E-1 4.093E-2 9.662E-3 1.917E-3

SIFD 3.895E-1 1.475E-1 4.093E-2 9.662E-3 1.917E-3

TSADI 1.001E-1 1.969E-3 5.651E-8 9.391E-13 < 1.0E-13

Our method 1.031E-1 1.984E-3 5.609E-8 8.907E-13 < 1.0E-13

� = 32:60

CNFD 1.2063 4.395E-1 1.722E-1 4.511E-2 8.947E-3

SIFD 1.2064 4.394E-1 1.722E-1 4.511E-2 8.947E-3

TSADI 3.966E-1 2.744E-2 1.875E-5 1.204E-12 < 1.0E-12

Our method 4.244E-1 2.785E-2 1.872E-5 1.146E-12 < 1.0E-12

� = 80:25

CNFD 1.4181 1.3308 4.806E-1 1.888E-1 4.046E-2

SIFD 1.4180 1.3308 4.806E-1 1.888E-1 4.046E-2

TSADI 1.2239 1.702E-1 1.244E-3 5.208E-9 < 1.0E-10

Our method 1.3150 1.731E-1 1.244E-3 5.235E-9 < 1.0E-11

Table 6.1: Spatial discretization errorsk (t) �  (hx ;hy ;� t )(t)kl2 at time t = 1:5.

accurate in space while our method and TSADI are spectral-order accurate. On the

other hand, Table6.2 shows that CNFD, TSADI and our method are second-order

accurate in time, while SIFD is either linear or slightly faster than linearaccurate

in time due to the way that we tested the temporal accuracy [10]. In fact, for SIFD

method, second order of accuracy in both space and time was observed when the

mesh size and time step are decreased simultaneously [16]. In general, the spatial

and temporal errors increase with the nonlinearity coe�cient� when the mesh size

and time step are �xed. In addition, for �xed � and time step � t, in general, the

errors from our method and TSADI are much smaller than those from CNFD and

SIFD.

Compared to the SIFD and CNFD methods, our method has much higher spatial

and/or temporal accuracy and is much easier to be implemented in practical com-

putation. Thus for a given accuracy, the memory and computational costs of our
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Time step 1=40 1=80 1=160 1=320 1=640

� = 10:15

CNFD 1.244E-2 4.730E-3 1.195E-3 2.992E-4 7.460E-5

SIFD 6.740E-1 3.107E-2 1.561E-2 7.915E-3 3.908E-3

TSADI 3.510E-4 8.738E-5 2.182E-5 5.448E-6 1.358E-6

Our method 3.433E-4 8.542E-5 2.133E-5 5.326E-6 1.327E-6

� = 32:60

CNFD 1.171E-1 3.898E-2 1.032E-2 2.601E-3 6.491E-4

SIFD 2.589E-1 1.012E-1 3.657E-2 1.625E-2 8.196E-3

TSADI 1.824E-3 4.510E-4 1.124E-4 2.807E-5 6.994E-6

Our method 1.824E-3 4.481E-4 1.117E-4 2.790E-5 6.949E-6

� = 80:25

CNFD 4.716E-1 2.264E-1 7.571E-2 2.024E-2 5.089E-3

SIFD unstable 3.847E-1 1.790E-1 5.719E-2 1.815E-2

TSADI 6.423E-3 1.564E-3 3.887E-4 9.697E-5 2.416E-5

Our method 6.401E-3 1.559E-3 3.874E-4 9.663E-5 2.407E-5

Table 6.2: Temporal discretization errorsk (t) �  (hx ;hy ;� t )(t)kl2 at time t = 1:5.

method can be signi�cantly reduced from those of the SIFD and CNFD methods.

Similarly, compared to TSADI method, the computational cost per time step of our

method is slightly smaller. In addition, the temporal accuracy of ourmethod can be

much easier improved to higher order, e.g. fourth order or higher,by adopting the

standard higher order time-splitting method [15,67] since our method decomposed

the GPE into two sub-problems in a �rst order splitting, while the TSADI has to

decompose the GPE into three sub-problems [18].

6.5.2 Dynamics of center of mass

In the following, we study the dynamics of the center of mass by directly simulat-

ing the GPE (6.7){( 6.8) in 2D with SDM long-range interaction (6.6) and harmonic

potential (6.12). To that end, we take d = 2, � = 30
p

10=� , � = � 15
2 and dipole
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axis n = (1 ; 0; 0)T . The initial condition in ( 6.11) is taken as

� 0(x) = � � (x � x0); with � (x) = ( x + iy )e
� ( x 2+ y 2)

2 ; x 2 D ; (6.89)

where the constant� is chosen to satisfy the normalization conditionk 0k2 = 1.

Initially, we take x0 = (1 ; 1)T . In our simulations, we use the computational domain

D = [ � 16; 16]2, the mesh size �ex = � ey = 1=16 and the time step size� = 0:0001.

We consider the following two sets of trapping frequencies: (i)
 x = 
 y = 1, and

(ii) 
 x = 1, 
 y = 1:1. Fig. 6.3 shows the trajectory of the center of massxc(t) in

the original coordinates as well as the time evolution of its coordinates for di�erent

angular velocities 
, where 
 x = 
 y = 1. On the other hand, Fig. 6.5.2 presents

the same quantities for
 x = 1 and 
 y = 1:1. In addition, the numerical results

are compared with analytical ones from solving the ODEs in (6.33){( 6.35). Figs.

6.3{ 6.5.2 show that if the external trap is symmetric, i.e.,
 x = 
 y, the center of

mass always moves within a bounded region which is symmetric with respect to the

trap center (0; 0)T . Furthermore, if the angular velocity 
 is rational, the movement

is periodic with a period depending on both the angular velocity and thetrapping

frequencies. In contrast, when
 x 6= 
 y, the dynamics of the center of mass become

more complicated. The simulation results in Figs.6.3{ 6.5.2 are consistent with

those obtained by solving the ODE system in Lemma6.2.3 for given 
, 
 x , and


 y [159] and those numerical results reported in the literatures by othernumerical

methods [18,21,24].

On the other hand, we also study the dynamics of the center of mass exc(t) in the

new coordinates. When
 x = 
 y and 
 arbitrary, the center of mass has a periodic

motion on the straight line segment connecting� ex0 and ex0. This is also true for

xc(t) with 
 = 0 (cf. Fig. 6.3). However, the trajectories are di�erent for di�erent


 if 
 x 6= 
 y. This observations agree with the results in Lemma6.2.4.

In addition, our simulations show that the dynamics of the center ofmass are

independent of the interaction coe�cients� and � , which is consistent with Lemma

6.2.3.
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Figure 6.3: Results for
 x = 
 y = 1. Left: trajectory of the center of mass,xc(t) =

(xc(t); yc(t))T for 0 � t � 100. Right: coordinates of the trajectoryxc(t) (solid

line: xc(t), dashed line: yc(t)) for di�erent rotation speed 
, where the solid and

dashed lines are obtained by directly simulating the GPE and `*' and `o' represent

the solutions to the ODEs in Lemma6.2.3.
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Figure 6.4: Results for
 x = 1; 
 y = 1:1. Left: trajectory of the center of mass,

xc(t) = ( xc(t); yc(t))T for 0 � t � 100. Right: coordinates of the trajectoryxc(t)

(solid line: xc(t), dashed line: yc(t)) for di�erent rotation speed 
, where the solid

and dashed lines are obtained by directly simulating the GPE and `*' and̀o' repre-

sent the solutions to the ODEs in Lemma6.2.3.
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6.5.3 Dynamics of angular momentum expectation and con-

densate widths

To study the dynamics of the angular momentum expectation and condensate

widths, we adapt the GPE (6.7){( 6.8) in 2D with SDM long-range interaction (6.6)

and harmonic potential (6.12), i.e., we taked = 2 and 
 = 0 :7. Similarly, the initial

condition in (6.11) is taken as

 0(x) = � � (x); x 2 D ; (6.90)

where � (x) is de�ned in (6.89) and � is a constant such thatk 0k2 = 1. In our

simulations, we consider the following four cases:

(i) 
 x = 
 y = 1, � = 25
p

10=� , � = 0, and n = (1 ; 0; 0)T ;

(ii) 
 x = 
 y = 1, � = 25
p

10=� , � = � 15, andn = (1 ; 0; 0)T ;

(iii) 
 x = 
 y = 1, � = 55
p

10=� , � = � 15, andn = (0 ; 0; 1)T ;

(iv) 
 x = 1, 
 y = 1:1, � = 55
p

10=� , � = � 15, andn = (0 ; 0; 1)T .
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Figure 6.5: Time evolution of the angular momentum expectation (left) and energy

and mass (right) for Cases (i)-(iv) in section 5.3.

In Fig. 6.5, we present the dynamics of the angular momentum expectation,

energy and mass for each of the above four cases in the intervalt 2 [0; 15]. We see
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Figure 6.6: Time evolution of condensate widths in the Cases (i){(iv) insection 5.3.

that if the external trap is radially symmetric in 2D, then the angular momentum

expectation is conserved when either there is no dipolar interaction(Case (i)) or the

dipolar axis is parallel to thez-axis (Case (iii)). Otherwise, the angular momentum

expectation is not conserved. The above numerical observationsare consistent with

the analytical results obtained in Lemma6.2.1. In addition, we �nd that our method

conserves the energy and mass very well during the dynamics (cf.Fig. 6.5 right).

Furthermore, from our additional numerical results not shown here for brevity, we

observed that the angular momentum expectation is conserved in 3D for any initial

data if the external trap is cylindrically symmetric and either there isno dipolar

interaction or the dipolar axis is parallel to thez-axis, which can also be justi�ed

mathematically.

The dynamics of the condensate widths are presented in Fig.6.6. We �nd that

� r (t) is periodic as long as the trapping frequencies satisfy
 x = 
 y and the in
uence

of the dipole axis vanishes, e.g. in the Case (i), which con�rms the analytical results

of Lemma6.2.2. Furthermore, from our additional numerical results not shown here



6.5 Numerical results 148

for brevity, we observed that� r (t) is periodic and� x (t) = � y(t) = 1
2 � r (t) if � = 0 for

any initial data or n = (0 ; 0; 1)T for radially symmetric or central vortex-type initial

data.

t = 0 t = 1.5 t = 3

t = 4 t = 5.5 t = 7

Figure 6.7: Contour plots of the density functionj (x; t)j2 for dynamics of a vortex

lattice in a rotating BEC (Case (i)). Domain displayed: (x; y) 2 [� 13; 13]2.

6.5.4 Dynamics of quantized vortex lattices

In the following, we apply our numerical method to study the dynamics of quan-

tized vortex lattices in rotating dipolar BECs. Again, we adapt the GPE (6.7){( 6.8)

in 2D with SDM long-range interaction (6.6) and harmonic potential (6.12), i.e.,

we choosed = 2, � = 1000 and 
 = 0 :9. The initial datum in ( 6.11) is chosen

as a stationary vortex lattice which is computed numerically by using the method

in [157,158] with the above parameters and
 x = 
 y = 1, � = 0, i.e., no long-range

dipole-dipole interaction initially. Then the dynamics of vortex latticesare studied

in two cases:
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(i) perturb the external potential by setting 
 x = 1:05 and
 y = 0:95 at t = 0;

(ii) turn on the dipolar interactions by setting � = � 600 and dipolar axisn =

(1; 0; 0)T at time t = 0.

In our simulations, we useD = [ � 16; 16]2, � ex = � ey = 1=16 and� = 0:0001. Figs.

6.7{ 6.8 show the contour plots of the density functionj (x; t)j2 at di�erent time

steps for Cases (i) and (ii), respectively, where the wave function (x; t) is obtained

from � (ex; t) by using interpolation via sine basis (see Remark6.4.1). We see that

during the dynamics, the number of vortices is conserved in both cases. The lattices

rotate to form di�erent patterns because of the anisotropic external potential and

dipolar interaction in Cases (i) and (ii), respectively. In addition, theresults in

Case (i) are similar to those obtained in [18], where a spectral type method in polar

coordinates was used to simulate the dynamics of vortex lattices.

t = 0 t = 1.5 t = 3.5

t = 5.5 t = 8.5 t = 10.5

Figure 6.8: Contour plots of the density functionj (x; t)j2 for dynamics of a vortex

lattice in a rotating dipolar BEC (Case (ii)). Domain displayed: (x; y) 2 [� 10; 10]2.
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6.6 Conclusions

We proposed a simple and e�cient numerical method to simulate the dynamics

of rotating dipolar Bose{Einstein condensation whose properties are described by

the Gross{Pitaevskii equation with both the angular momentum rotation term and

the long-range dipole-dipole interaction. We eliminated the angular rotation term

from the GPE by a rotating Lagrangian coordinate transformation, which makes

it possible to design a simple and e�cient numerical method. Based on the new

mathematical formulation under the rotating Lagrangian coordinates, we designed

a numerical method which combines the time-splitting techniques withFourier/sine

pseudospectral approximation to simulate the dynamics of rotating dipolar BECs.

The new numerical method is explicit, unconditionally stable, spectral order accu-

rate in space and second order accurate in time, and conserves the mass on the

discretized level. Its temporal accuracy can be easily increased tohigher order. The

memory cost isO(MK ) in 2D and O(MKL ) in 3D, and the computational cost per

time step is O (MK ln(MK )) in 2D and O (MKL ln(MKL )) in 3D. More specif-

ically, the method is very easy to implement via fast Fourier transform (FFT) or

discrete sine transform (DST). We reviewed some conserved quantities and dynami-

cal laws of the GPE for rotating BECs and casted their corresponding formulations

in the new rotating Lagrangian coordinates. Based on them, we numerically ex-

amined the conservation of the angular momentum expectation andstudied the

dynamics of condensate widths and center of mass for di�erent angular velocities.

In addition, the dynamics of vortex lattice in rotating dipolar BEC were also inves-

tigated. Numerical studies showed that our method is very e�ective in simulating

the dynamics of rotating BECs without/with DDI.



Chapter 7
Conclusion remarks and future work

In this thesis, by proposing e�cient and accurate numerical methods to solve

GLSE and corresponding RDLs, we conducted an extensive numerical study on

quantized vortex phenomena in GLE, NLSE and CGLE on bounded domain with a

small parameter" . Moreover, we also investigated analytically and numerically on

the the dynamics of rotating dipolar BEC whose properties are described by the GPE

with both the angular rotation term and the long-range dipole-dipoleinteraction.

In the �rst part, we studied quantized vortex dynamics and interaction in the

GLSE. Firstly, steady vortex states of the GLSE are reviewed andan e�cient and

accurate numerical methods was proposed to simulate GLSE with initial data involv-

ing vortices under di�erent boundary conditions. The numerical method is based

on: (i). applying a time-splitting technique to decouple the nonlinearity in the

GLSE; (ii). for the resulted linear PDE (gradient 
ow with constant coe�cient in

GLE/CGLE case or free Schr•odinger equation in NLSE case), if in a rectangular do-

main, for the case of Dirichlet BC, we adapt a fourth-order compact �nite di�erence

method in the spatial discretization and a Crank-Nicolson method in the temporal

discretization, while for the case of Neumann BC, we apply a cosine pseudospectral

method to discretize it; otherwise in a disk domain, we adopt the polarcoordinate

in our numerical discretization, then utilized the standard Fourier pseudospectral

discretization in the transverse direction, �nite element discretization in the radial
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direction and a Crank-Nicolson discretization in temporal direction.Secondly, we

reviewed various RDLs which govern the motion of the vortex centers to the leading

order, and proposed some methods to solve them. Finally, we appliedthe proposed

methods to simulate quantized vortex interaction of GLSE with di�erent " and

initial setups including single vortex, vortex pair, vortex dipole and vortex clusters.

Based on extensive numerical results, we found that the value of" , the boundary

condition, the geometry of the domain, the initial location of the vortices and the

type of the potential a�ect the motion of the vortices signi�cantly. Generally, the

boundary e�ect a�ect the vortex interaction very much, which lead to very di�erent

nonlinear phenomena from those observed in the case of domain being the whole

plane. Moreover, we veri�ed that the dynamics of vortex centersin the GLSE

dynamics converges to that of the reduced dynamics when" ! 0 before they collide

and/or move out of the domain and/or after the sound wave propagate away from

them. Surely, after either vortices collide with each other or move out of the domain

or when sound wave is being radiating or propagate back toward them, the RDLs

are no longer valid; however, the dynamics and interaction of quantized vortices

are still physically interesting and they can be obtained from our direct numerical

simulations. Moreover, for each �xed", there are regimes which at least depend on

the boundary condition and the geometry of the domain, such thatthe RDLs failed

qualitatively to describe the vortex motion.

For the case of NLSE, vortices behave like point vortices in ideal 
uidon bounded

domains, they never move outside domain. Moreover, we found that the radiation of

NLSE dynamics which is carried by oscillating sound waves modi�es the motion of

vortices much, especially in the dynamics of vortex cluster, highly co-rotating vortex

pairs and overlapping vortices. And due to the dispersive and radiative nature, the

RDLs which does not take the radiation into account will be invalid evenif there

were small perturbations near around the vortex centers initially.

For the case of the GLE and/or CGLE, which are dissipative systems, vortices

move in a quite di�erent way from the case of NLSE, they can exit thedomain in
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some circumstance. Vortices of like (opposite) winding number will undergo repul-

sive (attractive) interaction, they will move outside domain or merge and annihilate

somewhere in the domain or move toward the boundary and �nally stop somewhere

near the boundary. Moreover, there are no radiation or sound waves come up during

the dynamics and interaction of the vortices, the RDLs are still validif there were

small perturbations in the initial setups. We also investigated the patterns of the

steady states of the vortex clusters, we found that: (i). In thecase of Dirichlet BC,

the vortices will all move toward the boundary to form a boundary layer, whose

width is proportional to the value of " and inverse proportional to the number of

vortices in the cluster. The alignment of the vortices in the steady state depend

on the initial location of the vortices, the boundary condition and the geometry of

the domain. (ii). In the case of Neumann BC, the most of the vortices will exit

the domain, and �nally at most one vortex will leftover sitting at the center of the

domain for some proper initial data. However, this steady states isnot stable. If we

imposed a slightly perturbation, the vortices will begin to move and �nally exit the

domain. These �ndings con�rm the analytical results very well [83, 101]. Further-

more, in the presence of inhomogeneous potential, vortices generally move toward

the critical points of the external potential, and �nally stop steady near around

those points, which illustrate clearly the pinning e�ect.

In the second part, we studied the dynamics of GPE with angular momentum

rotation term and/or the long-range dipolar-dipolar interaction term. Firstly, we

review the two-dimensional (2D) GPE obtained from the 3D GPE via dimension

reduction under anisotropic external potential and derive some dynamical laws re-

lated to the 2D and 3D GPE. By introducing a rotating Lagrangian coordinate

system, the original GPEs are re-formulated to GPEs without the angular momen-

tum rotation which is replaced by a time-dependent potential in the new coordinate

system. We then cast the conserved quantities and dynamical lawsin the new rotat-

ing Lagrangian coordinates. Based on the new formulation of the GPE for rotating

BECs in the rotating Lagrangian coordinates, we proposed a time-splitting spectral
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method for computing the dynamics of rotating BECs. The new numerical method

is explicit, simple to implement, unconditionally stable and very e�cient in compu-

tation. It is spectral order accurate in space and second-orderaccurate in time, and

conserves the mass in the discrete level. Extensive numerical results are reported to

demonstrate the e�ciency and accuracy of the new numerical method. Finally, the

numerical method is applied to test the dynamical laws of rotating BECs such as the

dynamics of condensate width, angular momentum expectation andcenter-of-mass,

and to investigate numerically the dynamics and interaction of quantized vortex

lattices in rotating BECs without/with the long-range dipole-dipole interaction.

The topics that considered here is merely a small part of the world ofvortex

dynamics. Many interesting and di�cult problems still remains open. The study of

vortex dynamics can always be divided into two groups: (i). either toderive possible

RDLs which are sets of simple ODEs that govern the motion of vortices, (ii). or

to simulate the PDEs directly by some e�cient and accurate numerical methods.

Firstly, most of the RDLs reported in the literatures now can be validonly up to the

�rst collision time and they were derived under some assumptions notso general.

The problem that how to relax those assumptions and extend exist or derive new

RDLs to describe the motion of vortices involving vortex collision, vortex of multiple

degree (and thus splittings and reconnections might happen), vortex exiting domain

and vortices radiating sound waves still remains as a di�cult and thusinteresting

open problem. This is the �rst possible direction that we will consider inthe future.

Secondly, although the direct simulation can provide us as much information as we

want including vortex splittings, collisions, reconnections and possible sound wave

propagation in dispersive system as well as pinning e�ect of the vortices, the design

of e�ective numerical algorithm itself is a di�cult issue. The e�ciency o f the method

presented in this thesis for simulating the GLSE depend on the value of " , and it

becomes useless for extreme small" . To propose e�ective numerical methods which

are "-independent is another future work.

Moreover, the ideas proposed in this thesis to simulate dipolar rotating BEC is
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quite simple but e�ective. We believe that it can be easily extended to study two

component rotating dipolar or spinor BEC [91], etc.

Last but not least, as mentioned in the beginning of this thesis, the GLE we

consider here is the simpli�ed model for model superconductivity, which might not

be that physical interesting, which motivate us to extend our methods to study

the vortex dynamics in full Ginzburg-Landau model that involving electromagnetic

�eld [ 133,142]. Other topics such as vortex dynamics in the nonlinear Klein-Gorden

equation [154], the nonlinear Maxwell-Klein-Gorden equation [155], the Landu-

Lifshitz-Gilbert equation [96] and the coupled Ginzburg-Landau equation for mod-

eling unconventional superconductor [105] will also be considered.
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