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Summary

Quantized vortices, which are the topological defects that ariseoin the order
parameters of the super uid, superconductors and Bose{Eirsinh condensate (BEC),
have a long history that begins with the study of liquid Helium. Their apgarance
is regarded as the key signature of super uidity and supercondimty, and most of
their phenomenological properties have been well captured by t@enzburg-Landau-
Schredinger equation (GLSE) and the Gross-Pitaevskii equatio(GPE).

The purpose of this thesis is twofold. The rst is to conduct extenge numerical
studies for the vortex dynamics and interactions in super uidity ad superconduc-
tivity via solving GLSE on di erent bounded domains in R? and under di erent
boundary conditions. The second is to study GPE both analytically ahnumeri-
cally in the whole space.

This thesis mainly contains two parts. The rst part is to investigate vortex
dynamics and their interaction in GLSE on bounded domain. We begin witthe
stationary vortex state of the GLSE, and review various reducedynamical laws
(RDLs) that govern the motion of the vortex centers under di eent boundary con-
ditions and prove their equivalence. Then, we propose accurateda@ cient numer-

ical methods for computing the GLSE as well as the correspondinddRs in a disk

Vi
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or rectangular domain under Dirichlet or homogeneous Neumann hwdary condi-
tion (BC). These methods are then applied to study the various ises about the
guantized vortex phenomena, including validity of RDLS, vortex inteaction, sound-
vortex interaction, radiation and pinning e ect introduced by the inhomogeneities.
Based on extensive numerical results, we nd that any of the follang factors: the
value of", the boundary condition, the geometry of the domain, the initial loation
of the vortices and the type of the potential, a ect the motion of he vortices sig-
ni cantly. Moreover, there exist some regimes such that the RDLfailed to predict
correct vortex dynamics. The RDLs cannot describe the radiatioand sound-vortex
interaction in the NLSE dynamics, which can be studied by our directimulation.
Furthermore, we nd that for GLE and CGLE with inhomogeneous pdtential, vor-
tices generally move toward the critical points of the external pential, and nally
stay steady near those points. This phenomena illustrate clearly ¢hpinning e ect.
Some other conclusive experimental ndings are also obtained andported, and
discussions are made to further understand the vortex dynamiesid interactions.
The second part is concerned with the dynamics of GPE with angularamentum
rotation term and/or the long-range dipole-dipole interaction. Firsly, we review
the two-dimensional (2D) GPE obtained from the 3D GPE via dimensiomeduc-
tion under anisotropic external potential and derive some dynamat laws related
to the 2D and 3D GPE. By introducing a rotating Lagrangian coordinge system,
the original GPEs are re-formulated to the GPEs without the angulamomentum
rotation. We then cast the conserved quantities and dynamical lavin the new
rotating Lagrangian coordinates. Based on the new formulation dhe GPE for
rotating BECs in the rotating Lagrangian coordinates, we proposa time-splitting
spectral method for computing the dynamics of rotating BECs. Té new numerical
method is explicit, simple to implement, unconditionally stable and very eient in
computation. It is of spectral order accuracy in spatial directiorand second-order
accuracy in temporal direction, and conserves the mass in the dise level. Ex-

tensive numerical results are reported to demonstrate the e ciecy and accuracy
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of the new numerical method. Finally, the numerical method is applietb test the
dynamical laws of rotating BECs such as the dynamics of condeneatidth, angular
momentum expectation and center-of-mass, and to investigateimerically the dy-
namics and interaction of quantized vortex lattices in rotating BECswithout/with

the long-range dipole-dipole interaction.
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Chapter

Introduction

Vortex, which can exist in vast areas, is any spiral motion with closestream
lines. It can survive not only in macro scale such as in the air, liquid or étur-
bulent ow, but also in micro scale such as the Bose-Einstein condete (BEC),
the super uidity and superconductivity, etc. The micro-vorticesdi er from those
macro-vortices by the so-called “vorticity', which is a mathematicalancept related
to the amount of “circulation' or “rotation'. Among those micro-vorices, the quan-
tized vortex that arises from quantum mechanics distinguish itselfrdm others by

the signature of "quantized vorticity'.

1.1 Vortex in super uidity and superconductivity

Quantized vortices are topological defects that arise from the aer parameter
in super uids, Bose-Einstein condensate (BEC) and supercondocs in which fric-
tionless uids ow with circulation being quantized around each vorte.

Bose-Einstein condensation, superconductivity and super uiditare among the
most intriguing phenomena in nature. Their astonishing propertiesra direct con-
sequences of quantum mechanics. While most other quantum e sabnly appear
in matter on the atomic or subatomic scale, super uids and supernductors show

the e ects of quantum mechanics acting on the bulk properties of atter on a large
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scale. They are macroscopic quantum phenomena. This is an essgmrigin of su-

per uidity and superconductivity, in which macroscopically phase doerence allows
a dissipationless current to ow. Bulk super uids are distinguished rbm normal

uids by their ability to support dissipationless ow.

Superconductivity is a phenomenon of exactly zero electrical resisce occurring
in certain materials at low temperature. It was discovered by Heike &merlingh
Onnes in 1911. Typd- superconductivity is characterized by the so-called Meissner
e ect, which introduce the complete exclusion of magnetic from theuperconductor.
While for the type-ll superconductors in the so-called mixed vortex state, quantized
amount of magnetic ux carried by the vortex lines is allowed to peneate the
superconductors $8, 60].

A Bose-Einstein condensate (BEC) is a state of matter of a dilute gaf weakly
interacting bosons below some critical temperature. It supporthe quantum e ects
in macroscopic scale since numbers of the bosons will condense ifite single-
particle state, at which point we can treat those condensed bosolas one-particle
[2,88,127,130139. The phenomena of BEC was predicted in 1924 by Albert Einstein
based on the work of Satyendra Bath Bose and was rst realized ixgeriments in
1955 [7,39,52]. Later, with the observation of quantized vortices 4, 40,109 11Q
112 128 154, plenty of work have been devoted to study the phenomenological
properties of vortices in the rotating BEC, dipolar BEC, multi-compment BEC and
spinor BEC, etc, which has now opened the door to the study of sepuidity in the
Bose-system4, 91].

Super uid is a state of matter characterized by the complete absee of viscosity.
In other words, if placed in a closed loop, super uids can ow endldgswithout
friction. Known as a major facet in the study of quantum hydrodyamics, the
super uidity e ect was discovered by Kapitsa, Allen and Misener in 197. The
formation of the super uid is known to be related to the formation é a BEC. This
is made obvious by the fact that super uidity occurs in liquid helium-4 afar higher

temperatures than it does in helium-3. Each molecule of helium-4 is adom particle,
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by virtue of its zero spin. Helium-3, however, is a fermion particle, vith can form
bosons only by pairing with itself at much lower temperatures, in a paess similar
to the electron pairing in superconductivity.

Feynman B3] predicted that the rotation of super uids might be subject to the
guantized vortices in 1955, while in 1957 Abrikoso\3| predicted the existence of
the vortex lattice in superconductors. Studies on phenomena régad to quantized
vortex has since boomed and the Nobel Prize in Physics was recerdlyarded to
Cornell, Weimann and Ketterle in 2001 for their decisive contributiongo Bose-
Einstein condensation and to Ginzburg, Abrikosov and Leggett in B3 for their

pioneering contributions to super uidity and superconductivity.

1.2 Problems and contemporary studies

In recent years, phenomenological properties of quantized vids in super u-
idity and superconductivity have been extensively studied by both athematical
analysis and numerical simulations. It is remarkable that many of the® properties
can be well characterized by relatively simple models such as the Ginegp-Landau-
Schredinger equation (GLSE) 12] and the Gross-Pitaesvkii equation (GPE)19,127.

In this thesis, we focus on the following two subjects.

1.2.1 Ginzburg-Landau-Schiedinger equation

First, we are concerned with the vortex dynamics and interactions a speci c
form of 2D Ginzburg-Landau-Schredinger equation , which desbe a vast variety of
phenomena in physics community, ranging from superconductivitynd super uidity
to strings in eld theory, from the second order phase transitiond nonlinear waves
[12,64,66,87,126 129:

(«+1)@ (D= TtV ] D x2D; t>0 (1)
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with initial condition

(x;0) = L(x); x 2 D; (1.2)
and under either Dirichlet boundary condition (BC)

‘H=gx)=€d®;  x2@; t 0 (1.3)

or homogeneous Neumann BC

@ (xt) _
@

Here, D R? is a smooth and bounded domaint is time, x = (x;y) 2 R? is

0; X2@; t O (1.4)

the Cartesian coordinate vector,V (x) satisfying lim,; @ V(X) = 1 is a positive
real-valued smooth function, " := "(x;t) is a complex-valued wave function (or-
der parameter),! is a given real-valued function, , and g are given smooth and
complex-valued functions satisfying the compatibility condition 4(x) = g(x) for
X2 @, =(1 2and » =( 3 1)2 R?satisfyingj j = pﬁ:lare
the outward normal and tangent vectors alongdD, respectively,i = P ~ 1 is the
unit imaginary number, 0<" < 1 is a given dimensionless constant, and, are
two nonnegative constants satisfying- + > 0. The GLSE covers many di erent
equations arise in various di erent physical elds. For example, whe - 60, =0,
it reduces to the Ginzburg-Landau equation (GLE) for modelling swgrconductiv-
ity. When . =0, =1, the GLSE collapses to the nonlinear Schredinger equation
(NLSE) which is well known for modelling, for example, BEC or super idity. While

«> 0and > 0, the GLSE is the so-called complex Ginzburg-Landau equation
(CGLE) or nonlinear Schredinger equation with damping term which &se in the
study of the hall e ect in type Il superconductor.

In superconductivity, V(x) 1 stands for the equilibrium density of supercon-

ducting electron B4, 45 57. When V(x) 1, the medium is uniform, while if
V(x) 6 1, the medium is inhomogeneous which is used to, for example, deseribe

pining e ect in superconductor with impurities.
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Denote the Ginzburg-Landau (GL) functional (‘energy') as48, 76,107
z 1 1
E(t) := S 2+ 772 V(x) j j* 7 dx= Eg(t)+ Ey(t); t 0 (15)
D

whose corresponding Euler{Lagrange equation reads as:
S | . wpy
+ -(V(X) j j) =0, x2D: (1.6)

In (1.5), the kinetic and interaction energies are de ned as

Z Z
En®= 5 I PG Bn®= g5 V0O ] P ldG t oo
2 p 4'2
respectively. The GLSE (.1) now can be rewritten as
. " E
(~+i)@ (x;t)= L; (1.7)

where  denotes the complex conjugate of function. Moreover, it is easy to show
that the GLE or CGLE dissipates the total energy, i.e.,% 0, while the NLSE
conserve the total energy, i.e.% =0.

During the last several decades, constructions and analysis oktlsolutions of
(1.6) as well as vortex dynamics and interaction related to the GLSE1(1) under
di erent scalings have been extensively studied in the literatures.

For GLE de ned in R?, under the normal scaling - =" 1 and homogeneous
potential V(x) 1, Neu [L1§ found numerically that quantized vortices with wind-
ing numberm = 1 are dynamically stable, and respectivelymj > 1 dynamically
unstable. Based on the assumption that the vortices are well septged and of wind-
ing number +1 or 1, he also obtained formally the reduced dynamical law (RDL)
governing the motion of the vortex centers by method of asymptic analysis. How-
ever, this RDL is only correct up to the rst collision time and cannot irdicate the
motion of multi-degree vortices. Recently, in a series of papef@32[34, 35, Bethuel
et al. investigated the asymptotic behaviour of vortices as! 0 under the accel-

1

erating time scale - = =. Under very general assumptions (which release those

constrains in Neu's work), they proved that the limiting vortices, wich can be of
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multiple degree, move according to a RDL, which is a set of simple ordimyadi er-
ential equations (ODEs). Much stronger than Neu's RDL, this RDL isalways valid
except for a nite number of times that representing vortex splitings, recombina-
tions and/or collisions. Their studies also show an interesting phen@ma called as
\phase-vortex interaction”, the phenomena that can cause annexpected drift of
the vortices, which they pointed out that cannot occur in the casef the domain be-
ing bounded. Moreover, they conducted some similar research inlnég dimensional
space 33.

In the bounded domain case when the potential is homogeneous, ié(x) 1
Lin [99 10Q 107 extended Neu's results by considering the dynamics of vortices
in the asymptotic limit " ! 0 under various scales of- and with di erent BCs.
Based on the well-preparation assumption similar to Neu's, he derivede RDLs
that govern the motion of these vortices and rigorously proved #t vortices move
with velocities of the order ofjIn"j 1 if . = 1. Similar studies have also been
conducted by E pB1], Jerrard et al. [75], Jimbo et al. [82 89 and Sandier et al. 134.
Unfortunately, all those RDLs are only valid up to the rst time that the vortices
collide and/or exit the domain and cannot describe the motion of multie degree
vortices. Recently, Serfaty 13§ extended the RDL of the vortices after collisions,
but still under the assumption that those vortices are of degreetor 1 and that
only simple collision could happen during dynamics (i.e, the situation thamore
than two vortices meet at the same time and place are not allowed).cAually, the
motion of the multiple degree vortices and the dynamics of vorticedtar collision
and/or splittings still remain as interesting open problems. When thgotential is
inhomogeneous, i.e.V(x) 6 1, Jian et al. [fA 79 investigated the pinning e ect
of the vortices asymptotically as" ! 0 in the GLE with Dirichlet BC under the
scale - = 1. They established the corresponding RDLs that govern the dymics
of limiting vortices.

As for the steady states of GLE or the solution of Euler{Lagrangequation (1.6),

situations are quite di erent case by case. In the whole plane cases indicated by
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Neu's results 118, it was generally believed that two vortices with winding number
of opposite sign undergo attractive interaction and tend to coales and annihilation.
Hence, for the steady states of the GLE in whole plane, either treeare no vortices
or all the vortices are of the same sign. However, when the domainkbsunded,
Lin [10]] proved the existence of the mixed vortex-antivortex solution dhe Euler{
Lagrange equation subject to the Dirichlet BC {.3) for su ciently small ", i.e., the
steady states of GLE under Dirichlet BC (..3) allows vortices with winding number
of opposite sign. Nevertheless, Jimbo et aB3 and Serfaty [L37 obtained that any
solutions with vortices to (1.1) and (1.4) are unstable in a convex or simple connected
domain, while recently del Pino et al. $3] proved the existence of the solution with
exactly k vortices of degree one for any integer numbée if the domain were not
simply connected by the approach of variational reduction. Hengall the vortices
in the initial data ( 1.2) will either collide with each other and annihilate or simply
exit the domain nally. Actually, several studies had been establistikin both the
planar domains and/or higher dimensional domains for the stability ofhe steady
state solution of GLE with Neumann BC (.4) [51, 81, 83,84, 86], which imply the
close relation between the stability of the equilibrium solution with vorices and the
geometrical property of the domain.

For NLSE de ned in R?, whenV(x) =1 and " = 1, Bethuel et al. [36] proved
global well-posedness of NLSE for classes of initial data that havertices. For
the vortex dynamics, Fetter p2] predicted that, to the leading order, the motion
of vortices in the NLSE would be governed by the same law as that inehideal
incompressible uid. Then, the same prediction was given by Ned1§. He conjec-
tured the stability of the vortex states under NLSE dynamics as aopen problem,
based on which he found that the vortices behave like point vortices ideal uid,
and obtained the corresponding RDLs. However, these RDLs amely correct up to
the leading order. Corrections to this leading order approximationue to radiation
and/or related questions when long-time dynamics of vortices is caidered still re-

main as important open problems. In fact, using the method of e ¢we action and
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geometric solvability, Ovichinnikov and Sigal con rmed Neu's approxim@tion and

derived some leading radiative correctiond 1, 122 based on the assumption that
the vortices are well separated, which was extended by Lange a8dhroers 98] to

study the dynamics of overlapping vortices. Recently, Bethuel etl. [31] derived the

asymptotic behaviour of the vortices as ! 0.

In the bounded domain case, wheW (x) = 1, many papers have been dedicated
to the study of the vortex states and dynamics after Neu's workll§. Mironescu
[117 investigated stability of the vortices in NLSE with (1.3) and showed that for
xed winding number m: a vortex with jmj = 1 is always dynamical stable; while
for those of winding numberjmj > 1, there exists a critical"¢, such thatif " >" ¢,
the vortex is stable, otherwise unstable. Mironescu's results wetleen improved
by Lin [103 using the spectrum of a linearized operator. Subsequently, Lin én
Xin [107 studied the vortex dynamics on a bounded domain with either Dirichte
or Neumann BC, which was further investigated by Jerrard and Spir [76]. In
addition, Colliander and Jerrard §8,49 studied the vortex structures and dynamics
on a torus or under periodic BC. In these studies, the authors deed the RDLs
which govern the dynamics of vortex centers under the NLSE dymacs when" ! 0
with xed distances between di erent vortex centers initially. Theyobtained that to
the leading order the vortices move according to the Kirchho law inhe bounded
domain case. However, these reduced dynamical laws cannot intBcaadiation
and/or sound propagations created by highly co-rotating or ov&pping vortices. In
fact, it remains as a very fascinating and fundamental open prolteto understand
the vortex-sound interaction [L19, and how the sound waves modify the motion of
vortices [64].

For the CGLE under scaling - = m% and homogeneous potential, based on some
proper assumptions, Miot 114 studied the dynamics of vortices asymptotically as
" 1 0 in the whole plane case while Kurzke et al9§ investigated that in the
bounded domain case, the corresponding RDLs were derived to gavthe motion

of the limiting vortices in the whole plane and/or the bounded domain,espectively.
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The results shows that the RDLs in the CGLE is actually a hybrid of RDLfor
GLE and that for NLSE. More recently, Serfaty and Tice 139 studied the vortex
dynamics in a more complicated CGLE which involves electromagnetic Ice and
pinning e ect.

On the numerical aspects, nite element methods were proposed investigate
numerical solutions of the Ginzburg-Landau equation and relatedif@zburg-Landau
models of superconductivity , 46, 56, 60,89. Recently, by proposing e cient and
accurate numerical methods for discretizing the GLSE in the wholgace, Zhang
et al. [16Q 16]] compared the dynamics of quantized vortices from the reduced
dynamical laws obtained by Neu with those obtained from the directumerical
simulation results from GLE and/or NLSE under di erent parameters and/or initial
setups. They solved numerically Neu's open problem on the stability ebrtex
states under the NLSE dynamics, i.e., vortices with winding numbem = 1 are
dynamically stable, and resp.jmj > 1 dynamically unstable 160 161, which agree
with those derived by Ovchinnikov and Sigal 120. In addition, they identi ed
numerically the parameter regimes for quantized vortex dynamicsh&n the reduced
dynamical laws agree qualitatively and/or quantitatively and fail to agree with those
from GLE and/or NLSE dynamics.

However, to our limited knowledge, there were few numerical studieon the
vortex dynamics and interaction of the GLSE {.1) in bounded domain, much less

for the sound-vortex interaction in the NLSE dynamics.

1.2.2 Gross-Pitaevskii equation with angular momentum

The occurrence of quantized vortices is a hallmark of the super uidature
of Bose{Einstein condensates. In addition, condensation of boso atoms and
molecules with signi cant dipole moments whose interaction is both néecal and
anisotropic has recently been achieved experimentally in trappedCr and %Dy
gases 1,50,6997,108 111, 151].

Using the mean eld approximation, when the temperaturel is much smaller
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than the critical temperature T, the properties of a BEC in a rotating frame with
long-range dipole-dipole interaction are well described by the masempic complex-
valued wave function = (x;t), whose evolution is governed by the following
three-dimensional (3D) Gross-Pitaevskii equation (GPE) with angar momentum
rotation term and long-range dipole-dipole interaction,17,41,136 148 152 162:

2
ST 2H VO + Ul 2+ Vap §1° Lo (6D t> 0 (1.8)

i~@ (x;t) =
wheret denotes time,x = (x;y;z)" 2 R3 is the Cartesian coordinate vector;- is
the Planck constant, m is the mass of a dipolar particle and/(x) is an external

trapping potential, which reads as
_ Mi2,2, 12,2, 2,2
V(x) = E(. KXo+ Ly + 1779 (1.9)

if a harmonic trap potential is concerned with. Herel , !, and! , are the trap fre-

4 ~?a
—8 represents short-range

guencies inx-, y- and z-directions, respectively.Uy =
(or local) interaction between dipoles in the condensate withs the s-wave scatter-
ing length. Vi, (x) describes the long-range dipolar interaction potential between
dipoles, which is de ned as

0 Gpl 3(x n)’Hxj® _ o0 Gpl 3co8(#). |, o
4 X2 4 e |

Vaip (X) =

where , and gp are the vacuum permeability and permanent magnetic dipole
moment, respectively (e.g., sip =6 , for °°C, with , being the Bohr magneton),
n = (ny;ny;n3z)T 2 R3is a given unit vector, i.e.,jnj = P nZ+n3+n? =1,
representing the dipole axis (or dipole moment) an#t = #,(x) is the angle between

the dipole axisn and the vectorx. In addition, is the angular velocity of the laser

beam andL, = i~(x@ y@) is the z-component of the angular momentun. =
X P with the momentum operatorP = i~r . The wave function is normalized
to

z

iiz= 0 enifdx= N;
R3
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with N being the total number of dipolar particles in the dipolar BEC. Introdicing

the dimensionless variablest ! t=!o with o = minfl,;!,;!1,9, x ! ax and

— 3
! P N =a j, we have the dimensionless rotational dipolar GPELH, 152 153:

. 1 .. .
i@ (c= SrE+VeOr it U j 0 Lo (61 (110)
2
where = 202= = % V(x)= 3( 2x*+ 2y?+ Z7%)is the dimensionless

harmonic trapping potential with , = ! ,=lo, =1,=lg, ,=1,=lo, and Uy, is

the dimensionless long-range dipole-dipole interaction potential deed as

_ 3 3(x n)? _ 3 . 3.
Ugip (X) = PRTE 1 TR 1 3cod(#) ; x2 R (1.11)
The wave function is normalized to
Z
k k2:= j (x;t)j%dx =1: (1.12)
R3

In addition, similar to [17,41], the above GPE (.10 can be re-formulated as the

following Gross-Pitaevskii-Poisson systenif, 17,41]
@ (= Zr2HVeo+( P 3 an L (ot (113)
(i) = @ u(x;t):  r fu(x;t)=j (x;1)j? with _Ii_rP u(x;t)=0; (1.14)
jxJ!

where@=n r and @, = @Q(@). From (1.14), it is easy to see that fort 0
Z

L2 1 C 042y O 3.
j jo= X qu (x5 1)j°dxs x 2 R®: (1.15)

u(x;t) = 4]

Recently, many numerical and theoretical studies have been dope rotating
(dipolar) BECs. There have been many numerical methods propasé study the
dynamics of non-rotating BECs, i.e. when =0and =0[5,19254290,116144.
Among them, the time-splitting sine/Fourier pseudospectral metbd is one of the
most successful methods. It has spectral accuracy in spacel aeasy to implement.
In addition, as shown in [L7], this method can also be easily generalized to simulate
the dynamics of dipolar BECs when 6 0. However, in rotating condensates, i.e.,

when 6 0, we can not directly apply the time-splitting pseudospectral meiod
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proposed in 2§ to study their dynamics due to the appearance of angular rotatial
term. So far, there have been several methods introduced tdwothe GPE with an
angular momentum term. For example, a pseudospectral type nietd was proposed
in [18 by reformulating the problem in the two-dimensional polar coordirias (r; )
or three-dimensional cylindrical coordinatesr( ;z ). The method is of second-order
or fourth-order in the radial direction and spectral accuracy in ther directions. A
time-splitting alternating direction implicit method was proposed in 4], where the
authors decouple the angular terms into two parts and apply the Fwier transform in
each direction. Furthermore, a generalized Laguerre-Fourierekinite pseudospectral
method was presented indl]. These methods have higher spatial accuracy compared
to those in [, 16,90 and are also valid in dissipative variants of the GPE1.10),
cf. [147. On the other hand, the implementation of these methods can beue quite

involved.

1.3 Purpose and scope of this thesis

As shown in the last two subsections, a vast number of researchssve been
done and plenty of results have been obtained for the vortex dymacs in BEC,

super uidity and superconductivity. However, there are still sore limitations.

For the vortex dynamics in superconductivity and super uidity on ounded
domain, most studies are primarily researches of the RDLs of wellpseated
vortices. Vortex phenomena related to overlapping vortices andf vortex col-
lision as well as the e ect of the boundary condition and e ect of thelomain
geometry on the vortex dynamics still remains unknown. Numericaimula-
tions have become powerful and useful to gure out those exotghenomena.

However, few numerical studies for the bounded domain case wesported.

For the vortex dynamics in GPE with angular momentum, there have éen
only a few reports about the interactions between a few vorticedMoreover,

the existing numerical methods have their own limitations. (i). The nte
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di erence method (FDM) or nite element method (FEM) usually need a
very ne mesh size, and their order of accuracy are usually low, hemthey are
time{consuming and ine cient. (ii). Although time splitting spectral m ethod
with alternative direction technique is of spectral accuracy, theynight cause
some problems when the rotating frequency is large. (iii). Additionallythe

generalized Laguerre-Fourier-Hermite pseudospectral methasl not easy to

implement.
Hence, in this thesis, we mainly focus on the following two parts:

(). to present e cient and accurate numerical methods for discetizing the
reduced dynamical laws and the GLSE1(1) on bounded domains under dif-
ferent BCs, (ii). to understand numerically how the boundary condon and
radiation as well as geometry of the domain a ect vortex dynamicsra in-
teraction, (iii). to investigate the pining e ect of the vortices in CGLE and
GLE dynamics, (iv). to study numerically vortex interaction in the GLSE
dynamics and/or compare them with those from the reduced dynauoal laws
with di erent initial setups and parameter regimes, and (v). to idetify cases
where the reduced dynamical laws agree qualitatively and/or quaitdtively

as well as fail to agree with those from GLSE on vortex interaction.

to propose a simple and e cient numerical method to solve the GPE wiit
angular momentum rotation term which may include a dipolar interactia
term. One novel idea in this method consists in the use of rotating Qeangian
coordinates as in11] in which the angular momentum rotation term vanishes.

Hence, we can easily apply the method for non-rotating BECs i29] to solve

the rotating case.

Studies for the rst part will be carried out in chapter 2 to chapter5, while research
on the second part will be conducted in chapter 6. In chapter 7, golusions and

possible directions of future work will be summarized and discussed.



Chapter 2

Methods for GLSE on bounded domain

In this chapter, begin with the stationary vortex state of the Ginburg-Landau-
Schredinger (GLSE) equation, various RDLs that governed the otion of the vortex
centers under di erent boundary conditions (BCs) are reviewedral their equivalent
forms are presented and proved. Then, accurate and e cient maerical methods are
proposed for computing the GLSE in a disk or rectangular domain ued Dirichlet
or homogeneous Neumann BC. These methods will be applied to studgrious

phenomena on the vortex dynamics and interaction in following chagts.

2.1 Stationary vortex states

To consider the vortex solution of the GLSE 1.1), we consider the following time
independent GLSE withV(x) = 1 in a disk domain centered at origin with radius
Ro, i.e., D = Bgr,(0):

" é(l i ) "=0; x2D; (2.1)
i xti=1; ifx 2 @; (2.2)

where "(x;t) is a complex-valued function which can be viewed as the steady sat

of the GLSE (1.1) in a disk domain. The vortex solution takes the form of:

()= f.(re™; x=(rcos();rsin())2D; (2.3)

14
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Figure 2.1: Plot of the functionf  (r) in (2.4 with Rg = 0:5. left: "

di erent winding number m. right: m = 1 with di erent di erent

0.5

- 1 H
= I)Wlth

whose existence and qualitative properties were carried out inlf72]. Here,m 2 Z
is called as the topological charge or winding number or index that regsents the

singularity of the vortex, the modulusf . (r) is a real-valued function satisfying:

1d rd 1+1 1
rdr dr rz "2

f (r=0)=0; f.(r=Rg)=1: (2.5)

(f.(r)? f.,(r)=0; O0<r<R g (2.4)

Numerically, the solutionf . can be obtained by either employing a shooting method
[47] or a nite di erence method with Newton iteration being used for the resulted
non-linear system 160. Fig. 2.1 depicts the results for functionf ,(r) with di erent

" and m, while Fig. 2.2 shows the surf plots of the density .,j? and the contour
plots of the corresponding phase fam =1 and m = 5. The stability of the vortex
was investigated by Mironescull1§. He showed that for xed winding numberm,
the vortex with jmj = 1 is always dynamical stable while for those of winding number
jmj > 1, there is a critical"§, such that if " > " ¢, the vortex is stable, otherwise
unstable. Mironescu's results was then improved by LinlQ3 by considering the
spectrum of a linearized operator. It might be interesting to studyow the stability
of a vortex depends on the perturbation, and how the vortices diigh index split if

they are not stable.
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Figure 2.2: Surf plot of the densityj ,,j? (left column) and the contour plot of the

corresponding phase (right column) fom =1 (a) and m =4 (b).
2.2 Reduced dynamical laws

It had been pointed out that the vortex of indexjmj = 1 is always stable, and
those of indexjmj > 1 is stable only up to some condition. Thus, it should be
interesting to understand how those vortices of winding humbgmj = 1 dynamic
and interact with each other, and how the BC, the geometry of thelomain a ect

their motion. To this end, we choose the initial data in {.2) as:

.. NPT NN
o) = € T (x Xy =€ T (x Xy y) x2D5 (26)
j=1 j=1
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hereM > 0 is the total number of vortices in the initial data, the phase shifh(x) is
a harmonic function and forj =1;2;:::;M,n; =1or 1,andx?=(x>;y?) 2D are

the winding number and initial location of thej-th vortex, respectively. Moreover,

n, IS chosen as
8
< W, . . . . .
. fr(xj)em ®; if0 j Xj Ro;
= h,(J ). ] Xi Ro 2.7)
SUNOF ifixj Ro;

wheref,']'j is the modulus of the vortex solution in 2.3) with winding number n;
and Ry is constant which is small than the diameter of the domaiD.

It is well known that to the leading order in the limit" ! 0, the M well separated
vortices move according to the reduced dynamical law, which are @»ystems. In
this section, we review various reduced dynamical laws in di erent sas and present
some equivalent forms. We divide into three parts. The rst part ad second part
are devoted to the case of the GLSEL(1) under Dirichlet and/or homogeneous BC
without pinning e ect, i.e., V(x) 1, respectively. The third part is concerned with

the GLE with inhomogeneous potential, i.e.V(x) 6 1 under Dirichlet BC.

2.2.1 Under homogeneous potential

In this section, we let - = To simplify our presentation, forj =1; ;N,

nl=)"
hereafter we letx; (t) = (x; (t);y; (1)) be the location of theM distinct and isolated
vortex centers in the solution of the GLSE 1.1) with initial condition ( 2.6) at time

t 0, and denote
X 0= (x5 x9; i xd); X" = X)) = (X () xo(t); Xy (1)t 0

then we have 48 74,95,10Q:

Theorem 2.2.1. As"! 0,forj=1; ;N, the vortex centerx;(t) will converge

to point x; (t) satisfying:

ax; (1) _

dt
Xj(t=0)= x{: (2.9)

(I + n;J) W(X); 0 t<T, (2.8)
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In equation (2.89), T is the rst time that either two vortex collide or any vortex exit

0 1 0 1

10 0 1
| =@ A NERC) A -

01 1 0

are the 2 2 identity and symplectic matrix, respectively. Moreover, the funion

W (X)) is the so called renormalized energy de ned as:
W(X) = Ween(X) + Wipe(X); (2.10)

where W, is the renormalized energy associated to thkl vortex centers that
de ned as

X
Ween(X) = nin; Injxi  X;jj; (2.11)
1i6j N

and Wy,¢(X) is the renormalized energy involving the e ect of the BC 1.3) and/or

(1.4), which takes di erent formations in di erent cases.

Under Dirichlet boundary condition

For the GLSE (1.1) with initial condition ( 2.6) under Dirichlet BC (1.3), it has
been derived formally and rigorouslyd0,48,95,102 106138 that Wy(X) = Wype(X)

in the renormalized energy 2:10) admits the form:

7 2 3

X W
Wipe(X) = njR(xj; X) + AR(x;X)+  njlnjx  x;j°
j:]_ @ j:l

@,! (x)
2

ds; (2.12)

where, for any xed X 2 DM, R(x; X) is a harmonic function inx, i.e.,
R(x;X)=0; x2D; (2.13)

satisfying the following Neumann BC

: X
%:@?!(x) @@ ninjx  xj; X2 @: (2.14)

=1
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Notice that to calculate r 4, W(X), we need to calculater ; R, and since forj =
1, ;N, x; is implicitly included in R(x;X) as a parameter, hence it is di cult
to calculater ,; R and thus di cult to solve the reduced dynamical law (2.8) with
(2.10{( 2.12 even numerically. However, by using an identity in30] (see Eq. (51)
on page 84),

X

r Xj [\N(X)+ deC(X )] = anr X R(X;X)"' ny |an X|j
1=1& 16]

we have the following simpli ed equivalent form for 2.8).

Lemma 2.21. Forl | M andt> 0, system @.8) can be simpli ed as
" #

d _ X! xi (1) x(t)
I+ m J)=x;(t)=2n; r yRX)ixex 0 + ny —> .
( j )dt i(t) j (% X) Jx=x; (1) e X0 xOF

: (2.15)

Moreover, for any xed X 2 DM, by introducing function H(x;X) and Q(x; X)

that both are harmonic in x satisfying respectively the boundary conditionq5,107:

: X
erneX) - @1 @@.:1 ninjx  xiji X2 @; (2.16)
X
Q(x; X)=1(x) n (x Xp); X 2 @; (2.17)

=1

with the function : R?! [0;2 ) de ned as

cos( (X)) = J% sin( (x)) = J%J 06 x = (x,y) 2 R (2.18)

we have the following lemma for the equivalence of the reduced dynaai law
(2.15 [22 23:

Lemma 2.2.2. . Forany xed X 2DM, we have the following identity
Jr yQ(x; X)=r yR(x;X)=Jr yH (x;X); x2D; (2.19)

which immediately implies the equivalence between syste2rily and the following
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two systems: fort > 0

#
. ) o hd X (1) x(t)

(1 + njd)5x () =2n, "Jr xH OGX) Jx=x; ) + e nIJ'ij(t) Xl(t)jz#’
Xj(t)  x(t)

d . X
I + n;J)—=x;(t)=2n; Jr yOQ(X;:X)jx=x: (1) + N -
( gD =2n IrQE6X ) hexw ciersy X xi(OF

Proof. Forany xed X 2 DM, sinceQ is a harmonic function, there exists a function
" 1(X) such that
Jr yQ(x; X)=r"1(x); x2D:

Thus, ' 1(x) satis es the Laplace equation
i) =1 (IrkQ(x X)) = @' (X)) @' i(x)=0; x2D;  (2.20)
with the following Neumann BC
@ 1(x) = (JIr xQ(X; X)) =1 xQ(X;X) » =@ Q(x;X); x2@: (2.21)

Noticing (2.17), we obtain forx 2 @,

b b

@ 0= o> K x=@IK o nnix xi 222)
o=l =1

Combining (2.20, (2.22, (2.13 and (2.14), we get
( R(x;X) "1(x))=0; x2D; @R(X;X) "1(x))=0; x2 @: (2.23)

Thus
R(x; X) =" 1(x) + constant; x2D;

which immediately implies the rst equality in (2.19.

Similarly, sinceH is a harmonic function, there exists a function ,(x) such that
Jr yH(OGX) =1 " 2(X); x2D:
Thus, ' »(x) satis es the Laplace equation

a(x)=r1 (QrHX X)) = @ 2(x) @' 2Ax)=0;  x2D; (2.24)
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with the following Neumann BC

@ 2(x)=(Ir xH(X; X)) =1 HXX) »=@H(X;X); x2@: (2.25)
Combining (2.24, (2.29, (2.13, (2.14 and (2.16), we get

( RGGX) "2x))=0; x2D;  @(R(X;X) '2(x))=0; x2@: (2.26)

Thus
R(x;X) =" »(x) + constant; x2D;

which immediately implies the second equality in4.19. O

Under homogeneous Neumann boundary condition

For the GLSE (1.1) with initial condition ( 2.6) under homogeneous Neumann
BC (1.4), it has been derived formally and rigorously48, 76,95 that W,.(X) in the

renormalized energy Z:10) admit the form:

X

Whe(X) = Whpe(X) 1= n; R(x;; X); (2.27)

j=1

and by using the following identity

#
X

My [WX)+ Wipe(X)] = 2nr  R(X;X) + ninjx xj ; (2.28)
1=1& 16

X

we have the following simpli ed equivalent form for 2.8):

Lemma 2.23. Forl | M andt> 0, system @.8) can be simpli ed as
" #

Xj(t) x(t) . (2.29)

d .
(1 +n33)gxi(0)=2n, rXRf(x,X)Jx:xj(NIzl&Iej xi(t)  xi(t)j2

Moreover, for any xedX 2 DM by introducing function H (x; X ) and Q(x; X) that
both are harmonic inx satisfying respectively the boundary conditiond2,83,85,107:

@r(x;x) _ @X
=\ - = n (X  x); X2 @:; (2.30)
@- @ _ |
. X
M = _@ n (X XI); X2 @:; (231)

@ Q@

=1
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with the function : R?! [0;2 ) being de ned in (2.18, we have the following

lemma for the equivalence of the reduced dynamical la&.29 [22 23:

Lemma 2.2.4. For any xed X 2 DM, we have the following identity
Jr yQ(; X)=r1 yR(X;X)=Jdr yH(X;X); x2D; (2.32)

which immediately implies the equivalence of syster.29) and the following two

systems: fort> 0

#
d _ X! xi (1) xi(t)
I+ nid)=x;(t)=2n r «HCX)jx=x @ + n — .
( J )dt ' J ( Moo 1=1& 16 lej(t) x1(1)j?

1] #

d . X Xj (1) xi(t)
I + niD)—xi()=2n Ir QX)) jx=x ) + n— :

Proof. Follow the line in the proof of lemma2.2.1and we omit the details here for

brevity. !

2.2.2 Under inhomogeneous potential

It has been shown in last section that in a homogeneous potential, rtioes
in the GLE dynamics under Dirichlet BC will move according to gradient ow of
the so called renormalized energy, which is associated to the BC. Hwer, in an
inhomogeneous potential, i.&/ (x) 6 1, the phenomena is quite di erent. Generally
speaking, vortices no longer move along the gradient ow of the remalized energy,
they move toward the critical points of the potentialV (x) instead 44, 78,80]. And
it has been proved that they obey the following reduced dynamicalva[78]:

Theorem 2.2.2. As"! 0O,forj =1; ;N, the vortex centerx}(t) in the GLE

dynamics with - = 1 under Dirichlet BC will converge to pointx; (t), which satis es:

dxj(t) _ 1 V(x)).
dt V() '
Xj(t=0)= x/: (2.34)

0 t< +1; (2.33)
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In addition, for eachj, if there is a Lipschitz domainG; D such that
x) 2 Gj; XryénQV(x)>V(xj°); j=1; M;
the solution in (2.33) will satisfy:
fort> 0;x;(t) 6 x(t)if j 6 I, andx;(t) 2 G;:

Hence, the vortices will all be pinned together to the critical pointof V(x) and
further to the minimum points if V(x) has no other critical points.

Unfortunately, to our limited knowledge, there are no existing stuies that deal
with the vortex dynamics in the inhomogeneous potential in the GLE yhamics
under Neumann BC, or in the CGLE or NLSE dynamics in the limiting procss
"1 0.

2.3 Numerical methods

In this section, we present e cient and accurate numerical methads for discretiz-
ing the GLSE (1.1) with a time dependent potential U(x;t) in either a rectangle or a
disk with initial condition ( 1.2) and under either Dirichlet BC (1.3) or homogeneous

Neumann BC (1.4):

(-+i)@ (x;t)= "+ é(U(x;t) i A x2D; t> 0, (2.35)
hereU(x;t) = V(x) + W(x;t) with W(x;t) an external potential. The key idea in
our numerical methods are based on: (i) applying a time-splitting téaique which
has been widely used for nonlinear partial di erential equation$[r,143 to decouple
the nonlinearity in the GLSE [20,29,149160Q; and (ii) adapt proper nite di erence

and/or spectral method to discretize a gradient ow with constah coe cient [ 18,
22,23].

2.3.1 Time-splitting

Let > O be the time step size, denotg, = n forn 0. Forn=0;1;:::, from

timet=1t,tot= ty,., the GLSE (1.1) is solved in two splitting steps. One rst
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solves

(+1)@ (D= =(UD | D x2D; t tn  (236)
for the time step of length , followed by solving

(-+i)@ (x;t)= Xx2D; t tn; (2.37)

for the same time step. Equation 2.37) is discretized in the next two subsections
on a rectangle and a disk, respectively. Fdr2 [t,;t,+1], to solve equation 2.36),

we rewrite
"y P Ty oS (X)
(x;t) = (x;t)e> * (2.38)

with " and S’ being the density and phase of ', respectively. From .36, we can

easily obtain the following ODE for "(x;t) = j "(x;t)j:
@ ()= Ut  0GH] Gt x2D; te b tae; (2.39)

where =2 .="?( 2+ 2), Solving equation @.39), we have

(x5 tn) eXPLUn (X; 1)]

(x;t) = - R, ;
1+ (X;tn) t exp[Un(x;s)ds]

(2.40)

R
where U, (x;t) = ttn U(x;s)ds. Moreover, if W(x;t) 0, i.e., U(x;t) = V(x),

(x;t) can be analytically integrated to have

8

2 it . =0;
"(x't) = " (Xitn) : — .
(0% o i V(x)=08& -60; (241)

V(x) "(X;tn) . . .
"GtV OGt)yexpl V (Ot ta)]? V(x); - 60:

Plugging (2.38 back into (2.36, we obtain the equation for the phaseés’ (x;1):

@S (x;t) = w27y pyluxiY) ‘DL x2D; th t tha (2.42)
Combining (2.40 and (2.42, we obtain fort 2 [ty;th+1];

Z t
(Un(x;1) "(x;8)ds) ; (2.43)

tn

" S
(0= "Gt PalO® g
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where
e p— L 10D : (2.44)
1+ ] "(Xtn)j? ,, exp[Un(x;s)lds
Furthermore, if U(x;t) = V(x), we have the explicit formation of "
8 h ) [
" " g exp =m=(V(X) | (Gt)idt t) 5 - =0;
(x;t) = (x;tn)B q h i (2.45)
TOPxtexp a5z InP(Xt) ; .60
where
8
2 1 ; V(x) 0
|§ X:t) = 1+ j " (Xitn)j2(t tn) 2 46
JTGt)iZH(V) T T(xtn)iZ)exp( V (X)(t ta)) ! '

Remark 2.3.1. |If functions U,(x;t) and other integrals in £.43) cannot be calcu-
lated analytically, numerical quadrature such as the trapeidal rule can be applied

to solve them.

Remark 2.3.2. In practice, we always use the second-order Strang splitjifiLi43,
that is, from time t = t, to t = t41: (i) evolve (2.36) for half time step =2 with
initial data given att = t,; (ii) evolve (2.37) for one step starting with the new

data; and (iii) evolve (2.36) for half time step =2 again with the newer data.

2.3.2 Discretization in a rectangular domain

Let D =[a;d [c;d be a rectangular domain, and denote mesh sizbg= %
and hy= ch with N and L being two even positive integers.

First we present a Crank-Nicolson 4th-order compact nite di erece (CNFD)
method for discretizing the equation 2.37) with Dirichlet BC ( 1.3) by using the
4th-order compact nite di erence discretization for spatial deivatives followed by
a Crank-Nicolson scheme for temporal derivative. In order to d@msdenote the grid

points asx; = a+jh, forj =0;1;:::;N andy, = c+lhy forl =0;1;:::;L;and "
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be the numerical approximation of “(x;;yi;t,) for j =0;1;:::;N, 1 =0;1;:::;L
andn 0. De ne the nite di erence operators as

n "in

2 "n _ jTl;I 2 J';;l + i L. 2 n _ J';;In+l 2 J';;l + J';;In 1,
x il h)z( , y il h)zl ’
then a CNFD discretization for 2.37 reads, i.e.,forl j N landl | L 1
" # " # o .
7( i) I+ﬁ2+h_32/2 "+l - 2, 2+h>2‘+h32/22 J';'In * iin
12 X 12 Y jil Bl X y 12 Xy 2
(2.47)

wherel is the identity operator and the boundary condition (.3 is discretized as

o = (@) it =gy 1=0LL
i0 = g(xi0); =g d); j=0;1:::;N:

Here although an implicit time discretization is applied for 2.37), the linear system
in (2.47) can be solved explicitly via direct Poisson solver through DSO§] at the
computational cost ofO(NL In(NL)).

Combining the above CNFD discretization with the second order Stray splitting
presented in the previous subsection, we obtain a time-splitting Gn&-Nicolson nite
di erence (TSCNFD) discretization for the GLSE (1.1) on a rectangle with Dirichlet
BC (1.3. This TSCNFD discretization is unconditionally stable, second ordein
time and fourth order in space, the memory cost i©(NL) and the computational

cost per time step isO (NL In(NL)).

Next we present a cosine pseudospectral method for the equati(2.37) with
homogeneous Neumann BCL(4) by using cosine spectral discretization for spatial

derivatives followed by integrating in timeexactly. To this end, let
Yno =spanf pg(x) =cos( p(x a)cos(y(y 0);0 p N 1,0 g L I1g

with

X P

g
- 0-1----- . y — . -0-1---- .
s= o PEOLunN L Y= S q=0iLnnL L

C



2.3 Numerical methods 27

Then the cosine spectral discretization for2.37) with ( 1.4) is as follows:

Find ;I\“_ (X,t) 2 YN, i.e.,

) XXt .
ne (G = oq(t) pqa(X); x2D; t t; (2.48)
p=0 ¢g=0
such that
(~+1 )@  (X;0)= L (X50); x2D; t t,: (2.49)

Plugging (2.48 into (2.49, noticing the orthogonality of the cosine functions, for
O p N 1and0 g L 1,we nd

(-+i ) T = CDFH(N? Tt (2.50)

dt P

The above ODE can be integrateckxactly in time, i.e.,

M) = el OV Nyt ti0 p N L0 g L1 (251)

where ~= ——. The above procedure is not suitable in practice due to the di culty
of computing the integrals in .48. In practice, we need approximate the integrals
by a quadrature rule on grids. De ne the grid points as,1 = at (j + %)hx

forj =0;1:::;N 1andy,+; = c+(|+1)h forj =0;1:::;L 1; denote

"n
i+3 1. |+

| = 0,1;:::;L 1 and n 0; and " be the solution vector at timet = t,

. be the numerical apprOX|mat|on of ' (xJ+ ,y|+1,t Yforj =0;1%:::;N 1,

with componentsf ", ,;0 j N 1,0 | L 1gforn 0. Choose

J+l.|+l’

50 = 0(xJ+ 1Y) foro j N land0 | L 1, then a cosine

j+a+1 T
pseudospectral approximation forZ.37) with (1.4) reads as, forO j N 1 and
O I L 1

N 1K 1

"+l — X ye~[( X)2+( q)z] A n (X Y 1) n 0: (2 52)

i+3il+3 P q Palj+ 30 Y+ ’ '
p=0 ¢=0

where

1K 1

e

P’:rf]J: )IS il@/ jf%;l+% pq(xj’r%;y'*%); O p N LO g L L

j=0 1=0
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with
8
<

N O
o O

q
q

o %
o<
1

N 1

Z|n | Z|= |

., p=0;
1 p

Again, combining the above cosine pseudospectral discretizatioittwthe second
order Strang splitting presented in the subsection 3.1, we obtain are-splitting co-
sine pseudospectral (TSCP) discretization for the GLSEL(1) on a rectangle with
homogeneous Neumann BCL(4). This TSCP discretization is unconditionally sta-
ble, second order in time and spectral order in space, the memonystis O(NL)

and the computational cost per time step i©©O (NL In(NL)) via DCT [ 140Q.

Remark 2.3.1. If the homogeneous Neumann BCL(4) is replaced by periodic BC,
the above TSCP discretization for the GLSE1(1) is still valid provided that we
replace the cosine basis functions by the Fourier basis ftinos in the spectral dis-
cretization and use the quadrature rule associated to theufeer functions [140. We

omit the details here for brevity.

2.3.3 Discretization in a disk domain

Let D = fx jjxj < Rgbe adisk withR > 0 a xed constant. In this case,
it is natural to adopt the polar coordinate (; ). In order to discretize 2.37) with
either (1.3) or (1.4), we apply the standard Fourier pseudospectral method in-
direction [14Q, nite element method in r-direction, and Crank-Nicolson method in
time [13,18,160. With the following truncated Fourier expansion

|=)€2 1
" t) = “rty; 0 r R, O 2; (2.53)

I= L=2
where L is an even positive number and\| is the Fourier coe cients for the |-
th mode, plugging .53 into (2.37) and using the orthogonality of the Fourier

functions, we obtain forl= &; ;% 1

2
1< A

(-+i)@"(rt)= Fl@ r@ "\ (r;t) 5 (rt); 0<r<R; t t,; (2.54)
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with the following boundary condition atr =0
@"(0;1) = 0; “0;t)=0; 160; t tn (2.55)

When the Dirichlet BC (1.3 is used for .37, we then impose the following

boundary condition atr = R:
YA 2

“.(R;t):@,::zi i g )e"d; % | % 1, t t,: (2.56)

Let P¥ denote all polynomials with degree at mosk, denote 0 =rg <r; < <
rv = R be a partition for the interval [0; R] with N a positive integer and a mesh

sizeh=maxo ; n 1(rj+2 rj), and de ne a nite element space by
U"= u"2CIOR]j Uiy, 2P% 0 j N 1

Introducing the following nite element approximate sets associateto the Dirichlet

BCsfor 5 | % 1las

8
S uh2UMju(R) = ; | =0;
U= Ju(R) =% (2.57)
u"2 UM juhr©0)=0; U"(R)=% ; 160;

then we obtain the FEM approximation for .54 with (2.55 and (2.56):

Find ""(;t)2 U with 5 1 5 1 such that

%A(ﬁh; N=B("" M+ 2™ M 8"2U% t, ot thr; (2.58)

where the bilinear formsA, B and C are de ned as
YA R YA R
AW vy =( «+i ) ru™dr; B V") = r@u@vhdr;
7 0 0
h.yhy — R 1 hy,h - h. ,h h.
C(u™;vh) = Fuvdr, 8u™; v'2 U™
0
The above ODE system2.58) is then discretized by the standard Crank-Nicolson

scheme in time. Here although an implicit time discretization is applied fai2.58),
the one-dimensional nature of the problem makes the coe cients atrix for the

linear system band limited. For example, if the piecewise linear polynonhia used,
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i.e., k =1in U", the matrix is tridiagonal. Thus foreach xed 5 | & 1, fast
algorithms can be applied to solve the resulting linear systems at thest of O(N).

Similarly, when the homogeneous Neumann BQ () is used for .37, the above
discretization is still valid provided that we replace the boundary cagiition at r = R
in (2.56 by

L L
@"\(R;t)=0; 5 5 Lot ot (2.59)

the nite element subsetsU? in (2.57) and UP in (2.58 by the following nite element

spaces

< uh | =0;
U= (2.60)
u2 UM juh@©)=0 ; 160:
The detailed discretization is omitted here for brevity.

Remark 2.3.2. The equation @.54) with (2.55 can also be discretized in space
by either Legendre or Chebyshev pseudospectral methb([ and in time by the

Crank-Nicolson method.



Chapter

Vortex dynamics in GLE

Formal analysis indicate that, if initially , has isolated vortices, these vortices
move with velocities of the order ofiin"j ! in the GLE dynamics with . =1
[28,99 104. Therefore, to obtain nontrivial vortex dynamics, in this chapter we

always assume & " < 1 and choose

1 1

.= = ; <"< I A

jin"j In(1=")’ 0 (3.1)
We then apply the numerical method presented in chapte? to simulate quan-
tized vortex interaction of GLE, i.e., =0; - = @ in the GLSE (1.1), with

dierent " and under dierent initial setups including single vortex, vortex pait
vortex dipole and vortex cluster. We study how the dimensionless aneter ", ini-
tial setup, boundary value and geometry of the domai a ect the dynamics and
interaction of vortices. Moreover, we compare the results obtad from the GLE
with those from the corresponding reduced dynamical laws, and mdy the cases
where the reduced dynamical laws agree qualitatively and/or quaitatively as well
as fail to agree with those from GLE on vortex interaction. Finally, & also obtain
numerically di erent patterns of the steady states for quantized/ortex clusters and

study the alignment of the vortices in the steady state.

31
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3.1 Initial setup

For a given bounded domairD, the GLSE (1.1) is unchanged by the re-scaling
x! Ix,t! [Ptand"! [|" with | the diameter ofD. Thus without lose of generality,
hereafter, without speci cation, we always assume that the dianber of D is O(1).
The initial data  in (1.2) for simulating GLE thus is chosen asZ.6) with Ry = 0:25
in (2.7). To simulate GLE under Dirichlet BC, we choose the functiorg(x) in (1.3

as

M

_ P
g(x) = g(hC)+ 2 nj (x X,-O)); X2 @: (3.2)

and we consider following six kinds of modes for the phase sHiftx) in (3.2) and

(2.6):
Mode 0: h(x) =0; Mode 1: h(x) = x + v;
Mode 2:h(x) = x v; Mode 3:h(x) = x* y?
Mode 4:h(x) = x2 y? 2xy; Mode5:h(x)= x2 y? 2xy:

Moreover, to simulate GLE under homogeneous Neumann BC, we dse the phase

shift h(x) to be the solution of the following problem:

8

2 h(x)=0; x2D;

§I§@h(X)= @@P:\ilm (x Xx); x2@; (3.3)
© ph(x)dx =0

Without speci cation, this initial setup will also be used in chapter4 in studying
vortex interaction in the NLSE dynamics and chaptei5 in the CGLE dynamics. To
simplify our presentation, forj = 1;2;:::;M, hereafter we Ietx}' (t) and x;(t) be
the j -th vortex center in the GLE dynamics and corresponding reducedlynamics,
respectively, and denotel, (t) = jx;(t) x{(t)j as their di erence. Moreover, in the
presentation of gures, the initial location of a vortex with winding rumber +1, 1

and the location that two vortices merge are marked as "+, "and " ', respectively.
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Furthermore, if a vortex could nally stay steady in somewhere, welenote its nal
location as “*'. Finally, in our computations, if not speci ed, we takeD =[ 1;1},
mesh sized, = hy = 5 and time step =10 °. The GLE with (1.3), (1.2 and
(2.6) is solved by the method TSCNFD presented in section 3.

3.2 Numerical results under Dirichlet BC

3.2.1 Single vortex

Here we present numerical results of the motion of a single quantizeortex
under the GLE dynamics and its corresponding reduced dynamicamla. We take
M =1, n; = 1 and consider following cases: case x? = (0;0), h(x) = x + y;
case 1.x? = (0;0), h(x) = x y; case Ill.x§ = (0;0), h(x) = x> y? case IV.
x9 = (0:1,0:2), h(x) = x + y; case V.x¢ = (0:1;0:2), h(x) = x y; and case VI.
x9=(0:1,0:2), h(x) = x> y2 Fig. 3.1depicts trajectory of the vortex center when
" = & for the above 6 cases and, with di erent " for case Il, IV and VI. From Fig.
3.1 and additional numerical experiments not shown here for brevityve can draw
following conclusions: (i). Whenh(x) 0, the vortex center doesn't move and this
is similar to the case in the whole space. (ii). Wheh(x) = (x+by)(x ) with b6 0,
the vortex does not move ifxg = (0;0), while it does move ifxq 6 (0;0) (cf. case
Il and VI for b=1). (iii). When h(x) 6 0 and h(x) 6 (x + by)(x %) with b6 0,
in general, the vortex center does move to a di erent point from it$nitial location
and stays there forever. This is quite di erent from the situation inthe whole space,
where a single vortex may move to in nity under the initial data .6) with h(x) 6 0
and D = R?. (iv). In general, the initial location, the geometry of the domain ad
the boundary value will all a ect the motion of the vortex center. {). When" ! 0,
the dynamics of the vortex center in the GLE dynamics convergeshidormly in
time to that in the reduced dynamics (cf. Fig.3.1) which veri es numerically the
validation of the reduced dynamical laws. In fact, based on our esttsive humerical

experiments, the motion of the vortex center from the reducedydamical laws agree
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Figure 3.1: (a)-(b): Trajectory of the vortex center in GLE unde Dirichlet BC when

"= 3—12 for cases I-VI (from left to right and then from top to bottom), and (c): d;

for di erent " for cases I, IV and VI (from left to right) in section 3.2.1

with those from the GLE dynamics qualitatively when 0<" < 1 and quantitatively

when 0< " 1.

3.2.2 \Vortex pair

Here we present numerical results of the interaction of vortex paunder the
GLE dynamics and its corresponding reduced dynamical laws, i.e., wake M = 2,
ng=ny, =1, x% = ( 050) and x§ = (0:5;0) in (2.6). Fig. 3.2 depicts time

evolution of the amplitudej "j, while Fig. 3.3 shows that of the GL functionals as
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well as the trajectory of the vortex centers wheri = 3—12 in with di erent h(x) in
(2.6). Fig. 3.4 shows time evolution ofx|(t), x;(t) and d;(t) with di erent h(x) in
(2.6).

From Figs. 3.2, 3.3 & 3.4 and additional numerical results not shown here for
brevity, we can draw the following conclusions for the interaction ofortex pair un-
der the GLE dynamics with Dirichlet BC: (i). The two vortices undergoa repulsive
interaction, they never collide, both of them move towards the bawdary of D for a
while and nally stop somewhere near the boundary which indicate thidhe bound-
ary imposes a repulsive force on the vortices whens large enough (cf. Figs.3.2
& 3.3). (ii). When h(x) 0, the two vortex centers move outward along the line
connecting them initially, and their trajectories are symmetric, i.e.x;(t) =  X,(t),
while when h(x) 6 0, it a ects the motion of the two vortex centers signi cantly
(cf. Fig. 3.3. (iii). When " ! 0, the dynamics of the two vortex centers in the
GLE dynamics converges uniformly in time to that in the reduced dymaics (cf.
Fig. 3.4) which veri es numerically the validation of the reduced dynamical law
in this case. In fact, based on our extensive numerical experimsnthe motions of
the two vortex centers from the reduced dynamical laws agree withose from the
GLE dynamics qualitatively when 0< " < 1 and quantitatively when 0< " 1.
(iv). During the dynamics of GLE, the GL functional and its kinetic pat decrease
when time increases, its interaction part changes dramatically whens small, and

whent ! 1 , all the three quantities converge to constants (cf. Fig3.3), which

immediately imply that a steady state solution will be reached wheh! 1

3.2.3 \Vortex dipole

Here we present numerical results of the interaction of vortex diybe under the
GLE dynamics and its corresponding reduced dynamical laws, i.e., wake M = 2,
ng= 1,n, =1, x¢=( dy;0) and x9 = (dp;0) in (2.6). Fig. 3.5 depicts time
evolution of the amplitudej "j, while Fig. 3.6 shows that of the GL functionals as

1

well as the trajectory of the vortex centers whert = =5 in GLE with dierent do
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t=0 t=0.04 t=0.1 t=0.4
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Figure 3.2: Contour plots off "(x;t)j at di erent times for the interaction of vortex
pair in GLE under Dirichlet BC with " = % and di erent h(x) in (2.6): (a) h(x) =0,
(b) h(x) = x+y.
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Figure 3.3: Trajectory of vortex centers (left) and time evolutionof the GL func-
tionals (right) for the interaction of vortex pair in GLE under Dirichlet BC with
"= 3—12 for di erent h(x) in (2.6): (@) h(x) =0, (b) h(x) = x+y.

and h(x) in (2.6) as well as the critical valued, for di erent " whenh(x) x+y.
Fig. 3.7 shows time evolution ofx}(t), x;(t) and d,(t) with dy = 0:5 for di erent "
and h(x) in (2.6).

From Figs. 3.5 3.6 & 3.7 and additional numerical results not shown here for
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Figure 3.4: Time evolution ofx;(t) and x(t) (left and middle) and their di erence
d; (right) for dierent " for the interaction of vortex pair in GLE under Dirichlet

BC for dierent h(x) in (2.6): (a) h(x) =0, (b) h(x) = x+y.

brevity, we can draw the following conclusions for the interaction ofortex dipole
under the GLE dynamics with Dirichlet BC: (i). Both boundary value, i.e, h(x),
and distance between the two vortex centers initially, i.e.,dd, a ect the motion of
the vortices signi cantly. (i)). When h(x) 0, for any initial location of the vortex
dipole, the two vortices always undergo an attractive interactionrad their centers
move toward each other along the line connecting them initially, theirrajectory are
symmetric with respect to the line perpendicular to the segment caercting them
initially, and nally, they merge at the middle point of this segment, i.e., he point
Xmerge = 3(X3+ x9) (cf. Figs. 3.5& 3.6). At the collision, both vortices in the vortex
dipole merge/annihilate with each other; and after the collision, thewill disappear
and no vortex is left afterwards during the dynamics. For any xed <" < 1, there
is a collision timeT. which increases wheri decreases. (iii). Wherh(x) = x + vy,
the two vortices move along a symmetric trajectory, i.ex;(t) = x,(t). Moreover,

for the reduced dynamical laws, there exists a critical valuef,, which is found
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Figure 3.5: Contour plots off "(x;t)j at di erent times for the interaction of vortex
dipole in GLE under Dirichlet BC with " = 3—12 for di erent dy and h(x) in (2.6): (a)
h(x) =0, dp=0:5, (b) h(x)= x+vy,dy=0:5, (c) h(x) = x+ vy, do=0:3.

numerically asd;  0:4142, such that whend, < d{, then the vortex dipole will
merge at nite time, and respectively, whendy, > d, the vortex dipole will never
collide. Similarly, for the vortex dipole under the GLE dynamics, for ezh xed
0<"< 1, there exists a critical valued, such that whend, < d_, then the vortex
dipole will merge at nite time, and respectively, whend, > d ., the vortex dipole
will never collide (cf. Figs. 3.5& 3.6). We nd numerically the critical distance

d, for 0 <" < 1 and depict them in Fig. 3.8 From these values, we can t the
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Figure 3.6: (a)-(c): Trajectory of vortex centers (left) and tine evolution of the
GL functionals (right) for the interaction of vortex dipole in GLE under Dirichlet
BC with " = 3—12 for dierent dy and h(x) in (2.6): (a) h(x) = 0, dy = 0:5, (b)
h(x) = x+vy, dy=0:5, (c) h(x) = x+y, do = 0:3. (d): Critical value d. for di erent

"“whenh(x) x+y.
following relationship betweend, and d.:

q

C

d. +41:26'*% 0 "< L

(iv). When " ! 0, the dynamics of the two vortex centers under the GLE dynamics
converges uniformly in time to that of the reduced dynamical laws li@re the collision
happens (cf. Fig. 3.7) which veri es numerically the validation of the reduced
dynamical laws in this case. In fact, based on our extensive numeii@xperiments,
the motion of the two vortex centers from the reduced dynamicdaws agree with
those from the GLE dynamics qualitatively when 0< " < 1 and quantitatively
when 0<™ 1 if the initial distance between the two vortex centers satis es dier
0<do<dLordy,>d, On the contrary, if d. < do < d, then the motion of
the vortex dipole from the reduced dynamical laws is di erent qualitavely from
that of the GLE dynamics. (v). During the dynamics of GLE, the GL finctional

decreases when time increases, its kinetic and interaction partsadge dramatically
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Figure 3.7: Time evolution ofx;(t), x(t) (left and middle) and their di erence d;
(right) for di erent " for the interaction of vortex dipole in GLE under Dirichlet BC

with dy = 0:5 for di erent h(x) in (2.6): (a) h(x) =0, (b) h(x)= x+y.
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Figure 3.8: Critical valued, for the interaction of vortex dipole of the GLE under

Dirichlet BC with h(x) x+ y in (2.6) for di erent

whent is small, and whent ' 1 , all the three quantities converge to constants (cf.
Fig. 3.6). Moreover, if nite time merging/annihilation happens, the GL fundional
and its kinetic and interaction parts change signi cantly during the ollision. In
addition, whent!1 | the interaction energy goes to 0 which immediately implies

that a steady state will be reached in the form of "(x) = €™, wherec(x) is a
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. : L : P
harmonic function satisfyingc(X)je = h(x) + jle nj (x xjo).

3.2.4 \ortex cluster

Here we present numerical results of the interaction of vortex dters under
the GLE dynamics. We will consider the following cases: caseM = 3, n; =
no=ng=1, x?=( 025 5), x93 =( 025 ?), x3 = (0:5;0); case II.M = 3,
ng=ny=n3=1, x¢=( 040), x3 =(0;0), x3 =(0:40); case .M = 3,
Ny =n, =nz=1, x§ =(0;0:3), x3 = (0:15,0:15), x§ = (0:3;0); case IV.M = 3,
ng= 1,np=nz=1, x?=( 025 5), x3=( 025 pTg), x9 = (0:5;0); case V.
M=3n= 1n=n3=1 xj=( 040),x; =(0;0), x3 =(0:4,0); case VI.
M=3nm= 1,n=n3=1, x7=(0:2,03),x3 =( 0304), x3=( 04, 02);
case VILM =4, n;=n,=n3=n, =1, x? =(0;05), xJ =( 050), X3 =
(0; 05),x9=(0:50); case VIII.LM =4, n;=n3= 1,n,=ns=1, x{=(0;0:5),
x93 =( 050),x3=(0; 05),x?=(0:50); and case IXxM =4, n; = ny = 1,
Nz = ng =1, x7 = (0,;0:5), x3 = ( 05;0), x3 = (0; 05), x; = (0:50). Fig.

3.9 shows trajectory of the vortex centers wheri = 2 in and h(x) = 0 in (2.6)
for the above 9 cases. From Fig.3.9 and additional numerical experiments not
shown here for brevity, we can draw the following conclusions: (i).hE interaction
of vortex clusters under the GLE dynamics with Dirichlet BC is very ineresting
and complicated. The detailed dynamics and interaction pattern of @ortex cluster
depends on its initial alignment of the vortices, geometry of the doam D and the
boundary valueg(x). (ii). For a cluster of M vortices, if they have the same index,
then no collision will happen for any timet 0. On the other hand, if they have
opposite index, e.g.M* > 0 vortices with index "+1' and M > 0 vortices with
index = 1' satisfyingM*™ + M = M, collision will always happen at nite time.
In addition, when t is su ciently large, there exist exactly jM* M j vortices of

winding number "+1'ifM* >M ,andresp. 1'if M* <M | left in the domain.
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Figure 3.9: Trajectory of vortex centers for the interaction of derent vortex
clusters in GLE under Dirichlet BC with " = = and h(x) = 0 for cases I-IX (from

left to right and then from top to bottom) in section 3.2.4

3.2.5 Steady state patterns of vortex clusters

Here we present the steady state patterns of vortex clusterstime GLE dynamics
under Dirichlet BC. We study how the geometry of the domairD and boundary

condition a ect the alignment of vortices in the steady states. Tohis end, we take
2] 2]

n=1; x{=0:5 cos Vo Sn e s 1 ELZnMm

i.e., initially we have M like vortices which are located uniformly in a circle centered

at origin with radius R; = 0:5.
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Figure 3.10: Contour plots off "(x)j for the steady states of vortex cluster in GLE
under Dirichlet BC with " = ﬁ for M = 8; 12 16, 20 (from left column to
right column) and di erent domains: (a) unit disk D = B4(0), (b) square domain
D =[ 1;1F, (c) rectangular domainD =[ 1:6;1:6] [ 1;1].

Denote “(x) as the steady state, i.e., (X) =limy;  "(x;t) for x 2 D. Fig.
3.10depicts the contour plots of the amplitudej 'j of the steady state in the GLE
dynamics with h(x) = x?> y?+2xy in (2.6) for dierent M and domains, while
Fig. 3.11depicts similar results on a rectangular domai® =[ 1.6;1.6] [ 1;1]
for dierent M and h(x) in (2.6). In addition, Fig. 3.11shows similar results with
M =8 for di erent h(x) and domainD.

From Figs. 3.10 3.11 & 3.12 and additional numerical results not shown here
for brevity, we can draw the following conclusions for the steady ae patterns
of vortex clusters under the GLE dynamics with Dirichlet BC: (i). The vortex
undergo repulsive interaction between each other and they move Ibcations near

the boundary of D, there is no collision and a steady state pattern is formed when
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Figure 3.11: Contour plots off "(x)j for the steady states of vortex cluster in GLE
under Dirichlet BC with " = 1—16 on a rectangular domainD =[ 1.:6;1.6] [ 1;1]

for M =8; 12 16, 20 (from left column to right column) and di erent h(x): (a)

h(x) =0, (b) h(x) = x+vy, (c) h(x) = x> y? (d) h(x) = x vy, (e) h(x) =

x? y2 o 2xy.

t!1 . Infact, the steady state is also the solution of the following minimizan

problem

=argmin )i, o= 5z £ ()

Actually, based on our extensive numerical experiments, we foutigat for a vortex
cluster of any con guration, i.e., vortices in the vortex cluster maybe opposite

winding number, the vortices either merge and annihilate and all theftever vortices



3.2 Numerical results under Dirichlet BC 45

Figure 3.12: Contour plots off "(x)j for the steady states of vortex cluster in GLE
under Dirichlet BC with " = = and M =8 on a unit disk D = B4(0) (top row) or
a squareD =[ 1;1F (bottom row) under dierent h(x) =0; x+ y; x> Vy? X

y; X2 y?  2xy (from left column to right column).
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Figure 3.13: Width of the boundary layer LW vsM (the number of vortices) under
Dirichlet BC on a squareD =[ 1;1F when" = % for di erent h(x): (a) h(x) =0,
(b) h(x) = x+y.

are all pinned in near the boundary nally. This phenomena is similar withthe one
in the superconductor involving magnetic eld 104.

(ii). During the dynamics, the GL functional decreases when time imeases.
(iii). Both the geometry of the domain and the boundary condition, i.e h(x), a ect
the nal steady states signi cantly. The con guration of a vortex cluster at the
steady state follows the symmetry oD and h(x). For example, in the disk domain,

whenh(x) = x2 y?+2xy, the vortex cluster is symmetric with respect to the two
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linesy = (1 P 2)x andy = (1 + P 2)x which satisfy h(x) = 0 (cf. Fig. 3.10. (iv).

At the steady state, the distance between the vortex centermd @ depends on'

and M. For xed M, when" decreases, the distance decreases; and respectively,
for xed ", whenM increases, the distance decreases. In order to characterizes th

distance, we denote
LW := LW (M;") = lim  min dist(x; (t); @); M 2
! j

For a square domainD =[ 1;1], we nd these distances numerically and depict
LW (M;") with " = L for dierent M in Fig. 3.13 From these results, we can t

the following relations betweerL W (M;" = 1=16) as a function ofM as
LW 0:4M %7713 M L
for h(x) 0, and respectively,
LW 0:3714m o784 oM 1,

for h(x) = x + y. For other cases, we can also t out similar results, we omit here

for brevity.

3.2.6 Validity of RDL under small perturbation

It is well known that in the NLSE dynamics highly co-rotating vortex will radiate
out sound waves, which will in turn modify their motion. In other words, the reduced
dynamical law which does not take the radiation into account will becoe invalid
after the sound wave coming up, or equivalent to say, a small perhation comes up
in the eld. To understand if there were same bad situations in the GE dynamics,
i.e., if the RDL in the GLE dynamics is valid under small perturbation or ng, we

take the initial data (1.2) as

"x;0)= S (x)= o(x)+ e 00K 04y o (xeyy 2D (3.4)

where  is given in 2.6) with h(x) O,M =2, n;=n,=21and x? = x§

(0:5;0), i.e., we perturb the initial data for studying the interaction of a \ortex pair
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Figure 3.14: Time evolution ofdf (t) for non-perturbed initial data (left) and per-

turbed initial data (right) in section 3.2.6

by a Gaussian function with amplitude . Then we take = " and let " go to
0, and solve the GLE with initial condition (3.4) for the vortex centersxf (t) and
x5 (t) and compare them with those from the reduced dynamical law. Weedote
d” (t) = jx/ (1) x/(t)j for j = 1;2 as the error. Fig.3.14depicts time evolution
of dl;" (t) for the case when = ", i.e., small perturbation, and the case when
= 0, i.e., no perturbation. From this gure, we can see that small pdurbation
in the initial data does not a ect the motion of the vortices much, sae as that
with non-perturbed initial setups, the dynamics of the two vortexcenters under the
GLE dynamics with perturbed initial setups converge to those obtaed from the
reduced dynamical law wher' I 0 as well. Actually, from our extensive numerical
examples, we see that any kind of small perturbations that we cadsr in the initial
setup does not a ect the motion of the vortex dynamics much, th&DL always hold

valid.

3.3 Numerical results under Neumann BC

3.3.1 Single vortex

Here we present numerical results of the motion of a single quantizeortex
under the GLE dynamics and its corresponding reduced dynamicalwa, i.e., we
take M =1 and n; = 1in (2.6). Fig. 3.15depicts trajectory of the vortex center

for dierent x? in (2.6) when" = = in and d; for dierent ". From Fig. 3.15and
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Figure 3.15: Trajectory of the vortex center wheri = 3—12 (left column) and d; for dif-
ferent” (right column) for the motion of a single vortex in GLE under homogegous
Neumann BC with di erent x? in (2.6): (a) x? =(0;0:1), (b) x?=(0:1;0:1).

additional numerical results not shown here for brevity, we can eehat: (i). The
initial location of the vortex, i.e., value ofxy a ects the motion of the vortex a lot
and this shows the e ect on the vortex from the Neumann BC. (ii). ix§ = (Xo; Yo) 6
(0;0) satisesxg =0o0r yo =0 o0r Xxo = Yo, the trajectory is a straight line. (iii).
If x2 =(0;0), the vortex will not move all the time, otherwise, the vortex will nove
and nally exit the domain and never come back. This is quite di erent fom the
situations in bounded domain with Dirichlet BC where a single vortex camever
move outside the domain or in the whole space where a single vortexedn't move
at all under the initial condition (2.6) whenD = R2. (iv). As " ! 0, the dynamics of
the vortex center under the GLE dynamics converges uniformly inrbe to that of the
reduced dynamical laws well before it exits the domain, which veri esumerically
the validation of the reduced dynamical laws in this case. Of coursghen the vortex
center is being exited the domain or after it moves out of the domairhe reduced
dynamics laws are no longer valid. However, the dynamics of GLE is splhysically
interesting. In fact, based on our extensive numerical experintsnthe motion of
the vortex centers from the reduced dynamical law agrees withahfrom the GLE

dynamics qualitatively when 0< " < 1 and quantitatively when 0< " 1 well

before it moves out of the domain.
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3.3.2 \Vortex pair

Here we present numerical results of the interaction of vortex paunder the
GLE dynamics and its corresponding reduced dynamical laws, i.e., wake M = 2,
np=ny=1 x7=( 05;0) and x; =(0:5;0) in (2.6).

Fig. 3.16 depicts time evolution of the amplitudej °j, time evolution of the
GL functionals, x| (t), x;(t) and d,(t), and trajectory of the vortex centers for GLE
under homogeneous Neumann BC.

From Fig. 3.16 and additional numerical results not shown here for brevity,
we can draw the following conclusions for the interaction of vortexgir under the
GLE dynamics with homogeneous Neumann BC: (i). The two vorticesndergo a
repulsive interaction, their centers move outwards along the line goected them
initially with symmetric trajectories, i.e., x;(t) = X,(t) (cf. Fig. 3.16(a) & (b)).
Moreover, if the two vortices are not located symmetrically initially, he one closer
to the boundary will rst move outside the domain and the other onewill exit
the domain later. All the vortices will exit the domain D at nite time T. which
increases wheri' decreases. (ii). When' ! 0, the dynamics of the two vortex
centers under the GLE dynamics converge uniformly in time to thatfahe reduced
dynamical laws before any one of them exit the domain (cf. Fig3.16c)), which
veri es numerically the validation of the reduced dynamical laws in thicase. In
fact, based on our extensive numerical experiments, the motiot the two vortex
centers from the reduced dynamical laws agree with those frometfGLE dynamics
gualitatively when 0 < " < 1 and quantitatively when 0< " 1. (iii). During
the dynamics of GLE, the GL functional and its kinetic parts decrese when time
increases, its interaction part doesn't change much whenis small and changes
dramatically when any one of the two vortices move outside the donmaD. When
t!1 , all the three quantities converge to O (cf. Fig3.1§c)), which imply that a
constant steady state will be reached in the form of"(x) = €% for x 2 D with c,

a constant.
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Figure 3.16: Dynamics and interaction of a vortex pair in GLE under Nenann
. - " . - - "o l - - -
BC: (a) contour plots ofj (x;t)j with " = = at di erent times, (b) trajectory of the

3 (©)

time evolution of x;(t) and x/(t) (left and middle) and their di erence d,(t) (right)

vortex centers (left) and time evolution of the GL functionals (righ) for " =

for di erent ".

3.3.3 Vortex dipole

Here we present numerical results of the interaction of vortex diybe under the
GLE dynamics and its corresponding reduced dynamical laws, i.e., wake M = 2,
np= 1,n,=1, xj7=( dpy0)andx; = (do;0) with dy a constant.

Fig. 3.17depicts contour plots of the amplitudgj “j, while Fig. 3.18shows time

evolution of GL functionals and trajectory of the vortex centersvhen"” = 3—12 in for
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Figure 3.17: Contour plots of "(x;t)j at di erent times for the interaction of vortex

dipole in GLE under Neumann BC with" = 3—12 for dierent dy: (a) dp = 0:2, (b)
d() =0:7.
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Figure 3.18: Trajectory of vortex centers (left) and time evolutio of the GL func-
tionals (right) for the interaction of vortex dipole in GLE under Neumann BC with

"= L for dierent do: (@) do=0:2, (b) dy=0:7.

dierent dy in (2.6). Fig. 3.19 shows time evolution ofx|(t), x;(t) and d;(t) for
dierent " and do.
From Figs. 3.17, 3.18& 3.19and additional numerical results not shown here for

brevity, we can draw the following conclusions for the interaction ofortex dipole
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Figure 3.19: Time evolution ofx;(t) and x{(t) (left and middle) and their di erence

d,(t) (right) for dierent " and dy: (a) dp = 0:2, (b) dp = 0:7.

under the GLE dynamics with homogeneous Neumann BC: (i). The initidocation

of the vortices, i.e.,dy, a ects the motion of vortices signi cantly. In fact, there exists

a critical value d; =

d, for 0<" < 1, which is found numerically agl, = 0:5, such

that when the distance between the two vortex centers initiallyy = %jx(l’ x9j < dr,

then the two vortices will move towards each other along the line caecting their

initial locations and nally merge at the origin at nite time T. which increases when

" decreases, and respectively, whety > d{, the two vortices will move outwards

along the line connecting their initial locations and nally move out of tle domain at

nite time T. which increases wheh decreases (cf. Figs3.17& 3.18. Moreover, the

trajectories of the two vortices are symmetric, i.e.xy(t) =

Xz(t),

and nally the

GLE dynamics will lead to a constant steady state with amplitude 1, i.e.,”(x) = €°°

for x 2 D with ¢ a real constant. (ii). When" !

0, the dynamics of the two vortex

centers under the GLE dynamics converges uniformly in time to thaif the reduced

dynamical laws before they collide or move out of the domain (cf. Fig.19 which

veri es numerically the validation of the reduced dynamical laws in thizase. In
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fact, based on our extensive numerical experiments, the motiofi the two vortex
centers from the reduced dynamical laws agree with those frometltGLE dynamics
qualitatively when 0 < " < 1 and quantitatively when 0< " 1. (iii). During
the dynamics of GLE, the GL functional and its kinetic part decreas when time
increases, its interaction part doesn't change much whenis small. All the three
guantities changes dramatically when the two vortices collide or mowcross @D

and eventually converge to O when!1  (cf. Fig. 3.18.

3.3.4 \Vortex cluster

Here we present numerical results of the interaction of vortex dters under
the GLE dynamics. We will consider the following cases: caseM = 3, n; =
n,=ns=1, x? =( 02 5), x3=( 02 p—f), x$ = (0:4;0); case II.M
ng=np,=n3z=1, x2=( 040), x3 =(0;0), x3 = (0:4,0); case Ill. M
Nnp=ny=n3=1, xj =( 0402), x3 =(0;0:2), x3 = (0:4;0:2); case IV.M = 3,
n,= 1,n;=n3=1 x7=( 040),x3 =(0;0), x3 =(0:4,0); case V.M = 3,
ns= 1,ni=np,=1 x{=( 02 5), x3=( 02 p—f), x3$ = (0:4;0); case V.
M =4 n=n,=n3=n4=1, x?=(0:4 04sin(1)), x5 = ( 0:2,0:4cos(1)),
x3=( 02,04sin(1)),x3=(0;0); case VLM =4, n;=nzg= 1,n,=n,=1,
x{ = ( 04;0), x3 = ( £;0), x3 = (&:;0), x = (0:4,0); case VII. M = 4,
== Ling=ng=1 x0= (0409 =( 025 x3=( 02 )
x3 =(0;0); and case IXM =4, n; = n3 =1, n; = ng = 1, x%=(0:40),
x3=( 02 5), x3=( 02 p—f), x%=(0;0).

n o
L w

2.
15

Fig. 3.20shows trajectory of the vortex centers wheti = = in for the above 9
cases. From Fig.3.20and additional numerical results not shown here for brevity, we
can draw the following conclusions: (i). The interaction of vortex clters under the
GLE dynamics with homogeneous Neumann BC is very interesting androplicated.
The detailed dynamics and interaction pattern of a vortex cluster epends on its
initial alignment of the vortices and geometry of the domairD. (ii). For a cluster

of M vortices, if they have the same index, then at leas?l 1 vortices will move



3.3 Numerical results under Neumann BC 54

1 - 1 1
| 1
v I
> *\ > > A
¥ 1
<+ + + >
0 0 + EaRED SEERE 0
*
v
1 ' 1 1
1 0 X 1 -1 0 X 1 1 0 X 1
0.4 0.7 1 !
[
A
> > * >
! ¥
Y +
L - - <=7
Of+—m™m—©6 - S EEREERE + oF - —— <— ——&6—=<—90 (0] +

>
‘

-0.4 -0.7 1
-0.4 0 M 04 -1 -0.3 x 04 -1 0 x 1
0.4 0.4
0.4 Q +
Y \
“ - )
> - 1
> o Y
4 |
ol e>—o—~<—~+ o0>9 <+1{ 0 + 0 OO T o
A
+ ;( .,.
24
-0.4 0.4 ‘ 0.4
-0.4 0 X 0.4 -0.35 0 X 0.4 -0.34 0 0.45

Figure 3.20: Trajectory of vortex centers for the interaction ofli erent vortex
clusters in GLE under homogeneous Neumann BC with= - for cases I-IX (from

left to right and then from top to bottom) in section 3.3.4

out of the domain at nite time and no collision will happen for any timet 0.
On the other hand, if they have opposite index, collision will happen anite time.
After collisions, the leftover vortices will then move out of the doma at nite time
and at most one vortex may left in the domain. Whert is su ciently large, in most
cases, no vortex is left in the domain; of course, when the geonye&ind initial setup

are properly symmetric andM is odd, there maybe one vortex left in the domain.
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Figure 3.21: Contour plots of the amplitudej "(x;t)j for the initial data (top)

and corresponding steady states (bottom) of vortex cluster inhe GLE under ho-

mogeneous Neumann BC with' 1—16 for di erent number of vortices M and
winding number n;: M = 3;n; = n, = ng = 1 (rst and second columns);
M =3;n;= ny=n3z=1(third column); and M =4;n;= n,=n3= ng=1

(fourth column).

3.3.5 Steady state patterns of vortex clusters

Here we present the steady state patterns of vortex clustersder the GLE

dynamics with homogeneous Neumann BC. To this end, we take= % in and

assume theM vortices are initially located uniformly on a line, i.e.,

1
0= 5+ J ; | =1;2:00M;
X; 0:5 M 1,0, J NP '/
or on a circle with radiusR; =0:5, i.e.,
2 .2 .
0 — . . . — TS TRPE .
°=0:5 —-— —— : =1;2;::; M:
X| cos M sin v ]

Fig. 3.21depicts the amplitudej 'j of the initial data and nal steady states under

the GLE dynamics with di erent initial setups.
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From Fig. 3.21 and additional numerical results not shown here for brevity,
we can draw the following conclusions for the interaction of vortexiusters under
the GLE dynamics with homogeneous Neumann BC: (i). If the three l&vortices
initially located uniformly on a circle, they will repel each other and ndly exit
outside the domain and never come back. (ii). If the three like vortes initially
located uniformly on a line, the left and right vortices will nally exit outside the
domain and never come back, while the middle one does not move all thme. (iii).

If the three vortices initially located uniformly on a line with the middle vatex
whose winding number is opposite to the other two, the middle one willoh move
all the time, while the left and right vortices will move toward the originand one
of them will merge with the middle vortex, nally only one vortex will stay at the
origin forever. (iv). If the four vortices initially located uniformly on a circle with
the sign of winding number alternatively changed, the four vorticewill move toward
the original point and merge with each other, and nally there will be © vortex
in the domain. (v). Actually, from our extensive numerical experimats, we can
conclude that for any initial setup, if the number of vorticesM is even, the vortices
will either merge or move outside the domain, and nally there will be naortex
leftover in the domain; while ifM is odd, there will be at most one vortex leftover

in the domain whent ! 1

3.3.6 Validity of RDL under small perturbation

Same as the motivation in sectior8.2.6 here we study the radiation property
of the GLE dynamics under homogeneous Neumann BC in this subsent To this
end, we take the initial data (1.2) as (3.4) with , chosen as Z.6) with M = 2,
np=n,=1,x%= x9=(0:50)andh(x) as (3.3). Then we take =" and let" go
to 0, and solve the GLE with initial condition (3.4) for the vortex centersx, (t) and
x; (t) and compare them with those from the reduced dynamical law. Weedote
d” (1) = jx/ () x/(t)jforj =1;2 as the error. Fig.3.22depicts time evolution of

df (t) for the case when = ", i.e., small perturbation, and the case when=0, i.e.,
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Figure 3.22: Time evolution ofdf (t) for non-perturbed initial data (left) and per-

turbed initial data (right) in section 3.3.6

no perturbation. From this gure, we can see that small perturb@on in the initial

data does not a ect the motion of the vortices much, same as theon-perturbed

initial setups, the dynamics of the two vortex centers under the G2 dynamics with

perturbed initial setups also converge to those obtained from threduced dynamical

law when" !

perturbed initial data under Dirichlet BC.

0, which is simply similar as the situation in the GLE dynamics with

3.4 \Vortex dynamics in inhomogeneous potential

In this subsection, we study numerically the vortex dynamics in the CE dynam-

ics under Dirichlet BC in inhomogeneous potential. We let the externagdotential in

(1.1 as:

1

V(x) =

1+9e (x x07 (v ¥

Xx2D;

(3.5)

where «, y, x¢ andy? are constants, i.e., we impose a single well external potential

with minimal location sitting at point ( x%;y?). To study the joint e ect of the

pinning e ect, the boundary e ect and the interaction between vaetices on the vortex

dynamics, we consider two types of inhomogeneous external puial:

Type |. Symmetric external potential, i.e., x =

Type Il. Anisotropic external potential, i.e.,

= 20;

=30, ,=15.
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Choose the initial data as 2.6) and for simplicity, we always leth(x) = 0 and
(x%;y9) = (0;0) =: O. We study following three cases: caseM =1, n; =1, x; =
[0:4; 0:4], V(x) is chosen as type | potential; case IIM =1, n; =1, x; =[0:4;0:4],
V (x) is chosen as type Il potential; case IlIM =2, n; = n, =1, x; =[ 0:3;0],
X, =[0;0:3], V(x) is chosen as type | potential.

Fig. 3.23 shows the trajectory, time evolution of the distance between gwortex
center and potential center andd;(t) for dierent " for case | and Il, as well as
trajectory of vortex center for di erent " of the vortices for case Ill. From this gure
and additional numerical experiment not shown here for brevity, & can see that:
(). For the single vortex, it moves monotonically toward the pointsx, = (x2;y9),
where the external potential V(x) attains its minimum value (cf. Fig 3.23(a)
& (b)), which shows clearly the pinning e ect. Moreover, the trajetory depend
on the type of the potential V(x). The speed that vortex move tox, as well as
the nal location that vortex stay steady depend on the value of' (cf. Fig. 3.23
(@) & (b)). The smaller the " is, the closer the nal location tox, and the faster
the vortex move to it. (ii)). As " ! 0, the dynamics of the vortex center in the
GLE dynamics converges uniformly in time to that in the reduced dynaics which
veri es numerically the validation of the reduced dynamical laws in thicase. (iii).
For the vortex pair, when" is large, the two vortices will move apart from each other
for a while, then monotonically toward each other and to,, which illustrate the
pinning e ect clearly (cf. Fig. 3.23(c)). Then, they will move apart from each other
again in the opposite direction with one towardk, due to the repulsive interaction
between the two vortices. Otherwise, wheh is small enough, the vortex will simply
move monotonically close to each other and ta, and nally they will stop and

stay steady at someplace neax,. The smaller the" is, the closer the two vortex

1

to the point x,. As we know, in the speeded time scale = Ok

the vortex pair
undergo a repulsive interaction and they always move apart from éaother toward
the boundary in the GLE dynamics under homogeneous potential wh h(x) = 0,

and the smaller the" is, the stronger they repulse from each other, thus, it might
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(a) and (b): trajectory, time evolution of the distane between the

Figure 3.23:
vortex center and potential center andd,(t) for di erent " for case | and Il, and (c):

Trajectory of vortex center for di erent " of the vortices for case Il in sectiorB.4.

be interesting that we studying the pinning e ect of the vortex pairin speeded time
scale to see how the vortex pair continue to move after they movéose tox,. Will

they move apart from each other again?

3.5 Conclusion
In this chapter, by applying the e cient and accurate numerical méhods pro-

posed in chapter2 to simulate Ginzburg-Landau equation (GLE) with a dimension-
less parameter & " < 1 on bounded domains with either Dirichlet or homogenous
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Neumann BC and its corresponding reduced dynamical laws (RDLsjhe studied
numerically quantized vortex interaction in GLE with/without impuritie s for super-
conductivity and compared numerically patterns of vortex interatton between the
GLE dynamics and its corresponding reduced dynamical laws underegdent initial
setups.

For the GLE under a homogeneous potential, based on extensivenmerical re-
sults, we veri ed that the dynamics of vortex centers under the GE dynamics
converges to that of the reduced dynamical laws wheh! 0O before they collide
and/or move out of the domain. Certainly, after either vortices cllide with each
other or move out of the domain, the RDLs are no longer valid; hower, the dy-
namics and interaction of quantized vortices are still physically intesting and they
can be obtained from the direct numerical simulations for the GLE wit xed "> 0
even after they collide and/or move out of the domain. We also idented the pa-
rameter regimes where the RDLs agree with qualitatively and/or quiatively as
well as fail to agree with those from the GLE dynamics. In the validityegimes, the
RDL is still valid under small perturbation in the initial data due to the dissipative
nature of the GLE. Some very interesting nonlinear phenomena réta to the quan-
tized vortex interactions in the GLE for superconductivity were als observed from
our direct numerical simulation results of GLE. Di erent steady stae patterns of
vortex clusters under the GLE dynamics were obtained numericallfsrom our nu-
merical results, we observed that boundary conditions and domageometry a ect
signi cantly on vortex dynamics and interaction, which showed di eent interaction
patterns compared to those in the whole space cadé() 161].

For the GLE in an inhomogeneous potential under the Dirichlet BC, welso
numerically veri ed the validity of the RDL. By directly simulating the GL E, we
nd that vortices move in quite di erent ways from that in the homogeneous case.
The vortices basically move toward critical points of the inhomogenes potential
in the limiting process"” ! 0, which show the pinning e ect that caused by the

impurities given by the inhomogeneities.



Chapter I

Vortex dynamics in NLSE

In this chapter, we apply the numerical method presented in chagt 2 to simulate
guantized vortex interaction of NLSE, i.e., - =0, =1 inthe GLSE (1.1), with
dierent " and under dierent initial setups including single vortex, vortex pait
vortex dipole and vortex cluster. We study how the dimensionless ameter ",
initial setup, boundary value and geometry of the domairD a ect the dynamics
and interaction of vortices. Moreover, we compare the results @ined from the
NLSE with those from the corresponding reduced dynamical lawsné identify the
cases where the reduced dynamical laws agree qualitatively and/fguantitatively
as well as fail to agree with those from NLSE on vortex interactionFinally, we
also investigate the sound-vortex interaction and study the radiave nature of the
vortices in NLSE dynamics.

Without speci cation, the initial data is chose as the same one in saoh 3.11in

chapter 3.

4.1 Numerical results under Dirichlet BC

4.1.1 Single vortex

In this subsection, we present numerical results of the motion ofsangle quan-

tized vortex in the NLSE dynamics and the corresponding reducedyamics, i.e

61
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we takeM =1, n; = 1in (2.6. To study how the initial phase shift h(x) and
initial location of the vortex Xy a ect the motion of the vortex and to understand

the validity of the reduced dynamical law, we consider the following 1dases:
Case I-1ll: x7 = (0;0), and h(x) is chosen as Mode 1, 2 and 3, respectively;

Case IV-VIII: x? = (0:1;0), and h(x) is chosen as Mode 1, 2, 3, 4 and 5,

respectively;
Case IX-XI: x¢ = (0:1;0:1), and h(x) is chosen as Mode 3, 4 and 5, respectively.

Moreover, to study the e ect of domain geometry, we considé of three types: type
l.asquareD = 1;1] [ 1;1], type ll. arectangleD =[ 1;1] [ 0:65 0:65],
and type Ill. a unit disk D = B4(0). Thus we also study the following 4 additional

cases.

Case XII-XIll: x§ = (0;0), h(x) = x + vy, D is chosen as type Il and lll,

respectively;

Case XIV-XV: x? = (0:1;0), h(x) = x> y? D is chosen as type Il and I,

respectively.

Fig. 4.1depicts trajectory of the vortex center whert = - for Cases I-VI andd;
with di erent " for Cases I, V and VI. Fig. 4.2 shows trajectory of the vortex center
when" = 6%1 in NLSE for cases VI-XI, while Fig.4.3 shows that for Cases XII-XVII
when" = Z. From Figs. 4.1-4.3 and additional numerical experiments not shown
here for brevity, we can draw the following conclusions: (i). Wheh(x) 0, the
vortex center doesn't move and this is similar to the case in the wholpace. (ii).
When h(x) = (x + by)(x %) with b& 0, the vortex does not move ifx? = (0;0),
while it does move ifx? 6 (0;0) (cf. Fig. 4.1 Cases Ill and VI forb = 1). (iii).
When h(x) 6 0 and h(x) 6 (x + by)(x %) with b& 0, in general, the vortex center
does move. For the NLSE dynamics, there exists a critical valdg depending on

h(x), x¢ and D such that if " <" , the vortex will move periodically in a close
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loop (cf. Fig. 4.1), otherwise their trajectory will not be a close loop. This diers
from the situation in the reduced dynamics signi cantly, where the rajectory is
always periodic (cf. Fig.4.2red dash line). Thus the reduced dynamical laws fail
qualitatively when " > " .. It should be an interesting problem to nd how this
critical value depends onh(x), x? and the geometry ofD. (iv). In general, the
initial location, the geometry of the domain and the boundary value W all a ect
the motion of the vortex (cf. Fig. 4.3). (v). When " ! 0, the dynamics of the vortex
center in the NLSE dynamics converges uniformly in time to that in theeduced
dynamics (cf. Fig. 4.1 bottom row) which veri es numerically the validation of the

reduced dynamical laws.

4.1.2 Vortex pair

Here we present numerical results of the interaction of vortex paunder the
NLSE dynamics and its corresponding reduced dynamical laws, i.e., tae M = 2,
n, = n, = 1. We always suppose that the two vortices are initially located symetric
on the x-axis, i.e., we takex; = x? =(dy;0)with0<dp< 1in (2.6). Let " = %,
we consider the following three cases: casald.= 0:1 andh(x) =0; case Il.dy = 0:5
andh(x) =0; case lll.dg = 0:5 andh(x) = x+y. Fig. 4.4depicts the trajectory of
the vortex pair, the time evolution of E'(t), B, (), X;(t), x,(t) and d,(t) for above
3 cases.

From Figs. 4.4 and additional numerical results not shown here for brevity, we
can draw the following conclusions for the interaction of vortex paunder the NLSE
dynamics with Dirichlet BC: (i). The total energy is conserved duringhe dynamics
of the NLSE in all cases. (ii). The pattern of the motion of the vorte centers depend
on both the initial location of the two vortices and the initial phase sht h(x) in
(2.6). (iii). When h(x) 0, the vortices move periodically and their trajectories
are symmetric, i.e.,x;(t) = X,(t). Moreover, for both the reduced dynamical law
and NLSE dynamics, there is a critical value ofly, say d. and d, respectively, such

that if dp < d& (or dy < d in NLSE dynamics), the two vortices will rotate with
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Figure 4.1: Trajectory of the vortex center in NLSE under DirichleBC when" = %

for Cases I-VI (from left to right and then from top to bottom in top two rows),
and d; for di erent " for Cases I,V&VI (from left to right in bottom row) in section
4.1.1

each other and move along a circle-like trajectory, otherwise, thevill move along
a crescent-like trajectory (cf. Figst.4 (a) & (b)). We nd numerically the critical
valued. 0:4923 andd, for 0 <" < 1 which are depicted in Fig.4.5. From these

values, we can t the following relation ford. and d.:
d, = d+2:11"%%;,  0<"< 1.

(iv). When h(x) 6 0, it a ects the motion of the two vortex centers signi cantly (cf.

Figs4.4 (c)). (v). For any xed dp, the dynamics of the two vortex centers under
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Figure 4.2: Trajectory of the vortex center in NLSE dynamics undeDirichlet BC
when" = 6%1 (blue solid line) and from the reduced dynamical laws (red dash line)

for Cases VI-XI (from left to right and then from top to bottom) in section4.1.1

the NLSE dynamics converges uniformly in time to that of the reduckdynamical
laws (cf. Figs4.4(d)) when" ! 0. However, for xed", the reduced dynamical law

fails qualitatively to describe the motion of vortices ifd < do < d.

4.1.3 Vortex dipole

Here we present numerical results of the interaction of vortex diyte under the
NLSE dynamics and its corresponding reduced dynamical laws, i.e., tage M = 2,
nn= np,= 1,xJ= x§=(dg;0)in (2.6) with dy = 0:5 and" = %. Fig.
4.6 depicts contour plots ofj "(x;t)j at di erent times, trajectory of the vortex
dipole, time evolution ofx;(t), x,(t) and d;(t) for di erent h(x). From Fig. 4.6 and
additional numerical results not shown here for brevity, we can dw the following
conclusions: (i). The total energy is conserved numerically very iveluring the
dynamics. (ii). The pattern of the motion of the vortex centers deend on both the

initial location of the two vortices and the initial phase shifth(x) in (2.6). (iii). The
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Figure 4.3: Trajectory of the vortex center in NLSE under DirichleBC when" = 4—10
for cases I, XII-XIIl, VI and XIV-XV (from left to right and then from top to bottom)

in section4.1.1

vortex dipole moves upward symmetrically with respect tg-axis and nally merges
and annihilates somewhere near the top boundary simultaneously. h@ distance
between the merging place and the boundary is @(") when " is small. After
merging, new waves will be created and re ected by the top bounda The new
waves will then move back into the domain and be re ected back intche domain
again when they hit the boundaries (cf. Fig.4.6). Moreover, the vortex dipole in
the NLSE dynamics will always merge in some place near the top boumgdor all
do. However, in the reduced dynamics, they never merge insiBe in fact, they will
move outside the domain before they merge. Hence, the reducethamical law fails
guantitatively when the vortex dipole is near the boundary. (iv). Wken h(x) 6 0,
it a ects the motion of the two vortex centers signi cantly (cf. Figs4.4(c)). (v).
When " ! 0, the dynamics of the two vortex centers under the NLSE dynansc
converges uniformly to that of the reduced dynamical laws (cf. Figt.6) before they

merge each other or near the boundary which veri es numerically ¢hvalidation of



4.1 Numerical results under Dirichlet BC 67

0.8

0.8 0 X
(a)
1
>
0
-1
(b) -1 0 X
1 31.2 1 N N
oS 7 S L7
5| T N
> m ~
- - Ekln mx-—c
—E 0.8
0 28.7 0 0.45 t 0.9
1 = -
PN, NN e = PN I/
v “ll\l\l‘,\l A" WAV IR N ~_
Il Tl ®>H \\ ;
-1 26.2 -1 >/
-1 0 X 1 0 0.45 X 09 O 0.45 t 0.9
(c)
02 ez 0.94 3 086 ————7/ -
- — e=1/50 ! /" - - e1/40| |,
o o |l——e=1/64 o ||~ — —es1/16 /A o o|l——e=1/50 |
% S0 | %] - - e=1/25 L % 1
L7 ——e-1/40 R
/,’ P [ | \
0.1 . - 0.47 Iy , \ 10.43
- - Iy / N
//_, /./ J ‘ ‘\\ , / X
RS / \ ! VAN
j"/‘/' 7 ! \\ ' ; \'\
L2 7, PR NS \
0 S SE 0
(d) 0 0.075 t 0.15 0 2 t 4 0

Figure 4.4: Form left to right in (a)-(c): trajectory of the vortex pair, time evolution
of E'(t) and E_, (t) as well asx;(t) and x,(t) for the 3 cases in sectio®.1.2 (a).
case |, (b). case Il, (c). case lll. (d). time evolution ofl(t) for case I-1ll (form left

to right).

the reduced dynamical laws in this case. In fact, based on our emsg&ve numerical

experiments, the motions of the two vortex centers from the reded dynamical
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Figure 4.5: Critical value d for the interaction of vortex pair of the NLSE under
the Dirichlet BC with dierent " and h(x) = 0 in (2.6): if dy < d_, the two vortex
will move along a circle-like trajectory, ifd > d_, the two vortex will move along a

crescent-like trajectory.

laws agree with those from the NLSE dynamics qualitatively when € " < 1 and

guantitatively when 0 <™ 1 when they are not too close to the boundary.

4.1.4 \ortex cluster

Here we present numerical studies on the dynamics of vortex clast in the
NLSE with Dirichlet BC ( 1.3), i.e., choose the initial data (.2) as (2.6) and study
four cases:

Case LM =3, n;=n,=n3g=1, x¥= x§=(dp;0) and x9 =(0;0).

Case LM =3, n;= ny=nz=1,xI= x§=(dp;0) andx9 =(0;0).

Case LM =4, ny=n,= nyg= ng=1, x$ = xJ=(d;0) andx§ =
x$3=(0;dy) with 0 <dj;d, < 1.
CaselV.D = B5(0),M =9, n; = n, = = ng = 1 and the 9 vortex centers are

initially located on a 3 3 uniform mesh points for the rectangle [do; do] [ do; do]
with 0 <d( < 1.

Fig. 4.7 depicts the trajectory and time evolution ofx(t), x3(t) and x3(t) in the
NLSE dynamics for Cases | and Il. Fig4.8 shows contour plots of ‘j at di erent
times in the NLSE dynamics for Case Ill, and Fig4.9depicts contour plots ofj 'j,

S'(x;t) as well as slice plots of "(x; 0;t)j for showing sound wave propagation of
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Figure 4.6: Contour plots ofj "(x;t)j at di erent times (top two rows) as well as
the trajectory, time evolution of x;(t), x,(t) and d,(t) (bottom two rows) for the
dynamics of a vortex dipole with di erent h(x)in section 4.1.3 (1). h(x) = 0 (top

three rows), (2). h(x) = x + y (bottom row).

the NLSE dynamics in Case IV. Based on Figst.7-4.9 and additional computations
not shown here for brevity, we can draw the following conclusionsi)( For Case I,

the middle vortex (initially at the origin) will not move while the other two vortices
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Figure 4.7: Trajectory of the vortexx; (blue line), x, (dark dash-dot line) andx,
(red dash line) ( rst and third rows) and their corresponding time @olution (second
and fourth rows) for Case | (top two rows) and Case Il (bottomwo rows) for small
time (left column), intermediate time (middle column) and large time (ridnt column)

with " = 2t and dp = 0:25 in section4.1.4
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Figure 4.9: Contour plots of j "(x;t)j ((a) & (c)) and the corresponding phase
S'(x;t) ((b) & (d)) as well as slice plots ofj "(x; 0;t)j ((e) & (f)) at di erent times
for showing sound wave propagation under the NLSE dynamics of artex cluster

in Case IV with dy = 0:5 and” = £ in section4.1.4

rotate clockwise around the origin for some time. This dynamics ag® very well

with the NLSE dynamics in the whole plane 160 161]. After some time, the above
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Figure 4.10: Time evolution ofdf (t) for non-perturbed initial data (left) and per-

turbed initial data (right) in section 4.1.5

symmetric structure is broken due to boundary e ect and numera errors, i.e.
the middle vortex will begin to move towards one of the other two vdices and
form as a vortex pair which will rotate with each other and also with tle other
single vortex for a while. Then this pair will separate and one of themilvform
a new vortex pair with the single vortex, leave the other one to be aew single
vortex rotating with them. This process will be repeated tautologilly like three
dancers exchange their partners alternatively. In fact, the dyamical pattern after
the symmetric structure breaking depends highly on the mesh sizacatime step.
(i). For Case Il, similar as Case |, the middle vortex (initially at the orign) will
not move while the other two vortices rotate counter-clockwise aund the origin for
some time. This dynamics agrees very well with the NLSE dynamics inghwhole
plane [L6Q 161. After some time, again the above symmetric structure is broken
due to boundary e ect and numerical errors, i.e. the middle vortexvill begin to
move towards one of the other two vortices and form as a vortexpwle which will
move nearly parallel towards the boundary and merge near the badary. Sound
waves will be created and re ected back into the domain which drivehe leftover
vortex in the domain to move (cf. Fig. ??). Again the dynamical pattern after
the symmetric structure breaking depends highly on the mesh sizacatime step.
From section4.1.1, we know that a single vortex in the NLSE withh(x) = 0 does
not move, hence this example illustrates clearly the sound-vortext@ractions which
cannot be predicted by the reduced dynamical laws since they arelyvalid before

annihilation and when" is very small. (iii). For Case lll, the four vortices form
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as two vortex dipoles whent is small. Then the two dipoles will move outwards
in opposite direction and nally the two vortices in each vortex dipole rarge and
annihilate at some place near the boundary. 18; = d,, the two vortex dipoles
move symmetrically with respect to the liney = x, and merge some place near the
top-right and bottom-left corners, respectively; ifd; > d,, both of them will move
towards the top-bottom boundary and merge near there; and d; < d,, both of
them will move towards the side boundary and merge near there. Wewvaves are
created after merging and they are re ected back into the domaiwhen they hit
the boundary (cf. Fig. 4.8). (iv). For Case IV, the vortex initially at the origin
does not move due to symmetry, while the other eight vortices raa clockwise and
move along two circle-like trajectories (cf. Fig.4.9). During the dynamics, sound
waves are generated and they propagate outwards and are reted back into the
domain when they hit the boundary. The distances between otheoktices and the
one centered at the origin increase when sound waves are radiatedwards; on the
other hand, they decrease and become even smaller than their inlittéstances when
sound waves are re ected by the boundary and move back into tltmain (cf. Fig.
4.9). This example clearly shows sound waves and their impact on the dymics of
vortices.

(v). Similar to the case in BEC setups92113123144, the symmetric structure
neart = 0 in Cases | & Il for 3 vortices is dynamically unstable, i.e. symmetric
structure breaking will happen very quickly if we perturb the locatio of either the
central vortex or one of the side vortices a little bit. To show this, & perturb the
initial locations of some vortices in Case | to:

Type |. Asymmetric perturbation: x9 from (0;0)! (; 0) with > 0;

Type Il. Asymmetric perturbation: x? from (do;0)! (do ; 0) with > O;

Type Ill. Symmetric perturbation: x$ from (do;0) ! (do ; 0) and x93 from
( do;0)! ( do+ ;0)with > O.

Fig. 4.11depicts the trajectory ofx;(t), x,(t) and x5(t) as well asd,(t) := jx,(t)j

for the above three perturbations. From this gure and addition& computations
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not shown here, we see that the symmetric structure is dynamicalltable under a
symmetric perturbation, and it is dynamically unstable under a small symmetric
perturbation. For more stability analysis of vortex clusters, we tfer to [27,92,113
117,123 145144 and references therein.
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Figure 4.11: Trajectory of the vortexx(t) (blue dash-line), x,(t) (red solid line)
and x;(t) (dark dash-dot line) (top row) for = 0:0005 as well as time evolution
of the distance ofx, to origin, i.e. jx,(t)j, (bottom row) for Type | ( rst column),
Type Il (second column) and Type Il (third column) perturbation on the initial

location of the vortices for di erent in section4.1.4 where" = % and dy = 0:25.

4.1.5 Radiation and sound wave

We study the radiation property of the NLSE dynamics under DirichleBC in

this subsection. To this end, we study two types of perturbation.

Type I: Perturbation on the initial data, i.e., we take the initial data (1.2) as

0= § ()= o(x)+ e W 0Dy = (xy)2D;  (4.1)
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where  is given in 2.6) with h(x) O,M =2, n;=n,=21and x?= x§=
(0:1,0). Then we take = " and let " go to 0, and solve the NLSE with initial
condition (4.1) for the vortex centersx; (t) and x; (t) and compare them with those
from the reduced dynamical law. We denote,” (t) = jx; (t) X! (t)j forj =1;2 as
the error. Fig. 4.10depicts time evolution ofd; (t) for the case when = ", i.e,,
small perturbation, and the case when = 0, i.e., no perturbation. From this gure,
we can see that the dynamics of the two vortex centers under tiNLSE dynamics
converge to those obtained from the reduced dynamical law whén' 0 without
perturbation (cf. Fig. 4.10left). On the contrary, the two vortex centers under the
NLSE dynamics do not converge to those obtained from the redutdynamical law
when" ! 0 with small perturbation (cf. Fig. 4.10right). This clearly demonstrates
radiation and sound wave e ect on vortices in the NLSE dynamics witlDirichlet
BC.

Type |I: Perturbation by an external potential, i.e., we replaceV (x) 1in
NLSE by V(x; t)8: 1 W(x;t) with

W(x;t) = < sin(2)% 12 [0,05] x2D: (4.2)
0 t> 0.5

The initial data is chosen as 2.6) with M =1, n; =1, x7 =(0;0), D = Bs(0) and
"= %1. In fact, the perturbation is introduced whent 2 [0; 0:5] and is removed after
t = 0:5. Fig. 4.12illustrates surface plots ofj 'j and contour plots of S'(x;1)
as well as the slice plots of "(x; 0;t) at di erent times for showing sound wave
propagation. From Fig. 4.12 we can see that the perturbed vortex con guration
rotates and radiates sound waves. This agrees well with some femprediction in
the whole plane, for example, in Lange and Schroe@q] for the caseM = 2. The
waves will be re ected back into the domain when they hit the boundg and then
be absorbed by the vortex core. Then the vortex core will radiateew waves and the
process is repeated tautologically. This process explicitly illustratése radiation in
the NLSE dynamics.

Remark 4.1.1. Based on this example and other numerical results not showehfor
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Figure 4.12: Surface plots off "(x;t)j ((a) & (c)) and contour plots of the corre-
sponding phases’ (x;1) ((b) & (d)) as well as slice plots ofj "(x; 0;1)j ((e) & (f)) at
di erent times for showing sound wave propagation under the NLSHynamics in a

disk with " = 7 and a perturbation in the potential in section4.1.5

brevity, we can conclude that the vortex with winding number = 1 is dynamically

stable under the NLSE dynamics in a bounded domain with a pefation in the
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Figure 4.13: Trajectory of the vortex center wheri = 3—12 and time evolution ofd; for
di erent " for the motion of a single vortex in NLSE under homogeneous Neunran
BC with x$ = (0:35,0:4) (left two) or x? = (0;0:2) (right two) in ( 2.6) in section
4.2.1

initial data and/or external potential. Meanwhile, we alsdfound numerically that
the vortex with winding numbem =2 and" = 3 is also dynamically stable under
a perturbation in the external potential. Actually, Miriorescu [L15 indicated that
for a vortex with winding numberjmj > 1, there exists a critical value"¢, such
that if " <" ¢, the vortex is unstable, otherwise the vortex is stable. Ias also
numerically observed that a vortex witimj > 1 is unstable under a perturbation in
the potential but stable under a perturbation in the initiatlata in the whole plane
case [L6(0. Hence, it would be an interesting problem to investigateumerically
how the stability of a vortex depends on its winding numbeglue of" and strength

and/or type of the perturbation under the NLSE dynamics in hmmded domains.

4.2 Numerical results under Neumann BC

4.2.1 Single vortex

Here we present numerical results of the motion of a single quantizeortex
under the NLSE dynamics and its corresponding reduced dynamidalvs, i.e., we
take M =1 and n; = 1in (2.6). Fig. 4.13depicts trajectory of the vortex center
for dierent x{ in (2.6) when" = % in NLSE and d; for di erent ". From Fig. 4.13
and additional numerical results not shown here for brevity, we casee that:

(). If xj =(0;0), the vortex will not move all the time, otherwise, the vortex will
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Figure 4.14: Trajectory of the vortex pair (left), time evolution of E' and E,
(second), x;(t) and x,(t) (third), and d,(t) (right) in the NLSE dynamics under

homogeneous Neumann BC with = é and dp = 0:5 in section4.2.2

move and its initial location x? does not a ect its motion qualitatively. Actually,
it moves periodically in a circle-like trajectory centered at the originThis is quite
di erent from the situation in bounded domain with Dirichlet BC where the motion
of a single vortex depends signi cantly on its initial location for somé(x). Itis also
quite di erent from the situation in the whole space where a single vtex doesn't
move at all under the initial condition (2.6) when D = R2.

@i). As "I 0, the dynamics of the vortex center under the NLSE dynamics
converges uniformly in time to that of the reduced dynamical laws.nlfact, based
on our extensive numerical experiments, the motion of the vortexenter from the
reduced dynamical laws agrees with that from the NLSE dynamics glitatively

when 0< " < 1 and quantitatively when 0<" 1.

4.2.2 Vortex pair

Here we present numerical results of the interaction of vortex paunder the
NLSE dynamics and its corresponding reduced dynamical laws, i.e., tae M = 2,
np=ny=1and x3= x9%=(dy;0) with 0 <dg< 1in (2.6). Fig. 4.14depicts the
trajectory of the vortex pair, time evolution of E'(t), B, (t), X;(t), X5(t) and d,(t)
when" = = in NLSE and do = 0:5 in (2.6).

From Fig. 4.14 and additional numerical results not shown here for brevity,
we can draw the following conclusions for the interaction of vortexgir under the

NLSE dynamics with homogeneous Neumann BC: (i). The total energs conserved
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Figure 4.15: Trajectory and time evolution ofx; (t) and x,(t) for dy = 0:25 (top left
two), do = 0:7 (top right two) and dy = 0:1 (bottom left two) and time evolution of
d,(t) for dp = 0:25 andd, = 0:7 (bottom right two) in section 4.2.3

numerically very well during the dynamics. (ii). The two vortices moveperiodically
along a circle-like trajectory for all 0< do < 1 and their trajectories are symmetric.
(ii). When " ! 0, the dynamics of the two vortex centers under the NLSE dynansc
converges uniformly in time to that of the reduced dynamical laws vith veri es
numerically the validation of the reduced dynamical laws in this casen ffact, based
on our extensive numerical experiments, the motions of the two rtex centers from
the reduced dynamical laws agree with those from the NLSE dynarsiqualitatively

when 0< " < 1 and quantitatively when 0<" 1.

4.2.3 Vortex dipole

Here we present numerical results of the interaction of vortex dite under the
NLSE dynamics and its corresponding reduced dynamical laws, i.e., tage M = 2,
nt= np= 1,x9= x?=(dp;0) with dierent dy and" = 3—12 Fig. 4.15depicts
the trajectory of the vortex dipole, time evolution ofx;(t), x,(t) and d,(t).

From Fig. 4.15and additional numerical results not shown here for brevity,
we can draw the following conclusions for the interaction of vortexipble under the

NLSE dynamics with homogeneous Neumann BC: (i). The total energs conserved
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numerically very well during the dynamics. (ii). The pattern of the mdion of the
two vortices depends on their initial locations. (iii). The two vorticeswill move
symmetrically (and periodically if they are well separated) with respm to y-axis.
Moreover, there exists a critical valued, = d. = d. for 0 <" < 1, which is found
numerically asd, = 0:5, such that if initially dy < d., the two vortices will move
rstly upwards to the top boundary, then turn outwards to the side boundary and
nally move counter-clockwise and clockwise, respectively (cf. Figt.195. While if
do > d¢, then they will move rstly downwards to the bottom boundary, then turn
inwards to the domain and nally move counter-clockwise and clockwaesrespectively
(cf. Fig. 4.15. Certainly, when dy = 0:5, the vortex dipole does not move due to
symmetry. (iv). For xed 0 <" < 1, there exists another critical valueﬂ‘g satisfying
lim-, od. = 0, such that if dy < &, the vortex dipole in the NLSE dynamics will
merge at a nite time T, depending on" and dp (cf. Fig. 4.15. However, the vortex
dipole from the reduced dynamical laws never merges at nite time. éthce, the
reduced dynamical laws fail qualitatively if 0< dg < d‘('). (v). For xed dy, when
"1 0, the dynamics of the two vortex centers in the NLSE dynamics ceerges
uniformly in time to that of the reduced dynamical laws before they mrge (cf.
Figs. 4.19 which veri es numerically the validation of the reduced dynamical law
in this case. In fact, based on our extensive numerical experimsnthe motions of
the two vortex centers from the reduced dynamical laws agree withose from the

NLSE dynamics qualitatively when O< " < 1 and quantitatively when 0<" 1.

4.2.4 \ortex cluster

Here we present numerical studies on the dynamics of vortex clast in the
NLSE with homogeneous Neumann BC, i.e., we choose the initial dath?) as (2.6
and study four cases:

Case LM =3, n;=n,=nz=1, x2= x§=(dp;0) and x9 =(0;0).

Case LM =4, ny=n,=n3=ng=1, x= xJI=(d;0)andx3= x§¢=

(dp;0) with 0 <d; 6 d, < 1.
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Figure 4.16: Trajectory of the vortexx; (blue line), x, (dark dash-dot line) andx,
(red dash line) and their corresponding time evolution for Case | dimg small time
(left column), intermediate time (middle column) and large time (right ©lumn) with

"= 4_10 and dy = 0:25 in section4.2.4

Case LM =4, ny=n,= nyg= ng=1, x$ = xJ=(d;;0) and x§ =
x$=(0;dy) with 0 <d;;d, < 1.

Case IV.M =9, n, = = ng = 1, and the vortex centers are initially located
on a3 3 uniform mesh points for the rectangle [dy; dg] [ do; do] with 0 <d( < 1.

Fig. 4.16 shows trajectory and time evolution ofx;(t), X,(t) and x5(t) in the
NLSE dynamics for Case |. Fig.4.17 depicts contour plots ofj "j at di erent times
in NLSE dynamics for Cases Il and IlI, and Fig.4.18 shows contour plots ofj 'j
and slice plots ofj (0;y;t)j in NLSE dynamics for Case IV to show sound wave
propagation. Based on Figs.4.164.18 and additional results not shown here for
brevity, we can draw the following conclusions:

(). For Case |, the dynamics of the vortices is quite similar as thosender
Dirichlet BC in section 4.1.4and those in trapped BEC £7,117,145. The middle

vortex (initially at the origin) will not move while the other two vortices rotate
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Figure 4.17: Contour plots off "(x;t)j with " = = at di erent times for the NLSE
dynamics of a vortex lattice for Case Il withd; = 0:6;d, = 0:3 (top two rows) and

Case Il with d; = d, = 0:3 (bottom two rows) in section4.2.4

clockwise around the origin for some time. This dynamics agrees vesgll with

the NLSE dynamics in the whole plane 160 161. After some time, the above
symmetric structure is broken due to boundary e ect and numera errors, i.e. the
middle vortex will begin to move towards one of the other two vorticeand form as
a vortex pair which will rotate with each other and also with the othersingle vortex
for a while. Then this pair will separate and one of them will form a newortex pair
with the single vortex, leave the other one to be a new single vortewrtating with

them. This process will be repeated tautologically like three danceexchange their
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Figure 4.18: Contour plots ofj "(x;t)j (left) and slice plots ofj "(0;y;t)j (right)
at di erent times under the NLSE dynamics of a vortex cluster in Cas IV with

do = 0:15 and" = 2 for showing sound wave propagation in sectiof.2.4

partners alternatively. In fact, the dynamical pattern after the symmetric structure
breaking depends highly on the mesh size and time step. (ii). For Casgethe four
vortices form as two vortex pairs whert is small. These two pairs rotate with each
other clockwise, meanwhile, the two vortices in each pair also rotaigth each other
clockwise, and radiations and sound waves are emitted. The soundwes propagate
radially and are re ected back into the domain when they hit the boudary, which
push the two vortex pairs get closer. When the two vortex pairs gelose enough,
the two vortices with smallest distance among the four form a new sex pair and
leave the rest two as single vortex individually. The vortex pair rotags around the
origin. This process is iteratively repeated during the dynamics (cfrig. 4.17 top

two rows). (iii). For Case Ill, whent is small, the four vortices form as two vortex
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dipoles and they move symmetrically with respect to the ling = x towards the
top right and bottom left corners, respectively. Meanwhile, the te vortices in each
dipole move symmetrically with respect to the liney = x. After a while and when
the two dipoles arrive at some places near the corners, the two tioes in each
dipole split with each other and re-formulate two di erent dipoles. Afer this, the
two vortices in each dipole move symmetrically with respect to the ling = X,
and the two new dipoles then move symmetrically with respect to the legny = x
towards their initial locations. This process is then repeated periozhlly (cf. Fig.
4.17bottom two rows). (iv). For Case 1V, the vortex initially centered a the origin
does not move due to symmetry, and the other eight vortices rd& clockwise and
move along two circle-like trajectories (cf. Fig4.18. During the dynamics, sound
waves are generated and they propagate outwards. Some of gwnd waves will
exit out of the domain while others are re ected back into the domaiwhen they
hit the boundary. The distances between the one located at theigin and the other
vortices become larger when the sound waves are radiated outdsr while they
decrease when the sound waves are re ected from the boundaryd move back into

the domain (cf. Fig. 4.18.

4.2.5 Radiation and sound wave

Here we study numerically how the radiation and sound waves a echée dy-
namics of quantized vortices in the NLSE dynamics under homogemsoNeumann
BC. To this end, we take the initial data (1.2) as 4.1) with , chosen asZ.6) with
M=2 n=ny=1andx{= x9=(0:1;0) andh(x) as (3.3. Then we take ="
and let " goes to 0, and solve the NLSE with initial condition 4.1) for the vortex
centersx; (t) andx; (t) and compare them with those from the reduced dynamical
law. We denoted’ (t) = jx; (t) x!(t)j for j = 1;2 as the error. Fig.4.19depicts

time evolution of d; (t) for the case when = ", i.e., small perturbation, and the
case when =0, i.e., no perturbation. From this gure, we can see that the dynan-

ics of the two vortex centers under the NLSE dynamics converge those obtained
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Figure 4.19: Time evolution ofdf (t) for non-perturbed initial data (left) and per-

turbed initial data (right) in section 4.2.5

from the reduced dynamical law whert ! 0 without perturbation (cf. Fig. 4.19
left). On the contrary, the two vortex centers under the NLSE ginamics do not
converge to those obtained from the reduced dynamical law wheén 0 with small

perturbation (cf. Fig. 4.19right). This clearly demonstrates radiation and sound

wave e ect on vortices under the NLSE dynamics with homogenousedmann BC.

4.3 Conclusion

In this chapter, by applying the e cient and accurate numerical méhods pro-
posed in chapter2 to simulate nonlinear Schredinger equation (NLSE) with a di-
mensionless parameter & " < 1 in bounded domains under either Dirichlet or
homogenous Neumann BC as well as its corresponding reduced dyital laws for
the dynamics ofM quantized vortex centers, we studied numerically quantized vor-
tex dynamics and interaction and investigated the sound-vortex faraction [64,119
in NLSE for super uidity as well as examined the validity of the corrgsonding re-
duced dynamical laws under di erent initial setups. Based on exteive numerical
results, rstly, we veri ed that the dynamics of vortex centers under the NLSE dy-
namics converges to that of the reduced dynamical laws whén! 0 before they
collide and/or move too close to the boundary. Certainly the reducedynamical law
is only valid up to the rst collision time of any two vortices, thereforethey cannot
show the vortex dynamics after collision, which, however, can besdyved and inves-

tigated by our directly numerical simulations. Secondly, we identi edhe parameter
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regimes where the reduced dynamical laws agree with quantitativeind/or quali-

tatively as well as fail to agree with those from the NLSE dynamics. &/concluded
that the dynamical pattern of two vortices depend on the initial plase shift (in the
case of Dirichlet BC) as well as the initial distance of the two vorticesThirdly, We

also found that the boundary e ect a ect the vortex interaction very much, which
lead to very di erent nonlinear phenomena from those observed imé whole plane
case. The Dirichlet BC might correspond to introduce a tangentialofce (clock-
wise force for negative charged vortex while counter-clockwise fmositive charged
vortex) while the Neumann BC might correspond to apply a normal fge at the
boundary to the vortices, hence vortices might move according t@ crescent-like
trajectory, or move nearly parallel to the boundary without goingoutside the do-
main, or merge near the boundary in some situation. Moreover, weuind that the

radiation of NLSE dynamics which is carried by oscillating sound wavesadi es

the motion of vortices much, especially in the dynamics of vortex cliess, highly
co-rotating vortex pairs and overlapping vortices. However, it shuld be reminded
that the motion of the vortices still qualitatively obeys the reduceddynamical law
when sound waves have moved away from them, either absorbedtbg vortex core
or the boundary. Finally, we would like to remark here that it should bean in-

teresting question to nd out how the dynamics pattern of the votices depend on
the domain shape and size as well as the distances between vortieasl it might

be fascinating and di cult problems to extend the reduced dynamichlaws for the
motion of vortices involving vortex collision and splitting, which has beeconducted
by Serfaty [13§ and Bethuel et al. B2 in the context of Ginzburg-Landau equation,

as well as nd possible corrections to the reduced dynamical lawselto radiation.



Chapter

Vortex dynamics in CGLE

In this chapter, we apply the numerical method presented in chagt 2 to sim-
ulate quantized vortex interaction of CGLE, i.e., - 6 0, 6 0 in GLSE (1.1,
with dierent " and under dierent initial setups including single vortex, vortex
pair, vortex dipole and vortex cluster. Let - = ma=y We study how the dimen-
sionless parametel, initial setup, boundary value and geometry of the domair
a ect the dynamics and interaction of vortices. Moreover, we copare the results
obtained from the CGLE with those from the corresponding redudedynamical
laws, and identify the cases where the reduced dynamical laws agalitatively
and/or quantitatively as well as fail to agree with those from CGLE a vortex in-
teraction. Finally, we also obtain numerically di erent patterns of the steady states
for quantized vortex clusters and study the alignment of the voites in the steady
state.

Without speci cation, we let = =1 and choose the initial data as the same

one in section3.1in chapter 3.

88
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5.1 Numerical results under Dirichlet BC

5.1.1 Single vortex

In this subsection, we present numerical results of the motion ofsingle quan-
tized vortex in the CGLE dynamics and the corresponding reducedydamics, i.e
we takeM =1, n; = 1 in (2.6). To study how the initial phase shift h(x) and
initial location of the vortex xo a ect the motion of the vortex and to understand

the validity of the reduced dynamical law, we consider the following l@ases:
Case I-11l: X9 = (0;0), and h(x) is chosen as Mode 1, 2 and 3, respectively;

Case IV-VIII: x? = (0:1;0), and h(x) is chosen as Mode 1, 2, 3, 4 and 5,

respectively;

Case IX-XII: x9 = (0:1; 0:2), and h(x) is chosen as Mode 2, 3, 4 and 5, respec-

tively.

Moreover, to study the e ect of domain geometry, we consider dwains D of three
types: type :D =[ 1;1] [ L;1] typell: D =[ 1;1] [ 0:65 0:65} type lll:
D = B4(0); and study additionally the following 4 cases:

Case XIII-XIV: x¢ = (0;0), h(x) = x + y and domainD is chosen as type |

and lll, respectively;

Case XV-XVI: x§ =(0:1;0:2), h(x) = x2 y? and domainD is chosen as type

II'and 11, respectively.

Fig. 5.1 depicts trajectory of the vortex center when' = 3—12 for cases II-1V and VI
as well as time evolution ofd,(t) for di erent " for cases Il and VI. Fig.5.2 depicts
trajectory of the vortex center for cases V-XII, while Fig.5.3 shows that for cases
[, X, XIlI-XVIIl when " = 3—12 in CGLE. From Figs. 5.1-5.3 and additional numerical
experiments not shown here for brevity, we can draw following cdaosions: (i).

When h(x) 0, the vortex center doesn't move, which is similar to the vortex
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Figure 5.1: Trajectory of the vortex center in CGLE under DirichletBC when

" = & for cases II-IV and VI and time evolution ofd, for di erent " for cases Il and

VI (from left to right and then from top to bottom) in section 5.1.1

1 1
- Case V
- — —Case VIl
> ~ — Case VIl >0
Case VIII
0 S 0

- Case VIl
- - —Case X
— — Case XI
Case XII

1 0 X 11 0 X 1

Figure 5.2: Trajectory of the vortex center in CGLE under DirichletBC when" = 3—12

for cases IV-VII (left) and cases V-XII (right) in section5.1.1

dynamics in the whole space and in GLE and NLSE dynamics. (ii). Whem(x) =
(x+by)(x i) with b6 0, the vortex does not move ifxo = (0; 0), while it does move
if Xo 6 (0;0) (cf. case Ill and VI forb=1). This is also same with the phenomena
in GLE and NLSE dynamics. (ii). Whenh(x) 6 0 and h(x) 6 (x + by)(x {)

with b 6 0O, in general, the vortex center does move to a di erent point frm its
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Figure 5.3: Trajectory of the vortex center in CGLE under DirichletBC when" =

for cases: (a) I, XllI, X1V, (b) X, XV, XVI (from left to right) in s ection5.1.1

initial location and stays there forever. This is quite di erent from te situation
in the whole space, where a single vortex may move to in nity under #initial
data (2.6) with h(x) 6 0. (iv). In general, the initial location, the geometry of the
domain and the boundary value will all a ect the motion of the vortexcenter. (v).
When " ! 0, the dynamics of the vortex center in the CGLE dynamics conveeg
uniformly in time to that in the reduced dynamics (cf. Fig. 5.1) which veries
numerically the validation of the reduced dynamical laws. In fact, bsed on our
extensive numerical experiments, the motion of the vortex cemtéom the reduced
dynamical laws agrees with those from the CGLE dynamics qualitatilewhen 0<

" < 1 and quantitatively when 0< " 1.

5.1.2 Vortex pair

Here we present numerical results of the interaction of vortex pan the CGLE
dynamics and its corresponding reduced dynamics, i.e., we tdle=2, n; = n, =1,

x9=( 0:3;0)andx$ =(0:3;0)in (2.6). Fig. 5.4depicts the trajectory of the vortex
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Figure 5.4. Trajectory of the vortex centers (a) and their corrgponding time
evolution of the GL functionals (b) in CGLE dynamics under Dirichlet BCwhen

" = X with dierent h(x) in (2.6) in section5.1.2

1

centers and their corresponding time evolution of the GL functiorie when" = =

in the CGLE with dierent h(x) in (2.6), while Fig. 5.5 shows contour plots of
j "(x;t)j for " = X at dierent times as well as the time evolution ofx;(t), xi(t)
and d,(t) for di erent " with h(x) =0 in ( 2.6).

From Figs. 5.4 and 5.5 and additional numerical experiments now shown here
for brevity, we can draw the following conclusions for the interactio of vortex pair
in the CGLE dynamics with Dirichlet BC: (i). The two vortices undergo arepulsive
interaction, they never collide. They rotate with each other and manwhile move
apart from each other towards the boundary oD and nally stop somewhere near
the boundary, which indicates that the boundary imposes a repulsvforce on the
vortices (cf. Fig. 5.4). As shown in previous chapters, a vortex pair in the GLE
dynamics moves outward along the line that connects the two vorés and nally
stay steady near the boundary, while in the NLSE dynamics the twoovtices always

rotate around each other periodically. Hence, the motion of the xi@x pair here is
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somehow the combination of that in the GLE and NLSE dynamics. Actily, from
extensive numerical results, we nd that the larger the value ( ) is, the closer
the motion in CGLE dynamics is to that in NLSE (GLE) dynamics, which ewdence
numerically that the CGLE under Dirichlet BC is somehow in between theéGLE
and NLSE under Dirichlet BC. (ii). The phase shifth(x) a ects the motion of the
vortices signi cantly. When h(x) = (x + by)(x {) with b & 0, the vortices will
move outward symmetric with respect to the origin, i.e.x.(t) = x»(t) (cf. Fig.
5.4). (ii). When " ! 0, the dynamics of the two vortex centers in the CGLE
dynamics converges uniformly in time to that in the reduced dynamicg&f. Fig.
5.5) which veri es numerically the validation of the reduced dynamical law in this
case. In fact, based on our extensive numerical experimentsetmotions of the two
vortex centers from the reduced dynamical laws agree with tho$é®m the CGLE
dynamics qualitatively when 0< " < 1 and quantitatively when 0< " 1. (iv).
During the dynamics of CGLE, the GL functional and its kinetic part decrease
when time increases, its interaction part changes dramatically whens small, and
whent ! 1 | all the three quantities converge to constants (cf. Fig5.4), which

immediately imply that a steady state solution will be reached when! 1

5.1.3 Vortex dipole

Here we present numerical results of the interaction of vortex diyte under the
CGLE dynamics and its corresponding reduced dynamical laws, i.e., teke M = 2,
n= np= 1,x3= x9=(0:3;0)in (2.6). Fig. 5.6 depicts the trajectory of the
vortex centers and their corresponding time evolution of the GL fictionals when

"= 2—15 in the CGLE with dierent h(x) in (2.6), while Fig. 5.7 shows contour

plot of j "(x;t)j for " = 2—15 at di erent times as well as the time evolution ofx,(t),
x[(t) and d(t) for dierent " with h(x) = 0 in (2.6). From Figs. 5.6 and 5.7
and additional numerical experiments now shown here for brevitye can draw the
following conclusions for the interaction of vortex dipole in the CGLE yhamics

with Dirichlet BC: (i). The two vortices undergo an attractive interaction, they
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Figure 5.5: Contour plot ofj "(x;t)j for " = 2—15 at di erent times as well as time
evolution of x;(t) in CGLE dynamics and x(t) in the reduced dynamics under

Dirichlet BC with h(x) = 0 in (2.6) and their dierence d;(t) for dierent " in

section5.1.2

will collide and annihilation with each other. (ii). The phase shifth(x) and the
initial distance of the two vortices a ect the motion of the vorticessigni cantly. If
h(x) = 0, the vortex dipole will nally merge regardless where they are inially
located. However, similar as the case in GLE dynamics, hi{x) 6 0, sayh(x) =
x + y for example, there would be a critical distancel,, which depend on the
value of ", that divide the motion of the vortex dipole into two groups: (a) if
the distance between the vortex dipole initiallyjx3 x%j > d, the vortex will
never merge, they will nally stay steady and separately at some pia that near
the boundary. (b) otherwise, they do nally merge and annihilation. (iii). For
h(x) = 0, when " ! 0, the dynamics of the two vortex centers in the CGLE
dynamics converges uniformly in time to that in the reduced dynamicé&f. Fig.
5.7) which veri es numerically the validation of the reduced dynamical law in this

case. In fact, based on our extensive numerical experimentsetimotions of the two
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Trajectory of the vortex centers (a) and their corrgponding time
evolution of the GL functionals (b) in CGLE dynamics under Dirichlet BCwhen

" = X with dierent h(x) in (2.6) in section5.1.3

vortex centers from the reduced dynamical laws agree with tho$é®m the CGLE

dynamics qualitatively when 0< " < 1 and quantitatively when 0< " 1 before

they merge. (iv). During the dynamics of CGLE, the GL functional @creases when

time increases, its kinetic and interaction parts don't change drantiaally when t is

small, and whent ! 1 | all the three quantities converge to constants. Moreover,

if nite time merging/annihilation happens, the GL functional and its kinetic and
interaction parts change signi cantly during the collision. In addition whent ! 1

the interaction energy goes to 0 which immediately implies that a stegdstate will
be reached in the form of "(x) = €°®), wherec(x) is a harmonic function satisfying

P
cX)j@ = he)+  Ln (x x9).

5.1.4 \Vortex cluster

Here we present numerical results of the interaction of vortex dters under the

CGLE dynamics. We consider the following cases: caséM.=3, n; = n, = ng =1,
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Figure 5.7: Contour plots ofj "(x;t)j for " = 2—15 at di erent times as well as time
evolution of x;(t) in CGLE dynamics, x(t) in the reduced dynamics under Dirichlet

BC with h(x) =0 in (2.6) and their di erence d,(t) for di erent " in section5.1.3

x9=(0:5;0); x§=( 0:25 5), x3=( 025 pTg), case LM =3, n;=n,=ng=
1, x%=( 040), x3=(0;0), X3 = (0:4;0); case lll.LM =3, ny = n, = nz =1,
x9=(0;0:3), x9 = (0'15'0'15) x3=(0:3;0); case IV.M =3, ny=ny=nz=1,
x? = (0:5,0); x§ = ( 0:25 3) x3 = ( 025 5), case V.M =3, n, = 1,
ni=nzg=1 x3=( 040),x;=(0,0), x3=(0:4,0), case VLM =3, n; = 1,
no=nz=1, x2=(0:2,0:3), x3=( 03;0:4), x3=( 04; 0:2); case VI.M =4,
Nng=ny=nz=ng=1, x?=(0:50), x3=(0;05), x§=( 05;0), x3=(0; 0:5);
case VIILM =4, np =n3=1n,=n4 = 1, x?%=(0:50), x3 = (0;05),

x3=( 050),x3=(0; 05);caseIX.M =4, n;=n3= 1,ni=n,=1, x¢=
(0:5;0), x3=(0;0:5), x§ = ( 05;0), x3=(0; 05); case X.M =4, n; = nzg =1,
n,=ng= 1,x7=(0:505),x5=( 05;05),x3=( 05 05),x,;=(0:5 05);
case XM =4, n,=nz3= 1,n;=n4 =1, X3 =(0:505), x; =( 0505),
x3=( 05 05),x3=(0:5 05);case XI.LM =4, n;=n3= 1,n,=ng4=1,

= (0:4;0), x3 = ( 0:4=3;0), x = (0:4=3;0), x? = (0:4;0); case XIll.M = 4,
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n,=nzg= 1,n =n4 =1 xj =(0:40), x3 = ( 04=3,0), x3 = (0:4=3;0),
x93 = (0:4,0); case XIV.M =4, n; = n, = 1,n3=n4 =1, x$ = (0:40),
x93 = ( 0:4=3;0), x3 = (0:4=3;0), x = (0:4,0); case XV.M =4, n; = ng= 1,
no=ng=1, x§=(0:2,0:3), x3=( 0:3;0:4),x§=( 04 02);x3=(0:3; 0:3);
Fig. 5.8shows trajectory of the vortex centers wheh = é in1.1andh(x) =0in
(2.6) for the above 15 cases. From Figs.8and additional numerical experiments not
shown here for brevity, we can draw the following conclusions: (i).hE interaction
of vortex clusters under the CGLE dynamics with Dirichlet BC is very iteresting
and complicated. The detailed dynamics and interaction pattern of @ortex cluster
depends on its initial alignment of the vortices, geometry of the domm D and the
boundary valueg(x). (ii). For a cluster of M vortices, if they have the same index,
then no collision will happen for any timet 0. On the other hand, if they have
opposite index, e.g.M* > 0 vortices with index "+1' and M > 0 vortices with
index ~ 1' satisfyingM*™ + M = M, collision will always happen at nite time.
In addition, when t is su ciently large, there exist exactly jM* M | vortices of

winding number +1'if M* >M ,andresp. " 1'if M* <M , left in the domain.

5.1.5 Steady state patterns of vortex clusters

Here we present the steady state patterns of vortex clusterstine CGLE dynam-
ics under Dirichlet BC. We study how the geometry of the domai and boundary

condition a ect the alignment of vortices in the steady states. Tohis end, we take

2] " .
i=1; 90=0: - - =1;2::; M;
n; X X; 0:5 cos M ;sin M ; J NP2 "/

i.e., initially we have M like vortices which are located uniformly in a circle centered
at origin with radius R; = 0:5.

Denote “(x) as the steady state, i.e., (x) =limy  "(x;t) for x 2 D. Fig.
5.9 depicts the contour plots of the amplitudg 'j of the steady state in the CGLE
dynamics withh(x) = 0in ( 2.6) for di erent M and domains, while Fig.5.10depicts
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Figure 5.8:  Trajectory of vortex centers for the interaction of derent vortex
lattices in GLE under Dirichlet BC with " = 3—12 and h(x) = 0 for cases I-IX (from

left to right and then from top to bottom) in section 5.1.4
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(@)

(b)

(©)

Figure 5.9: Contour plots ofj "(x)j for the steady states of vortex cluster in CGLE
under Dirichlet BC with " = % for M = 8; 12 16, 20 (from left column to
right column) and di erent domains: (a) unit disk D = B4(0), (b) square domain

D =[ 1;1F, (c) rectangular domainD =[ 1:6;1:6] [ 0:8;0:8].

similar results with M = 12 for di erent h(x) in (2.6).

From Figs. 5.9 & 5.10 and additional numerical results not shown here for
brevity, we can draw the following conclusions for the steady stagatterns of vor-
tex clusters under the CGLE dynamics with Dirichlet BC: (i). The vortex undergo
repulsive interaction between each other and they move to locatismear the bound-
ary of D, there is no collision and a steady state pattern is formed wherd 1 . In

fact, the steady state is also the solution of the following minimizatioproblem

=argmin )i, = 5z £ ()

Actually, based on our extensive numerical experiments, we foutigat for a vortex
cluster of any con guration, i.e., vortices in the vortex cluster maybe opposite

winding number, the vortices either merge and annihilate and all thefiever vortices
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Figure 5.10: Contour plots of "(x)j for the steady states of vortex cluster in CGLE
under Dirichlet BC with " = 3—12 and M =12 on a unit disk D = B1(0) (top row)
or a squareD =[ 1;1] (middle row) or a rectangular domainD = [ 1:6;1:6]

[ 0:8;0:8] (bottom row) under dierent h(x) = x+y; x> y% X y; x2 y?+

2xy; x? y? 2xy (from left column to right column).

are all pinned in near the boundary nally. This phenomena is similar witithe one

in the superconductor involving magnetic eld 104. (ii). During the dynamics, the

GL functional decreases when time increases. (iii). Both the geoimyeof the domain

and the boundary condition, i.e.,h(x), a ect the nal steady states signi cantly.

(iv). Atthe steady state, the distance between the vortex ceetrs and@ depends on
"andM. For xed M, when" decreases, the distance decreases; and respectively, for
xed ", whenM increases, the distance decreases. We remark it here as a intargs
open problem to nd how the width depend on the value df, the boundary condition

as well as the geometry of the domain.
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Figure 5.11: Time evolution ofdf (t) for non-perturbed initial data (left) and per-

turbed initial data (right) in section 5.1.6

5.1.6 Validity of RDL under small perturbation

As seen from former chapters, the small perturbation a ects # motion of the
vortices in NLSE dynamics much but hardly a ects those in the GLE dgamics.
The question that how this a ects those vortex motion in CGLE dynanics now
come up naturally. To this end, similar as the one studied in the GLE dyamics, we
take the initial data (1.2) as (3.4) with

o chosen as 2.6) with h(x) 0, M =2,

ng=ny;=1and x{= x9=(0:30). Then we take = " and let" go to 0, and
solve the CGLE under Dirichlet BC and with initial condition (3.4) for the vortex
centersx; (t) andx; (t) and compare them with those from the reduced dynamical
law. We denoted” (t) = jx/" (t) x!(t)j for j = 1;2 as the error. Fig.5.11depicts
time evolution of d; (t) for the case when = ", i.e., small perturbation, and the
case when = 0, i.e., no perturbation. From this gure, we can see that small
perturbation in the initial data does not a ect the motion of the vortices much,
same as the non-perturbed initial setups, the dynamics of the tweortex centers
under the CGLE dynamics with perturbed initial setups also converyto those
obtained from the reduced dynamical law whei ! 0. Same as the case in GLE
dynamics, this situation is foreseeable since the CGLE is also a dissipatsystem,
and small perturbation initially imposed for a dissipative system will nota ect the

system much for the dynamics.
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Figure 5.12: Trajectory of the vortex center wher' = - (left) as well as time
evolution of x; (middle) and d; for dierent " (right) for the motion of a single
vortex in CGLE under homogeneous Neumann BC with dierentx? in (2.6) in

section5.2.1: (a) x? =(0:1;0), (b) x9 =(0:1;0:2).

5.2 Numerical results under Neumann BC

5.2.1 Single vortex

Here we present numerical results of the motion of a single quantizeortex
under the CGLE dynamics and its corresponding reduced dynamiciaws, i.e., we
takeM =1 and n; =1in (2.6). Fig. 5.12depicts trajectory of the vortex center for
dierent x{in (2.6) when" = - as well as time evolution of; and d; for di erent
". From Fig. 5.12 and additional numerical results not shown here for brevity, we
can see that:

(). The initial location of the vortex, i.e., value of Xy a ects the motion of the
vortex a lot and this shows the e ect on the vortex from the Neuman BC.

(ii). If x?=(0;0), the vortex will not move all the time, otherwise, the vortex

will move and nally exit the domain and never come back. This is quite dierent
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(@)

(b)

Figure 5.13:  Contour plots ofj "(x;t)j at dierent times when " = 5 ((a) &
(b)) and the corresponding time evolution of the GL functionals ((t& (d)) for the
motion of vortex pair in CGLE under homogeneous Neumann BC with derent dy

in (2.6) in section5.2.2 top row: dy = 0:3, bottom row: dy = 0:7.

from the situations in bounded domain with Dirichlet BC where a single witex can
never move outside the domain or in the whole space where a singletewrdoesn't
move at all under the initial condition (2.6) when D = R2.

@i). As " ! 0, the dynamics of the vortex center under the CGLE dynamics
converges uniformly in time to that of the reduced dynamical laws Webefore it exits
the domain, which veri es numerically the validation of the reduced dyamical laws
in this case. Surely, when the vortex center is being exited the domeor after it
moves out of the domain, the reduced dynamics laws are no longetidia However,
the dynamics of CGLE is still physically interesting. In fact, based oour extensive
numerical experiments, the motion of the vortex center from theeduced dynamical
laws agrees with that from the CGLE dynamics qualitatively when & " < 1 and

guantitatively when 0 <™ 1 well before it moves out of the domain.
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Figure 5.14: Trajectory of the vortex center wher' = 2—15 (left) as well as time
evolution of x; (middle) and d; for dierent " (right) for the motion of vortex pair

in CGLE under homogeneous Neumann BC with di erently in (2.6) in section5.2.2
(@) dg=0:3, (b) dy =0:7.

5.2.2 \Vortex pair

Here we present numerical results of the interaction of vortex paunder the
CGLE dynamics and its corresponding reduced dynamical laws, i.e., teke M = 2,
ng=ny=21and x3= x9=(dp;0) with 0 <dg < 1in (2.6). Fig. 5.13shows the
contour plots ofj “(x;t)j at dierent times when " = 2, while Fig. 5.14 depicts
the trajectory of the vortex pair when" = 2—15 as well as time evolution ofk,(t) and
d,(t) for di erent dyin (2.6).

From Figs. 5.14and 5.13 and additional numerical results not shown here for
brevity, we can draw the following conclusions for the interaction ofortex pair
under the NLSE dynamics with homogeneous Neumann BC:

(). The initial location of the vortex, i.e., value of dy a ects the motion of the

vortex a lot and this shows the e ect on the vortex from the Neuman BC.

(i). For the CGLE with " xed, there exist a sequence of critical valuedS >
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di° >d§ > >d¥ >  such that: if dy > d$, the two vortex will exit the

domain from the side boundary; ifd>" > do > d$, the two vortex will exit the

domain from the top-bottom boundary; ifdy > do > d$, the two vortex will exit

the domain from the side boundary again. Actually, they exit from tle side or top-
bottom boundary alternatively, i.e., forn = 0;1; : if d5. >dg>dS ,;, the two
vortex will exit the domain from the side boundary; otherwise, it ,;, > do>d$ .,

the two vortex will exit the domain from the top-bottom boundary. For the reduced
dynamical law, there also exist such series of critical valués;";k =0; g which
divide the patterns of the trajectory. It might be an interesting goblem to nd

thosed{" and df", and to study how they agree with each other.

Again, the motion here is somehow the combination of that in the GLEyham-
ics and that in the NLSE dynamics. The vortex pair in the GLE dynamicswill
always move outward along the line that connects the two vorticend nally exit
the domain, while in the NLSE dynamics, they always rotate around eh other
periodically. Actually, from extensive numerical results, we nd tha for a xed
initial setups, the larger the value is, the more rotation the pair will do before
they exit the domain, i.e, the closer the motion in CGLE dynamics is to tt in
NLSE dynamics; on contrary, the larger the value , the faster the vortex exit the
domain, in other words, the closer the motion in CGLE dynamics is to tt in NLSE
dynamics. This again evidence numerically that the CGLE under Neuma BC is
somehow in between the GLE and NLSE under Neumann BC.

(ii). As " ! 0, the dynamics of the two vortex centers under the CGLE dynansc
converge uniformly in time to that of the reduced dynamical laws welbefore any
one of them exit the domain, which veri es numerically the validation othe reduced
dynamical laws in this case. Surely, when the vortex centers areithg exiting the
domain or after they moves out of the domain, the reduced dynansidaws are no
longer valid. However, the dynamics of CGLE is still physically interestg. In
fact, based on our extensive numerical experiments, the motion§the two vortex

centers from the reduced dynamical laws agree with those frometiCGLE dynamics
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(@)

(b) @ *

Figure 5.15:  Contour plots ofj "(x;t)j at di erent times when " = - and the
corresponding time evolution of the GL functionals for the motion ofortex dipole
in CGLE under homogeneous Neumann BC with di erently in (2.6) in section5.2.3

top row: do = 0:3, bottom row: d, = 0:7.

qualitatively when 0<" < 1 and quantitatively when 0< ™" 1.

(iv). During the dynamics of CGLE, the GL functional and its kinetic parts
decrease when time increases. They doesn't change much whisrsmall and changes
dramatically when either one of the two vortices moves outside thetainD. When
t!1 , all the three quantities converge to O (cf. Fig5.13(c) & (d)), which imply
that a constant steady state will be reached in the form of (x) = €% for x 2 D

with ¢, a constant.

5.2.3 Vortex dipole

Here we present numerical results of the interaction of vortex dipe in the CGLE
dynamics and its corresponding reduced dynamics, i.e., we tdle=2, n, = n; =
1 andx9=x9=(dp;0) with 0 <do< 1in (2.6).

Fig. 5.15shows the contour plots of "(x;t)j at di erent times when " = 2i5

while Fig. 5.16depicts the trajectory of the vortex pair when" = -t as well as time
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Figure 5.16: Trajectory of the vortex center wher' = 2—15 (left) as well as time
evolution of x; (middle) and d; for di erent " (right) for the motion of vortex dipole
in CGLE under homogeneous Neumann BC with di erently in (2.6) in section5.2.2
(@) do=0:3, (b) dp =0:7.

evolution of x;(t) and d(t) for di erent dy in (2.6).

From Fig. 5.16 and 5.15 and additional numerical results not shown here for
brevity, we can draw the following conclusions for the interaction o¥ortex pair
under the NLSE dynamics with homogeneous Neumann BC:

(). The initial location of the vortex, i.e., value of dy a ects the motion of the
vortex a lot and this shows the e ect on the vortex from the Neuman BC. (ii).
For the CGLE with " xed, there exists a critical value d; such that: if dy > d,
the two vortices will exit the domain from the side boundary, othervge, they will
merge somewhere in the boundary. For the reduced dynamical lailvere also exists
such series of critical valuesl; which divide the patterns of the trajectory. It might
be an interesting problem to nd thosed, and df, and to study how they agree
with each other. Moreover, the trajectories of the two vorticeare symmetric i.e.,

X1(t) = x(t), and nally the CGLE dynamics will lead to a constant steady state
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with amplitude 1, i.e., "(x) = €° for x 2 D with ¢, a real constant. (iii). As
"1 0, the dynamics of the two vortex centers under the CGLE dynanscconverge
uniformly in time to that of the reduced dynamical laws well before thy move out
of the domain or merge with each other, which veri es numerically thealidation of
the reduced dynamical laws in this case. In fact, based on our emsg&ve numerical
experiments, the motions of the two vortex centers from the reded dynamical
laws agree with those from the CGLE dynamics qualitatively when @ " < 1 and

guantitatively when 0 <™ 1.

5.2.4 \Vortex cluster

Here we present numerical results of the interaction of vortex dters under the
CGLE dynamics. We consider the following 15 cases:

case .M =3, n; = n, = n3 =1, x9 = (0:40); xJ = ( 0:2;5), x9 =
( 0:2 p—5§), case IILM =3, np = ny=n3 =1, xj =( 040:2), x; = (0;0:2),
x3 = (0:4;0:2); case LM =3, n; = n; = ng =1, x{ =( 040), x3 =(0;0),
x3=(0:4,0); case IV.M =3, ny=n,=nz=1, x$=(0:40); x3=( 02 p—f),
x3=( 02 %), case V.M =3, ny=n;=n3=1, x2=( 040),x5=(0;0),
x3 = (0:4;0); case VLM =3, ny=n;=ng=1, x{=( 070), x3 =(0;0),
x3=(0:7;0); case VILM =4, n = ny;=n3z=ng =1, x$ =(0:4;0), x3 =(0;0:4),
xg =( 040), xg =(; 04);case VIILM =4, n;=nz3= 1,n,=n4 =1,
(0:4;0), x3 = (0;0:4), x§ = ( 040), x§ = (0; 04); case IX.M = 4,
ng=ng= 1,n,=n, =1, x$ =(0:590), x§ = (0;0:59), xJ = ( 0:590),
x9 = (0; 059); case XM =4, n;=ng= 1,n,=n, =1, x{ =(0:7,0),
x9 = (0;0:7), x§ = ( 07;,0), x§ = (0; 07); case XI.LM =4, n, = nz = 1,
N =ng =1, x7 =(0:40), x; =(0;04), x3=( 04,0), x; =(0; 0:4); case XIl.
M=4n,=n3= 1,n=n,=1, xj =(0:6;0), x; =(0;0:6), x3 = ( 0:6;0),
x9 = (0; 06); case XII.M =4, n; = ng= 1,n,=ng =1, x¢ =(0:40),
x9 = ( 0:4=3;0), xJ =(0:4=3;0), x§ = (0:4;0); case XIV.M =4, ny = nz3 = 1,
N, =ng=1, xj =(0:4,0), x3=( 0:4=3;0), x5 =(0:4=3;0), x; = (0:4;0); case XV.
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Figure 5.17: Trajectory of vortex centers for the interaction ofli erent vortex
clusters in CGLE under Neumman BC with" = 3—12 for cases I-IX (from left to right

and then from top to bottom) in section5.2.4
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M=4,n=n3= 1,no=ns=1,x5=( 060),x3=( 01,0), x3 =(0:1;0),
x9 = (0:6;0);

Fig. 5.17 shows trajectory of the vortex centers for the above 15 casesen
" = &, while Fig. 5.18 depicts the contour plots ofj “j for the initial data and
corresponding steady states for cases I, Ill, V, VI, VII and X¥.

From Figs. 5.17 & 5.18 and additional numerical experiments not shown here
for brevity, we can draw the following conclusions: (i). The interacbn of vortex
clusters under the CGLE dynamics with homogeneous BC is very ingsting and
complicated. The detailed dynamics and interaction pattern of a clter depends
on its initial alignment of the cluster and geometry of the domairD. (ii). For a
cluster of M vortices, if they have the same index, then at lead! 1 vortices
will move out of the domain at nite time and no collision will happen for aly time
t 0. On the other hand, if they have opposite index, collision will happesit nite
time. After collisions, the leftover vortices will then move out of thedomain at nite
time and at most one vortex may left in the domain. Whert is su ciently large,
in most cases, no vortex is left in the domain; of course, when theogeetry and
initial setup are properly symmetric andM is odd, there maybe one vortex left in
the domain. (iii). If nally no vortex leftover in the domain, the GL fun ctionals will
always vanish ag ! 1 , which indicate that the nal steady states always admit

the form of "(x) = €° for x 2 D with ¢, a real constant.

5.2.5 Validity of RDL under small perturbation

Same as the motivation in sectiorb.1.6 here we study the radiation property of
the CGLE dynamics under homogeneous Neumann BC in this subseatio

To this end, we take the initial data (1.2) as (3.4 with , chosen asZ.6) with
M=2n=n,=1,x¢= x9%=(0:7,0) and h(x) as (3.3. Then we take ="
and let" go to 0, solve the CGLE with initial condition (3.4) for the vortex centers
x; (t) and x; (t) and compare them with those from the reduced dynamical law.

We denoted” (t) = jx/ (t) x!(t)j forj = 1;2 as the error. Fig.5.19depicts time
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(@)

(b)

(©)

(d)

Figure 5.18: Contour plots ofj "(x;t)j for the initial data ((a) & (c)) and cor-
responding steady states ((b) & (d)) of vortex cluster in CGLE dpamics under
Neumman BC with " = 3—12 and for cases I, Ill, V, VI, VII and XIV (from left to

right and then from top to bottom) in section 5.2.4

evolution of d; (t) for the case when = ", i.e., small perturbation, and the case

when =0, i.e., no perturbation. From Fig. 5.19 we can see that small perturbation



5.3 Vortex dynamics in inhomogeneous potential 112

- - - d=0,e=1/16 -~ -d=e=1/16

< - - d=0,e=1/25 - = d=e=1/25
—d=0,e=1/40 — d=e=1/40

0 0.045 t 0.09 0 0.045

Figure 5.19: Time evolution ofdf (t) for non-perturbed initial data (left) and per-

turbed initial data (right) in section 5.2.5

in the initial data does not a ect the motion of the vortices much, sane as the non-
perturbed initial setups, the dynamics of the two vortex centersinder the CGLE
dynamics with perturbed initial setups also converge to those oliteed from the
reduced dynamical law whert I 0, which is simply similar as the situation in the

CGLE dynamics with perturbed initial data under Dirichlet BC.

5.3 Vortex dynamics in inhomogeneous potential

In this subsection, we study numerically the vortex dynamics in the GLE dy-
namics with Dirichlet BC under inhomogeneous potential. Analogous tthe one
studied in section3.4, the external potential and cases studied are chosen as the
same one presented in sectiod4.

Fig. 5.2Q shows the trajectory and time evolution of the distance between
the vortex center and potential center for dierent" for case | and Il, as well as
trajectory of vortex center for di erent " of the vortices for case Ill. From this gure
and additional numerical experiment not shown here for brevity, & can see that:
(i). For the single vortex, it moves monotonically toward the pointsx, = (x2;y9),
where the external potential V(x) attains its minimum value (cf. Fig 5.20(a) &
(b)), which shows clearly the pinning e ect. Moreover, the trajetory depend on
the type of the potential V(x). The speed that vortex move tox, as well as the
nal location that vortex stay steady depend on the value of' (cf. Fig. 5.20(a)

& (b)). The smaller the " is, the closer the nal location tox, and the faster the
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Figure 5.20: Trajectory and time evolution of the distance betweethe vortex

center di erent " for case I-1ll ((a)-(c)) in section 5.3,

vortex move to it. (ii). As " ! 0, the trajectory seems to converge, and the nal
location of the vortex seems to converge to points,, which are the position that
the potential attain its minimum. (iii). For the vortex pair, well, the ph enomena is
quite di erent from the one in the GLE dynamics. The vortices will alwgs move
close to each other and the poink, rstly, which show the pinning e ect. However,
they will move apart from each other and the pointx, after some time. And the
smaller the" is, the farther the vortex pair sit away from each other and the pats

Xp-
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5.4 Conclusion

In this chapter, by applying the e cient and accurate numerical méhods pro-
posed in chapter2 to simulate complex Ginzburg-Landau equation (CGLE) with a
dimensionless parameter & " < 1 on bounded domains with either Dirichlet or
homogenous Neumann BC and its corresponding reduced dynamitzals (RDLS),
we studied numerically quantized vortex interaction in CGLE with/without impuri-
ties for superconductivity and compared numerically patterns ofartex interaction
between the CGLE dynamics and its corresponding reduced dynamlidaws under
di erent initial setups. We nd that vortex dynamics in the CGLE is somehow the
combination of that in GLE and NLSE.

For the CGLE under a homogeneous potential, based on extensivanmerical
results, we veri ed that the dynamics of vortex centers under th CGLE dynamics
converges to that of the reduced dynamical laws wheéh! 0 before they collide
and/or move out of the domain. Certainly, after either vortices clide with each
other or move out of the domain, the RDLs are no longer valid; howex, the dy-
namics and interaction of quantized vortices are still physically intesting and they
can be obtained from the direct numerical simulations for the CGLE ih xed
"> 0 even after they collide and/or move out of the domain. We also idared the
parameter regimes where the RDLs agree with qualitatively and/orualitatively as
well as fail to agree with those from the CGLE dynamics. In the validyt regimes,
the RDL is still valid under small perturbation in the initial data due to the dissipa-
tive nature of the CGLE. Some very interesting nonlinear phenomarrelated to the
guantized vortex interactions in the CGLE for superconductivity vere also observed
from our direct numerical simulation results of CGLE. Di erent stealy state pat-
terns of vortex clusters under the CGLE dynamics were obtainedimerically. From
our numerical results, we observed that boundary conditions andomain geome-
try a ect signi cantly on vortex dynamics and interaction, which showed di erent
interaction patterns compared to those in the whole space cadé() 161].

For the CGLE in an inhomogeneous potential under the Dirichlet BC,Yodirectly
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simulate the GLE, we nd that vortices move in a quite di erent ways fom that
in the homogeneous case. The vortices basically move toward critigaints of the
inhomogeneous potential in the limiting process ! 0, which show the pinning

e ect that caused by the impurities given by the inhomogeneities.



Chapter 6

Numerical methods for GPE with angular

momentum

In this chapter, we rst review how to reduce the 3D GPE (.10 with strongly
anisotropic con ning potential V(x) into 2D GPE, then we propose a simple, e -
cient and accurate numerical method for simulating the dynamics obtating Bose-
Einstein condensates (BECSs) in a rotational frame with/without a lmg-range dipole-
dipole interaction. We then apply the numerical method to test the gnamical laws
of rotating BECs such as the dynamics of condensate width, angulenomentum
expectation and center-of-mass, and to investigate numericallyn¢ dynamics and
interaction of quantized vortex lattices in rotating BECs without/with the long-

range dipole-dipole interaction.

6.1 GPE with angular momentum

In many physical experiments of rotating BEC, the external trapV (x) in (1.10
is strongly con ned in the z-direction, i.e.,

V(x) = Va(x;y) + 22—24 x 2 R% (6.1)

116
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with 0 <™ 1 a given dimensionless parametet4], resulting in a pancake-shaped
BEC. Similar to the case of a non-rotating BEC, formally the GPE 1.10 or (1.13-
(1.19 can e ectively be approximated by a two-dimensional (2D) GPE adl[7,1841]:
+ (33 1). , 3,
P ] >y
2 2

i@ (X»:t)= %r 2+ Vo(Xo) + L, (6.2)

Y= (Xot)= @,n, NAM 3 ou(Xot); X =(Xy)T2R%t O (6.3)

wherer » =(@;@)", r3 =@+ @, N> =(nN;;N)", @, =N> >, @,n, =

@, (@,) and

1 z g s°=2

(2 )% g7 X2+ 252

ux-;t)= G j j% G (x»)= ds; x, 2 R% (6.4)

The above problem 6.2)-(6.3) with ( 6.4) is usually calledsurface adiabatic model
(SAM) for a rotating BEC with dipole-dipole interaction in 2D. Furthermore, taking
"1 0" in (6.4), we obtain

' 2 ) ! = GO 2); 2 2. .
G (x2) 2 %0 G'(x2); X2 2R (6.5)
This, together with (6.4), implies that when" ! 0",
u(x,;t) = ! i 20 (r 2)¥u=j j* with lim u(x,;t)=0: (6.6)

2 X7 jx7 11
The problem (6.2)-(6.3) with ( 6.6) is usually calledsurface density mode(SDM) for
a rotating BEC with dipole-dipole interaction in 2D. Note that even forthe SDM
we retain the "-dependence in§.2).

In fact, the GPE (1.10 or (1.13 in 3D and the SAM or SDM in 2D can be
written in a uni ed way in d-dimensions ¢l = 2 or 3) with x = (x;y)" whend =2

and x = (x;y;z)" whend = 3:

1
i@ (x;t)= o ZHVX)+ R+ () L, (xt); (6.7)
' (x;t) = Lau(x;t); ux;t)= G j j% x2R%: t O (6.8)
whereV (x) = V,(x) whend =2 and
8 8 8
< I S 3=2 S @,n, N % d=2;

= 2 = |_n

. . (6.9)
; -3, © @h d=3;
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8 8
2 1=2 jxj; 2 15 j; d=2 & SDM;
R w242
G0)= 4 G0 0 80)= .t tyids d=2& SAM; (610)
1=4 jxj; - 15 % d=3;

wherefb( ) denotes the Fourier transform of the functionf (x) for x; 2 RY. For

studying the dynamics of a rotating BEC, the following initial conditionis used:
Z

(x;0) = o(x); x 2 RY; with k ok?:= | o(x)j?dx =1: (6.11)
Rd

We remark here that in most BEC experiments, the following dimensi¢ess har-

monic potential8is used

< 242 2\,2. — 9.
XS+ Y d=2;

V(x) = (6.12)

NI =

2y 2 2,2 252 —n.
KXo+ Jys+ Zze d=3;
where y > 0, y > 0 and , > 0 are dimensionless constants proportional to the

trapping frequencies inx-, y- and z-direction, respectively.

6.2 Dynamical properties

In this section, we analytically study the dynamics of rotating dipolaBECs. We
present dynamical laws, including the conservation of angular momtem expecta-
tion, the dynamics of condensate widths and the dynamics of therter of mass.

The results are quite similar to the ones in18, 25.

6.2.1 Conservation of mass and energy
The GPE in (6.7){( 6.1]) has two important invariants: the mass(or normaliza-
tion) of the wave function,zwhich is de ned %s
N(t):= k (;t)k?:= dj (x;1)j%dx dj (x;0)j%dx = 1; t 0, (6.13)
and the energy per particlze ’ )
E®) == E( (G0))= }jr R4S IR I A P Lz dx

Ri 2 2 2
EC (;0)=E(o; t O (6.14)
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wheref denotes the conjugate of the complex-valued functidn Stationary states,
corresponding to critical points of the energy de ned in§.14), play an important
role in the study of rotating dipolar BECs. Usually, to nd stationary states s(x),

one can use the ansatz
(x:t)= e st (x); x2R%: t 0 (6.15)

where s 2 R is the chemical potential. Substituting 6.19 into (6.7) yields the

nonlinear eigenvalue problem
S0 = rTEVOOE J Pt s L o0 x2RS (6.16)
"s(X) = Lalus(x);  Uus(x)= G j &% x2RY (6.17)

under the constraint
Z

k k2= | s(x)j%dx = 1: (6.18)
Rd

Thus, by solving the constrained nonlinear eigenvalue problent.(6{( 6.18, one
can nd the stationary states of rotating dipolar BECs. In physicsliterature, the
stationary state with the lowest energy is calleground state while those with larger

energy are callecexcited states

6.2.2 Conservation of angular momentum expectation

The angular momentum expectatiof a condensate is de ned aslp, 25
Z

h,i(t) = (x;t)L, (x;t)dx; t O (6.19)
Rd

This quantity is often used to measure the vortex ux. The followinglemma de-

scribes the dynamics of angular momentum expectation in rotatinggpblar BECs.

Lemma 6.2.1. Suppose that (x;t) solves the GPE 6.7){( 6.11) with V(x) chosen

as the harmonic potential 6.12). Then we have

Z Z
dnL,i(t .. . ,
U= h ik jFI@ y@rld t o (620)
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Furthermore, the angular momentum expectation is consenyd.e.,
h,i(t) hL,i(0); t O (6.21)

if the following two conditions are satised: (i). x = ; (ii). any one of the
following conditions hold true: (a). =0; (b). in3D, n=(0;0;1)"; (c). in2D, n =
(0;0;1)" and g satises o(x)= f(r)é™ . Thatis, in a radially symmetric trap in
2D or a cylindrically symmetric trap in 3D, the angular mometum expectation is
conserved when either there is no dipolar interaction or thdipole axis is parallel to
the z-axis in 3-D or in 2-D with a radially symmetric or central votex-type initial

data.

Proof. Di erentiating ( 6.19 with respect to t, integrating by parts and taking (6.7)

into account, we get

. Z n i
AW T @ y@ ¢ 6@ @) . o
t Z pe i
= (i@ y@) +(i Jx@ y@) X
zr
= 311 0@ y® +r7 (@ Y@
FVO)E § P @ @) P dx
z h i
= 3j P (x@ y@)(V(x)+ ') dx; t O (6.22)

R

Substituting (6.12 into (6.22 leads to (6.20 immediately. In 3D, due to (1.14), the
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second term in 6.20 further becomes
Z VA

j Px@ y@)dx-= r2u(x@ y@)(@nu)dx
zR RS Z

zZ R |
n@(@u) n@(@u) r 2udx

(@yr 2u+ yr @u)(@@u)dx + (@xr 2u+ xr 2@u)(@@u) dx
3 i R3 .

Z%n

|
5 . X@(@u) y@(@u) r 2(@u) dx
ZR h ZR h

|
n@@u) n@(@u) j j*dx + - y(r @u@(r @u)

R3
|
+Zr yr (@u)@(@u) x(r @u)Q(r @U)Zr xr (@u)@(@u) dx
h i
n@(@u) n@(@u) j j*dx + Rs(Ir @u)(y@ x@)(r @u)dx

3

ZR
= hnl@(@u) nz@(@u)lj jZdx; ot o (6.23)
Thus, in a radially symmetric trap, i.e., x = y, ifthereis =0or n =(0;0;1)",
we get
dhL i (t) _
dt
from (6.20 and (6.23, which implies the conservation ofL,i in (6.2]).

0; t O (6.24)

Look into (6.20), claims in (ii) (a) is clearly and (c) is straightforward due to the

radial symmetry of the solution of (x;t) under the condition given there. O

6.2.3 Dynamics of condensate width

The condensate widtlof a BEC in  -direction (where = x;y;zorr = P X2 + y2)
is de ned by
p____ Z
(t) = (t); t O where  (t) = 2 (x;t)j2dx: (6.25)

Rd
In particular, when d = 2, we have the following lemma for its dynamics1fg]:

Lemma 6.2.2. Consider two-dimensional BECs with radially symmetric hanonic

trap (6.12), i.e., d=2 and = := ,. If =0, then for any initial datum
o(X) in (6.11), it holds fort 0
i @
(1) = ECo)* Zmzl(o)[l cos(2 )]+ ©@cos(2,t)+ 2’—sin(2 (t); (6.26)

r r
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where (1) := )+ (1), 2 := (0)+ ,©0)and P := L(0)+ (0). Further-

more, if the initial condition ((x) is radially symmetric, we have fot 0

W= 0= 3,0

E( o)+ h.,i(0 &
- EC0) > ' )[1 cos(2xt)] + © cos(2,t) + 2X
X X

sin(2 «t): (6.27)

Thus, in this case the condensate widths(t) and (t) are periodic functions with

frequency doubling trapping frequency.

Proof. Di erentiating ( 6.25 with respect to t, integrating by parts and taking (6.7)

into account, we obtain

Z Z h i
d O 20 gd=i 2(i) (o
dt zd Rd
2
= oy r2 i 2@ y@)j 2 dx
ZRd 2
= (@ @) 2 jjPx@ y@ dx; t 0  (6.28)

Similarly, di erentiating ( 6.28 with respect to t, integrating by parts and noticing
(6.7), we have

Z
2
T = R L2+ )@ y@) dx
z~
= 2 G0 +(i) o+ (0% (i)
2 6@ y@) (i) G0 o
4
- (124 12 )sV0+ | P )@ T
$20( (@ Y@ (@ y@ ) + o 1%+ 7))

L2AV)E PP I (6@ v@) (@ y@) )
P20 (x@ Y@) (12 r2)+i(x@ y@)j P dx;
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Moreover,zwe obtain fort 0
d (1) _
dtZ Rd

2 Pr Fo2ve0+ joir+ i+ g

2jjf@vx)+ " )+2i(@ @) (x@+y@)

2 (x@ y@ + jr PFH2v)+ P+ )i JP
+2i (x@ Y@ +(@ @)2 (x@+y@)
+2 3¢ YA 7 dx

Z
= 22 )+ 2 P+ it 2 jje

R2
+H(@ @) 4(x@+y@ +2 *(x* yd)jj* dx (6.29)
Hence whend = 2, if , = = ,and = 0, combine with (6.29, (6.14 and

lemma6.2.1 we have

Z
d® (1) _d® (1) , (1) ) o
= = 4 2
dt2 dtz + dtzz Fe(t)+ - jro o+ 7 dx
= 47.()+4 }ir PV P+ 5 J* Re( Ly ) dx
Z R2 2 2
+4 Re( L, )dx
R2
= 42, ()+4E( 9)+4 N,i(0); t O (6.30)

Thus, (6.26 is the unique solution of the second order ODE6(30 with the
initial condition ,(0)= @ and -(0)= ®.
Furthermore, if  has radial symmetric structure, the solution (x;t) is also

radial symmetric since x = , and can be rewritten in the form of

(1) = F(rt)em ©

and thus
y z,27,
«(t) = X% jedx = r2cog jf (r;t)j%rddr
Fﬂ 1 ° ° Z 1 Z 2
= r2jf (r;t)j?rdr = r2sin® jf (r;t)jrd dr
Z 0 0 0
— 2: 2 — — 1 .
= YI A= ()= 5 (1) (6.31)
Rd
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0
6.2.4 Dynamics of center of mass
We de ne the center of massof a condensate at any time by
Z
xc()=  xj (x;t)j%dx; t O (6.32)
Rd

The following lemma describes the dynamics of the center of mass.

Lemma 6.2.3. Suppose that (x;t) solves the GPE 6.7){( 6.11) with V(x) chosen
as the harmonic potential 6.12). Then for any given initial data o, the dynamics

of the center of mass are governed by the following secondeorODES:

x.(t) 2 J)gc(t%+( +  2J%)x(t)=0; t O (6.33)

Xc(0)= x@ = xj oj2dx; (6.34)
VA

xc(0)= x® = Im( or odx  IxQ; (6.35)

Rd

wherelm(f) denotei the imagingry part oflthe functiof and the matrices

0 1 2.0
J=@ A = @~ A.  for d=2;
10 0 2
or 0 1 0 1
0 10 2.0 0
J=% 100%; = %0 30%; for d=3:
0O 0O 0 0 2

Proof. For simplicity, we considerd = 3 in the following proof. Di erentiating ( 6.32

with respect tot, integrating by parts and taking (6.7) into account, we obtain

PO X+ om=i (i) G
23 R3
=i %x r? r? i X(x@ y@)j j* dx
Z "y i
= i i @ y@)x dx
A Z
= ir o+ JIxjjPdx= Ixe(t) i (r ddx; t O (6.36)

R3 R3
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Di erentiating ( 6.36 with respect tot and following the similar procedures, we have
d?x(t) dxc(t)

dt? 7 dt Z n i
= | (r + r pdx= (b gr +(i Pr dx
7 R3 R3
= 12 42y +H(V)+ ") P
R3 2
i (x@ y@) r x@ y@) r dx
Z Z
= jjir V) + t ldx i J ( r )dx: (6.37)
R3 R3

Noticing (6.36 and V(x) de ned in (6.12, we can rewrite the ODE 6.37) as
d?xc(t) dxc(t)

dt? At 7
_ . dXC(t) 2
= Xj Jjedx J +  JIx((t) + (r “u)r @, udx
R3 dt R3
z dx¢(t) z
= Xj j2dx J 22+ Ixe(1) nr - (@u)j? dx
R3 d R3
= X+ J dx(;t(t) + X (1); t O (6.38)
Combining (6.38 with (6.32 and (6.36 at time t = 0, we can get the ODEs 6.33{
(6.35. O

Lemma6.2.3shows that the dynamics of the center of mass depends on thegping
frequencies and the angular velocity, but it is independent of the iataction strength
constants and in (6.7). For analytical solutions to the second-order ODEs433-

(6.395, we refer to [L59.

6.2.5 An analytical solution under special initial data

From Lemma 6.2.3 we can construct an analytical solution to the GPE §.7){

(6.11 when the initial data is chosen as a stationary state with its centeshifted.

Lemma 6.2.4. SupposeV (x) in (6.7) is chosen as the harmonic potential&.12)

and the initial condition (x) in (6.11) is chosen as

oX)= s(x x%;  x2R% (6.39)
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wherex® 2 RY is a given point and ¢(x) is a stationary state de ned in (6.16){
(6.18 with chemical potential s, then the exact solution of §.7){( 6.11) can be

constructed as

(x:t) = o(x  x(t) e ' stevxn: x2R% t O (6.40)
wherex(t) satis es the ODE (6.33) with
x¢(0) = x%; xc(0)=  Ix% (6.41)

and w(x;t) is linear in x, i.e.,
w(x;t) = c(t) x+ g(t); x2R% t O

for some functionsc(t) and g(t). Thus, up to phase shifts, remains a stationary

state with shifted center at all times.

6.3 GPE under a rotating Lagrangian coordinate

In this section, we rst introduce a coordinate transformation and derive the
GPE in transformed coordinates. Then we reformulate the dynamat quantities

studied in Section6.2in the new coordinate system.

6.3.1 A rotating Lagrangian coordinate transformation

For any time t

0, let A(t) be an orthogonal rotational matrix de ned as

0 1
ay= @ SV SO gy (6.42)
sin( t) cos( t)
and
0 1
cos(t) sin(t) O
A(t)=% sin( t) cos( t) 0%; if d=3. (6.43)
0 0 1
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It is easy to verify that A 1(t) = AT(t) foranyt 0 and A(0) = | with | the

identity matrix. For any t 0, we introduce therotating Lagrangian coordinatesg
as [11,6573
B=A (t)x=AT()x , x=A()e;, x2R% (6.44)
and denote the wave function in the new coordinates as:= (B;t)
(R:t):= (x;t)= (A()eR;t): x2R% t O (6.45)

In fact, here we refer the Cartesian coordinates as the Eulerian coordinatesand
Fig. 6.1 depicts the geometrical relation between the Eulerian coordinates and

the rotating Lagrangian coordinatese for any xed t 0.

Figure 6.1: Cartesian (or Eulerian) coordinatesx{y) (solid) and rotating La-

grangian coordinates X (dashed) in 2D for any xedt O.

Using the chain rule, we obtain the derivatives:
@ (®t)=@ (x;)+r (x;t) Al =@ (x;t) (x@ y@) (x;1);
ro(e;t)= A Y(Or (x;t); r2 ®ut=r?2 (x;t):

Substituting them into (6.7){( 6.11 gives the followingd-dimensional GPE in the

rotating Lagrangian coordinates:
i@ (B;t)= %r + W(Rit)+ | j°+ ' (&t) (&), R2R% t>0;  (6.46)

' (B;t) = Lnpu(®;t); ue;t)= G j j% g2R: t 0 (6.47)
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whereG is de ned in (6.10 and

W(E;t)g V(A()R); Rr2RY (6.48)
< 2¢ 2. — 9.
, (DM nsr <, d=2;

Lo =, om0 13 t o (6.49)
© @ ome; d=3;

with m(t) 2 R® and m, (t) 2 R? de ned as
0 1 0 1
mq(t) nycos( t) npsin( t)

m(t) = %mz(t) = A Y(t)n= %nlsin( t)+ n,cos(t) €, t 0O (6.50)

m3(t) N3

and m- (t) = (my(t); my(t)) T, respectively. The initial data transforms as
(R:0)= (x;0)= o(X):= o(X)= ofR); R=x2R% (6.51)

We remark here again that ifV(x) in (6.7) is a harmonic potential as de ned in

(6.12), then the potential W (;t) in (6.46 has the form
8

W(e:t) = 15 1a(R°+ )+ 12[(*  )cos(2 t)+ 2rgsin(2 t)]; d=2:
| (B2 + @)+ | ,[(B? 9’ cos(2 t)+2regsin(2 t)]+2 28% d=3;

where!; = 7+ Zand!,= ; 7. Itiseasy to see thatwhen, = ,:= .,
i.e., radially and cylindrically symmetric harmonic trap in 2D and 3D, respéively,
we have!; = 2 2 and!, = 0 and thus the potential W(g;t) = V(&) becomes
time-independent.

In contrast to (6.7), the GPE (6.46 does not have an angular momentum rota-
tion term, which enables us to develop simple and e cient numerical ntkeods for

simulating the dynamics of rotating dipolar BEC in Section6.4.

6.3.2 Dynamical quantities

In the above, we introduced rotating Lagrangian coordinates anchst the GPE
in the new coordinate system. Next we consider the dynamical lawsterms of the

new wave function (®;t).
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Mass and energy. In rotating Lagrangian coordinates, the conservation of mass

(6.13 yields
Z Z
k (;k*:= | (x;t)j%dx =
d

R

i (R;t)jPde=k (;t)k* 1, t O (6.52)

R

The energy de ned in .14 becomes

Z
E( (;t)= Sir PP+ Wj P+ 5+ 57 de
g 2 2 2
7 Zh i
@W (%;9) + 5(@Lm(s)u(®;s) j j*dsde
Rd 0
E( (;0);, t O (6.53)
whereu is given in (6.47). Speci cally, it holds
8
T(t)yn, AT (t)no » 4
@_m(t) - 2 . (t) ? n
g @_T(t)n@T(t)n; d=3:
Angular momentum expectation. The angular momentum expectation in the
new coordinates becomes
Z
h,i(t) = i (x;(x@ y@) (x;t)dx
zr
= (B;1)(e@Q ¢@) (B;t)de; t O (6.54)
Rd

which has the same form as6(19 in the new coordinates ofe 2 RY and the

wave function (®;t). Indeed, if we denote€, as the z-component of the angular

momentum in the rotating Lagrangian coordinates, we havé, = i(e@ 9@) =
I(X@ y@) = L,, i.e., the coordinate transform does not change the angular

momentum in z-direction. In addition, noticing that forany t 0 it holds (®;t) =
(x;t) and jA(t)j =1 forany t 0O immediately yields 6.54).

Condensate width. After the coordinate transform, it holds
Z Z

(1) = (X*+y?)j jPdx = (B*+ @) jPde= .(t)+ 4(1); (6.55)
ia Z Rd
() = 7% jldx = 27 j2dr = L(t); (6.56)

Rd Rd
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foranyt O.

Center of mass. The center of mass in rotating Lagrangian coordinates is de ned

as
Z
()=  Rj (B;t)j’de; t O (6.57)
d

R

Since det@(t)) =1 forany t O, it holds that x(t) = A(t)R.(t) for any timet O.

In rotating Lagrangian coordinates, we have the following analogud Lemma6.2.4

Lemma 6.3.1. SupposeV(x) in (6.7) is chosen as the harmonic potential§.12)

and the initial condition (®) in (6.51) is chosen as
o) = s r%; R2R% (6.58)

whereg® is a given point inRY and s(®) is a stationary state de ned in 6.16){
(6.18 with chemical potential s, then the exact solution of(6.46{(6.47) is of the

form
(R:t) = (B R(t)) e ste®®D; t> 0; (6.59)
wherer.(t) satis es the second-order ODEs:

R.()+ AT(t) A(t)Rc(t) = O; t O (6.60)
e.(0) = % ©.(0)= O; (6.61)

with the matrix de ned in Lemma6.2.3 and w(®;t) is linear in g, i.e.,
w(r;t) = e(t) r+g(t); e(t)=(e(t);::;elt)’s x2R% t O

We have seen that the form of the transformation matrixA(t) in (6.43 is such
that the coordinate transformation does not a ect the quantities in z-direction, e.g.
hi,i(t), -(t) and z(t).
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6.4 Numerical methods

To study the dynamics of rotating dipolar BECs, in this section we prpose
a simple and e cient numerical method for discretizing the GPE 6.46{( 6.5J) in
rotating Lagrangian coordinates. The detailed discretizations fdvoth the 2D and
3D GPEs are presented. Here we assume 6 0, and for = 0, we refer to
[15,17,41,157].

In practical computations, we rst truncate the whole space prblem (6.46){

(6.5]) to a bounded computational domainD  RY and consider

. 1 .

i@ (R;t)= Er2 +W(Rt) + jj2 + '; g2D;t> O; (6.62)
z

" (B t) = Lmu(r;t); u(e;t)= G(r ¢) (g;t)de; B2D; t> O; (6.63)
Rd

where
8

< j (g1)j% ¢2D;
®:0= j (1) ¢ ¢ 2 RY:
-0 otherwise

The initial condition is given by
(;0)= o(e); ®2D: (6.64)

The boundary condition to (6.62 will be chosen based on the kernel functiofs
de ned in (6.10. Due to the convolution in (6.63, it is natural to consider using
the Fourier transform to compute u(e;t). However, from 6.10 and (6.52, we
know that lim | 0@( )=1 and P j( =0) 6 0. As noted for simulating dipolar
BECs in 3D [17,37,13]], there is a numerical locking phenomena, i.e., numerical
errors will be bounded below no matter how small the mesh size is, whene uses
the Fourier transform to evaluateu(®;t) and/or ' (®;t) numerically in (6.63. As
noticed in [14,17], the second (integral) equation in §.63 can be reformulated into
the Poisson equation 1.14) and square-root-Poisson equation6(6) for 3D and 2D
SDM model, respectively. With these PDE formulations fou(®; t), we can truncate

them on the domainD and solve them numerically via spectral method with sine
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basis functions instead of Fourier basis functions and thus we cawoa using the
0-modes 17]. Thus in 3D and 2D SDM model, we choose the homogeneous Dirichlet
boundary conditions to 6.62. Of course, for the 2D SAM model, one has to use the
Fourier transform to computeu(®; t), thus we take the periodic boundary conditions
to (6.62.

The computational domainD  RY is chosen a® =[a;ij [c;d if d=2 and
D=[a;d [c;d [e;f]if d=3. Due tothe con nement of the external potential,
the wave function decays exponentially fast g®j! 1 . Thus if we chooseD to be
su ciently large, the error from the domain truncation can be negleted. As long as
we solve (®;t) in the bounded computational domainD, we obtain a corresponding
solution (x;t) in the domain A(t)D. As shown in Fig. 6.2 for the example of a 2D
domain, although the domainsA(t)D fort 0, are in general di erent for di erent
time t, they share a common disk which is bounded by the inner green solidctérin
Fig. 6.2 Thus, the value of (x;t) inside the vertical maximal square (the magenta

area) which lies fully within the inner disk can be calculated easily by intpolation.

6.4.1 Time-splitting method

Next, let us introduce a time-splitting method to discretize 6.62{( 6.64. We
choose a time-step size> 0 and de ne the time sequence ag, = n forn 2 N.
Then fromt = t, to t = t,+;, we numerically solve the GPE .62 in two steps.

First we solve
. 1,
i@ (»;t)= ér (m;t); ®2D; t, t tha (6.65)
for a time step of length , and then we solve
i@ (B;t)= W(Et+ jj>+ " ()i B2D: t Ut (6.66)
C(®O=Lnou(ert);  u(et)= G(e p) (1) dg; (6.67)

R

for the same time step.
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A(t)D

Figure 6.2: The bounded computational domairD in rotating Lagrangian coor-
dinates ® (left) and the corresponding domainA(t)D in Cartesian (or Eulerian)
coordinatesx (right) when =0 :5 at dierent times: t = 0 (black solid), t = ;
(cyan dashed),t = 5 (red dotted) and t = 37 (blue dash-dotted). The two green
solid circles determine two disks which are the union (inner circle) antie intersec-
tion of all domainsA(t)D fort O, respectively. The magenta area is the vertical

maximal square inside the inner circle.

Equation (6.65 can be discretized in space by sine or Fourier pseudospectral
methods and then integrated exactly in time. If homogeneous Diritdt boundary
conditions are used, then we choose the sine pseudospectralhudtto discretize it;
otherwise, the Fourier pseudospectral method is used if the balary conditions are
periodic. For more details, see e.gl7,25.

On the other hand, we notice that on each time intervaltf;t,.1], the problem
(6.66{(6.67) leavesj (®;t)] and henceu(®;t) invariant, i.e., j (B;t)j] = ] (®;tn)]
and u(g;t) = u(e;t,) for all timest, t ty.. Thus, fort 2 [ty;th+1], EQ. (6.6

reduces to
i@ (Bt)= W)+ j (Bth)j*+ Lmpu(ety) (&t); B2D: (6.68)

Integrating (6.68 in time gives the solution
Z t

(B;t)= (Ritn)exp i | (Ritn)j*(t t)+ (Rit)+  W(R;s)ds

(6.69)
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fore2D andt 2 [t,;th+1], where the function (®;t) is de ned by
yA t YA t
(e;t)= Lmu(®;ty) ds= Lm) ds u(®;ty): (6.70)

tn tn

Plugging (6.50 and (6.49 into (6.70, we get

( ®;t) = Cq(tu(e;ty); r2D; t, t  th; (6.71)
where
8
EL(D) = S I IPmI@+ 1P 1P0IGy + 1)@y d=2;
T 0@+ 0@+ 1P0@.+ 150@ + 1)@, + 1P0)@.; d=3;
with
Z t Z t
I2Mt)= mi(s)ds= nZcog( s)+ nisin’( s) ninysin(2 s) ds
tnh th
S e M Mgne o sin )]+ MM [cos@ 8 cos@ )]
z .2 Z. 2
122(t)=  m3(s)ds= n3cog( s)+ nZsin’( s)+ ninysin(2 s) ds
tnh th
SMPMEG y M Moy sin2 6)] M 2cos2 1) cos(2 1)
Z% 4Z t 2
122(t)=2  my(s)my(s)ds = (n?2  nd)sin(2 s)+2nin,cos(2 t) ds
th th
= i n; [cos(2 t,) cos(2 t)]+ el [sin(2 t) sin(2 ty)];
ZZ t Z t
123(t)=2n3  my(s)ds=2n; [nicos( s) nysin( s)]ds
th th
= %[nl [sin( t) sin( ty)]+ ny[cos( t) cos( ty)]];
Z t Z t
123(t)=2n3  my(s)ds=2n; [nysin( s)+ nycos( s)]ds
th th
= 2 [nyfsin( ) sin( t)] mifcos( ) cos( t)]];
Z
133(t) = tngds: na(t  tn); th ot ther:
tn

In Section6.4.2 we will discuss in detail the approximations to (&;t) in (6.71.

In addition, we remark here again that ifV(x) in (6.7) is a harmonic potential as
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de ned in (6.12, then the de nite integral in (6.69 can be calculated analytically

as
8
‘i 1, 150 d=2;
W(e;s)ds= —! (" + ¢)(t to)+ H(R; 1)+ 3.
t 4 20 2@t t,); d=3;
where
1Z t
H(r;t) = L (&> g% cos(2 s)+2regsin(2 s) ds
tn
|
= 8—2 g’ ¢ [sin(2 t) sin@2 t,)] 2re[cos(2t) cos(2 ty)] :

Of course, for general external potentiaV/ (x) in (6.7), the integral of W (;s)
in (6.69 might not be found analytically. In this situation, we can simply adopta
numerical quadrature to approximate it, e.g. the Simpson's rule came used as

yA t

+
W (R;s) ds th W (e;t,) +4 W (B; t”2 !
th

)+ W(r;t)

We remark here that, in practice, we always use the second-ord&rang splitting
method [143 to combine the two steps in 6.65 and (6.66{(6.67). For a more

general discussion of the splitting method, we refer the reader b5, 25,67).

6.4.2 Computation of ( B;t)

In this section, we present approximations to the function (;t) in (6.71.
From the discussion in the previous subsection, we need only showvo discretize

u(®;t,) in (6.63 and its second-order derivatives ing.717).

Surface adiabatic model in 2D

In this case, the functionu(®;t,) in (6.70 is given by
Z

u(e;t,) = G(e g (ge;t)dg; r2D; (6.72)
R2

with the kernel function G de ned in the second line of §.10. To approximate it,

we consider a 2D boXD with periodic boundary conditions.
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Let M and K be two even positive integers. Then we make the (approximate)

ansatz

MXZ 1 KXZ 1
u(e; ty) = biy(to) € o® P& i® 9 p=(ry)2D; (6.73)
p= M=2¢g= K=2

where bqu(tn) is the Fourier coe cient of u(®;t,) corresponding to the frequencies
(p; 9 and

é ; 5 —C; (P; 0 2 Sy -

. M M K K
SMK:(p;@J?p?l;Eqil

We approximate the convolution in 6.72 by a discrete convolution and take its

discrete Fourier transform to obtain

blo(ta) = B L 2 ("Dl (Pid) 2 Sw; (6.74)

where ({ ”jZ){)q is the Fourier coe cient corresponding to the frequenciesp; g of

the function j (®;t,)j2, and ®( o ¢) are given by (see details in§.10)
1 4 e "2

85 D= 22 | (e zpee®™ P25 679
1 p q

Since the integrand in 6.75 decays exponentially fast, in practice we can rst trun-
cate it to an interval [s1; Sy] with jsij; S, > 0 su ciently large and then evaluate the
truncated integral by using quadrature rules, e.g. composite Sirspn's or trape-
zoidal quadrature rule.

Combining (6.77), (6.73 and (6.74), we obtain an approximation of (®;t) in

the solution (6.69 via the Fourier spectral method as

Mg2 1 Kg2 1 | i . .
(B;t)= L( L Zo8(L 2 (rp)l, €6 it 9 (6.76)

p= M=2¢g= K=2

fortimet, t ty+1, where the functionL( 1; ,;t) is de ned as

L 2t)= 1Y) 13 F+ 122(t) 13t S+ 15%(t) 1 2 ¢



6.4 Numerical methods 137

Surface density model in 2D

In this case, the functionu(®;t,) in (6.70 also satis es the square-root-Poisson
equation in (6.6) which can be truncated on the computational domairD with
homogeneous Dirichlet boundary conditions as

(r 2%u(e;t))=j (B:t))j>; ®2D; u(e;tn)jae = 0: (6.77)

The above problem can be discretized by using a sine pseudospdatathod in

which the 0-modes are avoided. Letting/l; K 2 N, we denote the index set
Twk =f(p;djl p M 11 q K 1g;
and de ne the functions
Up;q(®) = sin( é(E a)) sin( (21(? 0); (P 2 Tk ; B=(gg2D;

where
p

— 2 — . . .
Fl)— b & il (pP;9 2 Ty : (6.78)
Assume that
w11
u(e;t,) = 054 (th) Upiq(®); R2D; (6.79)
p=1 g=1

where b5 (t,) is the sine transform ofu(e;t,) at frequencies p;g). Substituting
(6.79 into (6.77 and taking sine transform on both sides, we obtain
(F "i2)5q

where d "j2)5q is the sine transform ofj (e; t,)j? at frequencies p; 0).

bpg(tn) = 4 D (P 2Tk (6.80)

Combining (6.79, (6.80 and (6.71), we obtain an approximation of (®;t) in
the solution (6.69 via sine spectral method as
XK P
=1 =1 ()7 +( 9P

where the functionsL( 1; 2;t) and V,,4(®) are de ned as

(®&t)=

L( o git)up:q(ﬁ)"r 162(t) Viia(®) (6.81)

L( s 2t)= BN 13 2+ 12 13 5 (6.82)

Voia(B) = @eUpq(R) = ;13 ﬁCOS( rl)(g a)) cos( (21(? 9); (P02 Twk: (6.83)
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Approximations in 3D

In 3D case, again the functioru(®;t,) in (6.70 also satis es the Poisson equation
in (1.14 which can be truncated on the computational domai® with homogeneous

Dirichlet boundary conditions as

r 2u(Rty) = (B:tn)j%; R2D; u(e;tn)ja@ = 0: (6.84)
The above problem can be discretized by using a sine pseudospdatnathod in
which the 0-modes are avoided. Denote the index set

Twke = f(p;q;njl p M L1 g K 1,1 r L 1g
whereM; K;L > 0 are integers and de ne the functions

Upqr(R) =sin( Y& a)sin( 2@ o)sin( (& ©); (piaiN 2 ke ;
where

S=r=(f o) 1 r L 1

Again, we take the (approximate) ansatz

oI 1K 1
u(e;ty) = 054 (tn) Upiqr (B); r=(ggB2D; (6.85)
p=1 o=1 r=1

wherebg, (tn) is the sine transform ofu(e;t,) corresponding to frequenciesp( g; r).
Substituting (6.89 into the Poisson equation 6.84) and noticing the orthogonality

of the sine functions, we obtain
i2
(I "i2)5e

bS,, (th) = ;o (e 2 Tk (6.86)
T (DR (B2 (
where d "j2)5qr is the sine transform of] (®;t,)j? corresponding to frequencies
(p; ;.

Combining (6.77), (6.85 and (6.86, we obtain an approximation of (®;t) in

the solution (6.69 via sine spectral method as

WIK X 1
(®it)= bogr(tn) L( 5 & %0 Upqr(®) + 122V, (R)
p=1 g=1 r=1

+ 133V (R) + 12V (R) ; R2D; (6.87)
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where the functionsL( 1} 2; 3;t), Viiar(®), Vi&:(®) and Vi3 (®) (for (p;q;n) 2

TukL ) are de ned as

L( w20 st)= 1Mt £+ 122(t) 5+ 1) 5
Vp(;:(Lq);r(E) = @?UD;Q;Y(E) = é
Vp(§2q):r(g) = @Bup;q;r(g) = é
2
q

Vp(;3q);r(g) = @eUpq:(B) =

ccos( 5(® a@))cos( (g 0)sin( (e e);
Jcos( 5(e a)sin( i(g c))cos( (e e€);

Psin( (e a)cos( (g ©)cos( (B e€):

r

Remark 6.4.1. After obtaining the numerical solution (®;t) on the bounded com-
putational domainD, if it is needed to recover the original wave function (x;t) over
a set of xed grid points in the Cartesian coordinatex, one can use the standard
Fourier/sine interpolation operators from the discrete nunerical solution (®;t) to
construct an interpolation continuous function overD [38, 141], which can be used
to compute (x;t) over a set of xed grid points in the Cartesian coordinateg for

any xedtimet O.

Remark 6.4.2. If the potential V(x) in (6.7) is replaced by a time-dependent po-
tential, e.g. V(x;t), the rotating Lagrangian coordinates transformation andhe nu-
merical method are still valid provided that we replad®/ (®;t) in (6.48) by W (®;t) =
V(A(t)e;t) for g 2 RY andt 0.

6.5 Numerical results

In this section, we rst test the accuracy of our numerical methd and compare
it with previously known methods for computing the dynamics of rotang BECs.
We then study the dynamics of rotating dipolar BECs, including the agter of mass,
angular momentum expectation and condensate widths. In additipnhe dynamics
of vortex lattices in rotating dipolar BEC are presented. For simplicig, throughout
this section, we consider the 2D GPER.7)-(6.8) with the surface density model and

choose the external potentiaV (x) according to (6.12.



6.5 Numerical results 140

6.5.1 Comparisons of di erent methods

To test the performance of our method, we compare it with somepeesentative
methods in the literature for computing the dynamics of rotating BEs, includ-
ing the Crank{Nicolson nite di erence (CNFD) method [16,90,11€¢, semi-implicit
nite di erence (SIFD) method [ 16,90] and time-splitting alternating direction im-
plicit (TSADI) method [ 24]. Note that these methods solve the GPE in Eulerian
coordinates. Here we will not compare our method with those irl§, 21], where
the polar and cylindrical coordinates are used in 2D and 3D, respealy. Since
di erent computational domains and meshes are used, it is hard taoy out a fair
comparison.

We consider the 2D GPE 6.7)-(6.8) for a rotating BEC without DDI. The pa-
rameters are chosen a8=2, =0 4, = y=1and =0. The initial condition

of the wave function in 6.11)) is taken as

1 (x2+2y?)

oX)= —€& 2 ; x =(xy)" 2 R?% (6.88)

In our simulations, we choose a bounded computational domaid = [ 8; 8 ]2
Let (t) represent the numerical solution with very ne mesh sizé, = hy = h =
=128 and small time step t = 0:0001, and assume it to be a su ciently good
representation of theexactsolution at time t. Denote ("<:hv: Y (t) as the numerical
solution at time t obtained with the mesh size I{y; hy) and time step t. Tables
6.1{ 6.2 show the spatial and temporal errors of di erent methods, wherthe errors
are computed ask (t) (b Y(t)ke at time t = 1:5. To calculate the spatial
errors in Table 6.1, we always use a very small time stept = 0:0001 so that
the errors from temporal discretization can be neglected comatr to those from
spatial discretization. Similarly, the temporal errors are obtainedvhen ne mesh
sizehy = hy = =128 is used.
From Table 6.1, we see that for the same mesh size and time step, the resulting

errors of TSADI and our methods are much smaller than those foiN&-D and SIFD

methods. It also indicates that the CNFD and SIFD methods are send-order
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Mesh size =4 =8 =16 =32 =64
CNFD 3.895E-1| 1.475E-1| 4.093E-2| 9.662E-3 | 1.917E-3
_ SIFD 3.895E-1| 1.475E-1| 4.093E-2| 9.662E-3 | 1.917E-3
10 TSADI 1.001E-1| 1.969E-3| 5.651E-8| 9.391E-13| <1.0E-13
Our method | 1.031E-1| 1.984E-3| 5.609E-8| 8.907E-13| <1.0E-13
CNFD 1.2063 | 4.395E-1| 1.722E-1| 4.511E-2 | 8.947E-3
o SIFD 1.2064 | 4.394E-1| 1.722E-1| 4.511E-2 | 8.947E-3
= 3200 TSADI 3.966E-1| 2.744E-2| 1.875E-5| 1.204E-12| <1.0E-12
Our method | 4.244E-1| 2.785E-2| 1.872E-5| 1.146E-12| <1.0E-12
CNFD 1.4181 1.3308 | 4.806E-1| 1.888E-1| 4.046E-2
o SIFD 1.4180 1.3308 | 4.806E-1| 1.888E-1| 4.046E-2
- 8025 TSADI 1.2239 | 1.702E-1| 1.244E-3| 5.208E-9 | <1.0E-10
Our method | 1.3150 | 1.731E-1| 1.244E-3| 5.235E-9 | <1.0E-11
Table 6.1: Spatial discretization errork (t) ("M Y(t)k. at time t = 1:5.

accurate in space while our method and TSADI are spectral-ordec@urate. On the
other hand, Table 6.2 shows that CNFD, TSADI and our method are second-order
accurate in time, while SIFD is either linear or slightly faster than lineamaccurate
in time due to the way that we tested the temporal accuracyl). In fact, for SIFD
method, second order of accuracy in both space and time was oled when the
mesh size and time step are decreased simultaneoudl§].[ In general, the spatial
and temporal errors increase with the nonlinearity coe cient when the mesh size
and time step are xed. In addition, for xed and time step t, in general, the
errors from our method and TSADI are much smaller than those fr@ CNFD and
SIFD.

Compared to the SIFD and CNFD methods, our method has much highspatial
and/or temporal accuracy and is much easier to be implemented ingwtical com-

putation. Thus for a given accuracy, the memory and computatiail costs of our
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Time step 1=40 1=80 1=160 1=320 1=640
CNFD 1.244E-2| 4.730E-3| 1.195E-3| 2.992E-4| 7.460E-5

o SIFD 6.740E-1| 3.107E-2| 1.561E-2| 7.915E-3| 3.908E-3
- 1015 TSADI 3.510E-4| 8.738E-5| 2.182E-5| 5.448E-6| 1.358E-6
Our method | 3.433E-4| 8.542E-5| 2.133E-5| 5.326E-6| 1.327E-6

CNFD 1.171E-1| 3.898E-2| 1.032E-2| 2.601E-3| 6.491E-4

o SIFD 2.589E-1| 1.012E-1| 3.657E-2| 1.625E-2| 8.196E-3
= 3200 TSADI 1.824E-3| 4.510E-4| 1.124E-4| 2.807E-5| 6.994E-6
Our method | 1.824E-3| 4.481E-4| 1.117E-4| 2.790E-5| 6.949E-6

CNFD 4.716E-1| 2.264E-1| 7.571E-2| 2.024E-2| 5.089E-3

. SIFD unstable | 3.847E-1| 1.790E-1| 5.719E-2| 1.815E-2
- 8025 TSADI 6.423E-3| 1.564E-3| 3.887E-4| 9.697E-5| 2.416E-5
Our method | 6.401E-3| 1.559E-3| 3.874E-4| 9.663E-5| 2.407E-5

Table 6.2: Temporal discretization errork (t)

(hhy: O(t)k,. at time t = 1:5.

method can be signi cantly reduced from those of the SIFD and CNF methods.
Similarly, compared to TSADI method, the computational cost perime step of our
method is slightly smaller. In addition, the temporal accuracy of oumethod can be
much easier improved to higher order, e.g. fourth order or higheby adopting the
standard higher order time-splitting method 15,67 since our method decomposed
the GPE into two sub-problems in a rst order splitting, while the TSADI has to
decompose the GPE into three sub-problem4&§).

6.5.2 Dynamics of center of mass

In the following, we study the dynamics of the center of mass by do#y simulat-
ing the GPE (6.7){( 6.8 in 2D with SDM long-range interaction 6.6) and harmonic
= 30IO 10= =

potential (6.12. To that end, we taked = 2, % and dipole
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axisn = (1;0;0)". The initial condition in (6.11) is taken as

(x2+y?)

o(X) = (x x9: with (X)) =(x+iy)e = x2D; (6.89)

where the constant is chosen to satisfy the normalization conditiork ok? = 1.
Initially, we take x° = (1;1)". In our simulations, we use the computational domain
D =[ 16,16F, the mesh size ® = ¢=1=16 and the time step size = 0:0001.

We consider the following two sets of trapping frequencies: (ix = =1, and
(i) x=1, y=1:1. Fig. 6.3 shows the trajectory of the center of masg.(t) in
the original coordinates as well as the time evolution of its coordines for di erent
angular velocities , where , = | = 1. On the other hand, Fig. 6.5.2 presents
the same quantities for , = 1 and = 1:1. In addition, the numerical results
are compared with analytical ones from solving the ODEs in6(33{(6.35. Figs.
6.3{6.5.2 show that if the external trap is symmetric, i.e., , = , the center of
mass always moves within a bounded region which is symmetric with resp to the
trap center (0;0)". Furthermore, if the angular velocity is rational, the movement
is periodic with a period depending on both the angular velocity and thiapping
frequencies. In contrast, when, 6 , the dynamics of the center of mass become
more complicated. The simulation results in Figs.6.3(6.5.2 are consistent with
those obtained by solving the ODE system in Lemmé&.2.3 for given , , and

y [159 and those numerical results reported in the literatures by othemumerical
methods [L8 21, 24).

On the other hand, we also study the dynamics of the center of ns&.(t) in the
new coordinates. When , =  and arbitrary, the center of mass has a periodic
motion on the straight line segment connecting g° and g°. This is also true for
Xc(t) with =0 (cf. Fig. 6.3). However, the trajectories are di erent for di erent

if x 6 . This observations agree with the results in Lemm@.2.4

In addition, our simulations show that the dynamics of the center ofmass are
independent of the interaction coe cients and , which is consistent with Lemma
6.2.3
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Figure 6.3: Results for , =

(Xc(1):ye(t)T for O

t

y = 1. Left: trajectory of the center of mass,x(t) =

100. Right: coordinates of the trajectoryx.(t) (solid

line: xc(t), dashed line: y.(t)) for di erent rotation speed , where the solid and

dashed lines are obtained by directly simulating the GPE and "*' and "okpresent

the solutions to the ODESs in Lemma6.2.3
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Figure 6.4: Results for , = 1; , = 1:1. Left: trajectory of the center of mass
Xc(t) = (Xc(t);ye(t))T for 0 't  100. Right: coordinates of the trajectoryx.(t)
(solid line: x¢(t), dashed line:y.(t)) for di erent rotation speed , where the solid

and dashed lines are obtained by directly simulating the GPE and ™* ana' repre-
sent the solutions to the ODEs in Lemm&5.2.3
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6.5.3 Dynamics of angular momentum expectation and con-

densate widths

To study the dynamics of the angular momentum expectation and odensate
widths, we adapt the GPE 6.7){( 6.8) in 2D with SDM long-range interaction (6.6)
and harmonic potential 6.12, i.e., we taked =2 and =0 :7. Similarly, the initial

condition in (6.1]) is taken as
ox)=  (x); x2D; (6.90)

where (x) is de ned in (6.89 and is a constant such thatk ok? = 1. In our
simulations, we consider the following four cases:

() «= y=1, =25"10=, =0,andn=(1;0,0)"

(i) = y=1, - 25" To=

15, andn = (1;0;0)7;

iy = ,=1, - 55" 10=

(iv) x=1, ,=1:1, - 55" 0=,

15, andn = (0;0;1)";

15, andn = (0;0;1)".

5
Casei || e
14 — — —Caseii |] ASFT T T T T T T T T T T T T T 1
.| == Caseiii
135 Sl Caseiv || 4
13
35 _ o o o o e o e e Y e 4
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Figure 6.5: Time evolution of the angular momentum expectation (leftand energy

and mass (right) for Cases (i)-(iv) in section 5.3.

In Fig. 6.5 we present the dynamics of the angular momentum expectation,

energy and mass for each of the above four cases in the inteval [0; 15]. We see
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7 - - =40
o dW
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Figure 6.6: Time evolution of condensate widths in the Cases (i){(iv) isection 5.3.

that if the external trap is radially symmetric in 2D, then the angular momentum
expectation is conserved when either there is no dipolar interactig@ase (i)) or the
dipolar axis is parallel to thez-axis (Case (iii)). Otherwise, the angular momentum
expectation is not conserved. The above numerical observatioaie consistent with
the analytical results obtained in Lemm&.2.1 In addition, we nd that our method
conserves the energy and mass very well during the dynamics (&fig. 6.5 right).
Furthermore, from our additional numerical results not shown he for brevity, we
observed that the angular momentum expectation is conserved ilb3or any initial
data if the external trap is cylindrically symmetric and either there isno dipolar
interaction or the dipolar axis is parallel to thez-axis, which can also be justi ed
mathematically.
The dynamics of the condensate widths are presented in Fi§.6. We nd that

(1) is periodic as long as the trapping frequencies satisfy =  and the in uence
of the dipole axis vanishes, e.g. in the Case (i), which con rms the ag#cal results

of Lemma6.2.2 Furthermore, from our additional numerical results not shown &re
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for brevity, we observed that ,(t) is periodic and (t) = (t) = % (t)if =0 for
any initial data or n = (0;0; 1)" for radially symmetric or central vortex-type initial

data.

Figure 6.7: Contour plots of the density functionj (x;t)j? for dynamics of a vortex

lattice in a rotating BEC (Case (i)). Domain displayed: &;y) 2 [ 13;13F.

6.5.4 Dynamics of quantized vortex lattices

In the following, we apply our numerical method to study the dynami of quan-
tized vortex lattices in rotating dipolar BECs. Again, we adapt the GFE (6.7){( 6.8
in 2D with SDM long-range interaction ©.6) and harmonic potential (6.12), i.e.,
we choosed = 2, = 1000 and = 0 :9. The initial datum in (6.11) is chosen
as a stationary vortex lattice which is computed numerically by usinghe method
in [157, 158 with the above parameters andx = =1, =0, i.e., no long-range
dipole-dipole interaction initially. Then the dynamics of vortex latticesare studied

in two cases:
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() perturb the external potential by setting = 1:05and y =0:95 att =0;

(ii) turn on the dipolar interactions by setting = 600 and dipolar axisn =

(1;0;0)" at time t = 0.

In our simulations, we useD =[ 16;16f, ®= g=1=16and = 0:0001. Figs.
6.7{6.8 show the contour plots of the density functionj (x;t)j?> at dierent time
steps for Cases (i) and (ii), respectively, where the wave functionx;t) is obtained
from (®;t) by using interpolation via sine basis (see Remar&.4.1). We see that
during the dynamics, the number of vortices is conserved in boths@s. The lattices
rotate to form di erent patterns because of the anisotropic exrnal potential and
dipolar interaction in Cases (i) and (ii), respectively. In addition, theresults in
Case (i) are similar to those obtained in18], where a spectral type method in polar

coordinates was used to simulate the dynamics of vortex lattices.

t=0 t=15 t=35

t=55 t=8.5 t=10.5

Figure 6.8: Contour plots of the density functionj (x;t)j? for dynamics of a vortex

lattice in a rotating dipolar BEC (Case (ii)). Domain displayed: &;y) 2 [ 10; 10F.
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6.6 Conclusions

We proposed a simple and e cient numerical method to simulate the dyamics
of rotating dipolar Bose{Einstein condensation whose propertieseadescribed by
the Gross{Pitaevskii equation with both the angular momentum raaition term and
the long-range dipole-dipole interaction. We eliminated the angular tation term
from the GPE by a rotating Lagrangian coordinate transformation which makes
it possible to design a simple and e cient numerical method. Based orhé new
mathematical formulation under the rotating Lagrangian coordintes, we designed
a numerical method which combines the time-splitting techniques witRourier/sine
pseudospectral approximation to simulate the dynamics of rotatghdipolar BECs.
The new numerical method is explicit, unconditionally stable, specttarder accu-
rate in space and second order accurate in time, and conserveg tinass on the
discretized level. Its temporal accuracy can be easily increasednigher order. The
memory cost iSO(MK ) in 2D and O(MKL ) in 3D, and the computational cost per
time step isO (MK In(MK)) in 2D and O (MKL In(MKL )) in 3D. More specif-
ically, the method is very easy to implement via fast Fourier transfon (FFT) or
discrete sine transform (DST). We reviewed some conserved gtiaes and dynami-
cal laws of the GPE for rotating BECs and casted their corresponty formulations
in the new rotating Lagrangian coordinates. Based on them, we namcally ex-
amined the conservation of the angular momentum expectation argtudied the
dynamics of condensate widths and center of mass for di erent gmlar velocities.
In addition, the dynamics of vortex lattice in rotating dipolar BEC were also inves-
tigated. Numerical studies showed that our method is very e ect& in simulating

the dynamics of rotating BECs without/with DDI.
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Conclusion remarks and future work

In this thesis, by proposing e cient and accurate numerical methds to solve
GLSE and corresponding RDLs, we conducted an extensive numatfistudy on
guantized vortex phenomena in GLE, NLSE and CGLE on bounded dam with a
small parameter". Moreover, we also investigated analytically and numerically on
the the dynamics of rotating dipolar BEC whose properties are daswed by the GPE
with both the angular rotation term and the long-range dipole-dipolenteraction.

In the rst part, we studied quantized vortex dynamics and interation in the
GLSE. Firstly, steady vortex states of the GLSE are reviewed andn e cient and
accurate numerical methods was proposed to simulate GLSE with iiat data involv-
ing vortices under di erent boundary conditions. The numerical mi#od is based
on: (i). applying a time-splitting technique to decouple the nonlineant in the
GLSE; (ii). for the resulted linear PDE (gradient ow with constant coe cient in
GLE/CGLE case or free Schmedinger equation in NLSE case), if in @&ctangular do-
main, for the case of Dirichlet BC, we adapt a fourth-order compaamite di erence
method in the spatial discretization and a Crank-Nicolson method inhe temporal
discretization, while for the case of Neumann BC, we apply a cosinespslospectral
method to discretize it; otherwise in a disk domain, we adopt the polaroordinate
in our numerical discretization, then utilized the standard Fourier peudospectral

discretization in the transverse direction, nite element discretizion in the radial
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direction and a Crank-Nicolson discretization in temporal direction.Secondly, we
reviewed various RDLs which govern the motion of the vortex centeto the leading
order, and proposed some methods to solve them. Finally, we applitb& proposed
methods to simulate quantized vortex interaction of GLSE with dieent " and
initial setups including single vortex, vortex pair, vortex dipole and grtex clusters.

Based on extensive numerical results, we found that the value'gfthe boundary
condition, the geometry of the domain, the initial location of the vaiices and the
type of the potential a ect the motion of the vortices signi cantly. Generally, the
boundary e ect a ect the vortex interaction very much, which leal to very di erent
nonlinear phenomena from those observed in the case of domain lgeihe whole
plane. Moreover, we veried that the dynamics of vortex centersn the GLSE
dynamics converges to that of the reduced dynamics whén 0 before they collide
and/or move out of the domain and/or after the sound wave propgate away from
them. Surely, after either vortices collide with each other or moveub of the domain
or when sound wave is being radiating or propagate back toward time the RDLs
are no longer valid; however, the dynamics and interaction of quaméd vortices
are still physically interesting and they can be obtained from our did numerical
simulations. Moreover, for each xed', there are regimes which at least depend on
the boundary condition and the geometry of the domain, such thahe RDLs failed
gualitatively to describe the vortex motion.

For the case of NLSE, vortices behave like point vortices in ideal uidn bounded
domains, they never move outside domain. Moreover, we found tritae radiation of
NLSE dynamics which is carried by oscillating sound waves modi es theation of
vortices much, especially in the dynamics of vortex cluster, highly gotating vortex
pairs and overlapping vortices. And due to the dispersive and radiaé nature, the
RDLs which does not take the radiation into account will be invalid everf there
were small perturbations near around the vortex centers initially.

For the case of the GLE and/or CGLE, which are dissipative systemsortices

move in a quite di erent way from the case of NLSE, they can exit thelomain in
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some circumstance. Vortices of like (opposite) winding number will dergo repul-
sive (attractive) interaction, they will move outside domain or merg and annihilate
somewhere in the domain or move toward the boundary and nally sppsomewhere
near the boundary. Moreover, there are no radiation or sound was come up during
the dynamics and interaction of the vortices, the RDLs are still validf there were
small perturbations in the initial setups. We also investigated the pggerns of the
steady states of the vortex clusters, we found that: (i). In thease of Dirichlet BC,
the vortices will all move toward the boundary to form a boundary Iger, whose
width is proportional to the value of " and inverse proportional to the number of
vortices in the cluster. The alignment of the vortices in the steadytate depend
on the initial location of the vortices, the boundary condition and tle geometry of
the domain. (ii). In the case of Neumann BC, the most of the vorticewill exit
the domain, and nally at most one vortex will leftover sitting at the center of the
domain for some proper initial data. However, this steady states it stable. If we
imposed a slightly perturbation, the vortices will begin to move and rlly exit the
domain. These ndings con rm the analytical results very well 83, 101]. Further-
more, in the presence of inhomogeneous potential, vortices gextigr move toward
the critical points of the external potential, and nally stop stead/ near around
those points, which illustrate clearly the pinning e ect.

In the second part, we studied the dynamics of GPE with angular moamtum
rotation term and/or the long-range dipolar-dipolar interaction tam. Firstly, we
review the two-dimensional (2D) GPE obtained from the 3D GPE via dirnsion
reduction under anisotropic external potential and derive someydamical laws re-
lated to the 2D and 3D GPE. By introducing a rotating Lagrangian coalinate
system, the original GPEs are re-formulated to GPEs without the regular momen-
tum rotation which is replaced by a time-dependent potential in the ew coordinate
system. We then cast the conserved quantities and dynamical lawsthe new rotat-
ing Lagrangian coordinates. Based on the new formulation of the G&Hor rotating

BECs in the rotating Lagrangian coordinates, we proposed a timglgting spectral
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method for computing the dynamics of rotating BECs. The new nunmigal method
is explicit, simple to implement, unconditionally stable and very e cient in compu-
tation. It is spectral order accurate in space and second-ordaccurate in time, and
conserves the mass in the discrete level. Extensive numerical tesare reported to
demonstrate the e ciency and accuracy of the new numerical mbod. Finally, the
numerical method is applied to test the dynamical laws of rotating BEs such as the
dynamics of condensate width, angular momentum expectation amenter-of-mass,
and to investigate numerically the dynamics and interaction of quarted vortex
lattices in rotating BECs without/with the long-range dipole-dipole interaction.

The topics that considered here is merely a small part of the world @brtex
dynamics. Many interesting and di cult problems still remains open. The study of
vortex dynamics can always be divided into two groups: (i). either tderive possible
RDLs which are sets of simple ODEs that govern the motion of vortise (ii). or
to simulate the PDEs directly by some e cient and accurate numericamethods.
Firstly, most of the RDLs reported in the literatures now can be validbnly up to the
rst collision time and they were derived under some assumptions ngo general.
The problem that how to relax those assumptions and extend exist derive new
RDLs to describe the motion of vortices involving vortex collision, vaex of multiple
degree (and thus splittings and reconnections might happen), tex exiting domain
and vortices radiating sound waves still remains as a di cult and thusnteresting
open problem. This is the rst possible direction that we will consider ithe future.
Secondly, although the direct simulation can provide us as much infaation as we
want including vortex splittings, collisions, reconnections and possésound wave
propagation in dispersive system as well as pinning e ect of the vaees, the design
of e ective numerical algorithm itself is a di cult issue. The e ciency o f the method
presented in this thesis for simulating the GLSE depend on the valud 6, and it
becomes useless for extreme small To propose e ective numerical methods which
are "-independent is another future work.

Moreover, the ideas proposed in this thesis to simulate dipolar roiag BEC is
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quite simple but e ective. We believe that it can be easily extended totsdy two
component rotating dipolar or spinor BEC 91], etc.

Last but not least, as mentioned in the beginning of this thesis, the IGE we
consider here is the simpli ed model for model superconductivity, lich might not
be that physical interesting, which motivate us to extend our metbds to study
the vortex dynamics in full Ginzburg-Landau model that involving eletromagnetic
eld [133143. Other topics such as vortex dynamics in the nonlinear Klein-Gorden
equation [L54, the nonlinear Maxwell-Klein-Gorden equation 155, the Landu-
Lifshitz-Gilbert equation [96] and the coupled Ginzburg-Landau equation for mod-

eling unconventional superconductorlf0g will also be considered.
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