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Abstract
This article is concerned with numerical study of a

coupled system of Gross–Pitaevskii equations which

describes the spin-orbit-coupled Bose–Einstein conden-

sates. Due to the fact that this system possesses the total

mass and energy conservation property and often appears in

high dimensions, it brings a significant burden in designing

and analyzing a suitable numerical scheme for solving the

coupled Gross–Pitaevskii equations (CGPEs). In this arti-

cle, an implicit finite difference scheme is proposed to solve

the CGPEs, which is proved to be uniquely solvable, mass-

and energy-conservative in the discrete sense. In particular,

it is proved in a rigorous way that, without any grid-ratio

restriction, the scheme is stable and convergent at the rate of

O(h2+𝜏2)with time step 𝜏 and mesh size h in the maximum

norm, while previous works often require certain restric-

tion on the grid ratio and only give the error estimates in

the discrete L2
norm or H1

norm which could not imply the

maximum error estimate. Numerical results are carried out

to underline the error estimate and conservation laws, and

investigate several dynamics of the CGPEs.
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1 INTRODUCTION

In this article, we consider the following 𝑑-dimensional (𝑑=1,2,3) coupled Gross–Pitaevskii equations

(CGPEs):

i𝜕t𝜓1 =

[
−1

2
Δ + V1(x) + ik0𝜕x +

𝛼

2
+

2∑
l=1

𝛽1l|𝜓l|2

]
𝜓1 +

𝜆

2
𝜓2, t > 0, (1.1)

i𝜕t𝜓2 =

[
−1

2
Δ + V2(x) − ik0𝜕x −

𝛼

2
+

2∑
l=1

𝛽2l|𝜓l|2

]
𝜓2 +

𝜆

2
𝜓1, t > 0, (1.2)

where

V1(x) = V2(x) =
⎧⎪⎨⎪⎩

1

2
𝛾

2

1
x2
, 𝑑 = 1,

1

2
(𝛾2

1
x2 + 𝛾2

2
y2), 𝑑 = 2,

1

2
(𝛾2

1
x2 + 𝛾2

2
y2 + 𝛾2

3
z2), 𝑑 = 3,

i =
√
−1, and 𝛾𝑑 (𝑑 = 1, 2, 3), k0, 𝛼, 𝛽lm (l,m = 1, 2), 𝜆 are given real constants, Ψ ∶= (𝜓1, 𝜓2)⊤ are

the unknown complex-valued wave function. The Equations (1.1) and (1.2) are the dimensionless form

(see [7]) of the CGPEs derived in describing the spin-orbit (SO) coupled Bose–Einstein condensate

(BEC) (see [21–22,24–28,43–44]).

It is seen from [7] that the dimensionless CGPEs (1.1) and (1.2) preserve the total mass,

M(Ψ(⋅, t)) ∶= ||Ψ(⋅, t)||2 = ∫
R𝑑

(|𝜓1(x, t)|2 + |𝜓2(x, t)|2
)
𝑑x ≡ M(Ψ(⋅, 0)), t > 0, (1.3)

and energy,

E(Ψ(⋅, t)) ∶= ∫
R𝑑

[
2∑

l=1

(
1

2
|∇𝜓l|2 + Vl(x)|𝜓l|2

)
+ 𝛼

2
(|𝜓1|2 − |𝜓2|2) + 𝜆Re(𝜓1𝜓2)

−k0Im(𝜓1𝜕x𝜓1 − 𝜓2𝜕x𝜓2) +
2∑

l=1

2∑
j=1

𝛽lj

2
|𝜓l|2|𝜓j|2

]
𝑑x ≡ E(𝜓0), t ≥ 0, (1.4)

where s, Re(s) and Im(s) represent the conjugate, the real part and imaginary part of s, respectively.

From mathematical points of view, extensive results have been carried out in the literature to study

the Gross–Pitaevskii equation (GPE) arising in modeling the BEC, see [1, 3-11, 14, 15, 19, 20, 35,

38-40] and references therein. However, few numerical method was proposed in literature for solv-

ing the CGPEs (1.1) and (1.2). In [7], Bao and Cai analytically and numerically studied the ground

states and dynamics of two-component SO-coupled BECs modeled by the CGPEs. In computing the

dynamics of the CPGEs, a time-splitting Fourier pseudo-spectral method is proposed in [7]. Their

numerical results demonstrate the efficiency and accuracy of the numerical methods and show the rich

phenomenon in the SO-coupled BECs. Antoine, Besse and Rispoli built and validated some explicit

high-order schemes in [4] for simulating the dynamics of the CPGEs and other nonlinear Schrödinger

(NLS) equations or GPEs. Their method is based on the combination of high-order implicit-explicit

schemes in time and Fourier pseudo-spectral approximations in space. To the best of our knowledge,

though there exists many finite difference schemes are proposed to solve the CGPEs without the

first-order derivative terms (see [3, 5, 31-34, 36]), there is no finite difference method is proposed and

analyzed in literature for solving the CGPEs (1.1) and (1.2). Due to the high efficiency and ease in

implementing, finite difference method is very popular in numerically solving the NLS-type equations.
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4250 LIU ET AL.

However, to give a clear and optimal grid-ratio condition of the finite difference method is a very

important and challenging issue.

There are tremendous literatures on establishing unconditional and optimal error estimates of

implicit finite difference schemes for solving the one-dimensional NLS-type equations (see [14,15,41]

and references therein). The key tools used in building the error bounds are strongly dependent

on the conservation properties and the one-dimensional Sobolev embedding inequalities, so they

cannot be generalized directly to high-dimensional cases. However, the CGPEs are expressed in

𝑑 dimensions for 𝑑 = 1, 2, 3 depending on the values taken by the trapping frequencies in the

x-, y-, and z-directions. In [6], under a weak constraint on the grid ratio, Bao and Cai applied

the standard energy method together with the cut-off function technique [2,16,17,30] to build the

error estimates of two finite difference schemes of the GPE with an angular momentum rotation

term. In [39], the authors established the point-wise optimal error estimates of finite difference

methods for solving the coupled GPEs under a weak constraint on the grid ratio. In [38], the

authors proposed an mass- and energy-preserving, fourth-order compact finite difference scheme for

a two-dimensional NLS equation and established the optimal L2
-error estimate of the scheme with-

out any grid-ratio restriction, but their result still requires that the initial value is sufficiently small.

It is known that the maximum error estimate of numerical methods is preferable in numerical anal-

ysis, while in two or three dimensional cases the L2
- and the H1

-error estimate does not imply the

maximum one.

From the stability and long-time computation point of view, a numerical scheme possessing the

conservative properties in the discrete sense is preferable and more popular than the non-conservative

ones which may lead to non-physical “blow-up.” In fact, more and more interests are attracted

in designing and analyzing conservative numerical schemes in solving those partial differential

equations inheriting conservative or dissipative properties (see [13, 18, 29, 38, 40, 42] and refer-

ences therein). Hence, the purpose of this article lies in constructing and analyzing a mass- and

energy-preserving finite difference scheme for the high-dimensional CGPEs. The main contribution of

the present work is to establish the optimal H2
-error estimates implying consequently the point-wise

error estimates of the derived scheme without any time-step restriction depending on the grid size

in space.

The remainder of this article is arranged as follows. In Section 2, a Crank-Nicolson finite difference

(CNFD) scheme is proposed for the CGPEs. In Section 3, the optimal H2
-error estimates of the pro-

posed scheme are established without any grid-ratio constraint. In Section 4, some numerical results

are reported to test the theoretical analysis.

2 FINITE DIFFERENCE SCHEME

For simplicity, similar as the processing in [7], we here only consider the numerical method in two

dimensions, that is, 𝑑 = 2 andΩ = (xL, xR)×(yL, yR) in (1.1) and (1.2). Extension to three-dimensional

case is straightforward, and the convergence result remains valid with little modification. That is, we

consider the CGPEs

i𝜕t𝜓1 =

[
−1

2
Δ + V1(x, y) + ik0𝜕x +

𝛼

2
+

2∑
l=1

𝛽1l|𝜓l|2

]
𝜓1 +

𝜆

2
𝜓2, (x, y) ∈ Ω, t > 0, (2.1)

i𝜕t𝜓2 =

[
−1

2
Δ + V2(x, y) − ik0𝜕x −

𝛼

2
+

2∑
l=1

𝛽2l|𝜓l|2

]
𝜓2 +

𝜆

2
𝜓1, (x, y) ∈ Ω, t > 0, (2.2)
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with homogeneous Dirichlet boundary conditions

𝜓1(x, y, t) = 0, 𝜓2(x, y, t) = 0, (x, y) ∈ 𝜕Ω, t > 0, (2.3)

and initial conditions

𝜓1(x, y, 0) = 𝜑1(x, y), 𝜓2(x, y, 0) = 𝜑2(x, y), (x, y) ∈ Ω. (2.4)

For a positive integer N, choose time-step 𝜏 = T∕N and denote time steps tn = n𝜏, n =
0, 1, 2, … ,N, where 0 < T < Tmax with Tmax the maximal existing time of the solution; choose

mesh sizes h1 = (xR − xL)∕J, h2 = (yR − yL)∕K with two positive integers J and K, and denote

h = max{h1, h2}. Introduce two index sets

h = {(j, k)| j = 1, 2, … , J − 1, k = 1, 2, … ,K − 1},
̊ h = {(j, k)| j = 0, 1, 2, … , J, k = 0, 1, 2, … ,K}, Γh = ̊ h ⧵ h,

three grid point sets

Ωh = {(xj, yk) = (xL + jh1, yL + kh2)| (j, k) ∈ ̊ h}, Ωh = Ωh ∩ Ω, 𝜕Ωh = Ωh ∩ 𝜕Ω,

and a space of grid functions

Xh = {w = {wj,k}, (j, k) ∈ ̊ h, | wj,k = 0, if (j, k) ∈ Γh}.

Let (𝜓1
n
j,k, 𝜓2

n
j,k)⊤ and (𝜙1

n
j,k, 𝜙2

n
j,k)⊤ be the numerical approximation and the exact value of (𝜓1, 𝜓2)⊤

at the point (xj, yk, tn) for (j, k) ∈ ̊ h, n = 0, 1, 2, … ,N, respectively. As usual, for a grid function

vn ∈ Xh for n = 0, 1, 2, … ,N, we introduce the following finite difference quotient operators,

𝛿
+
t vn

j,k =
1

𝜏

(
vn+1

j,k − vn
j,k

)
, 𝛿

+
x vn

j,k =
1

h1

(
vn

j+1,k − vn
j,k

)
,

𝛿xvn
j,k =

1

2h1

(
vn

j+1,k − vn
j−1,k

)
, 𝛿

2
x vn

j,k =
1

h2

1

(
vn

j−1,k − 2vn
j,k + vn

j+1,k
)
.

Difference quotient operators 𝛿
+
y vn

j,k, 𝛿
2
y vn

j,k can be introduced similarly. Besides, we introduce the

discrete vision of the gradient operator and Laplacian operator as follows

∇hvn
j,k =

(
𝛿
+
x vn

j,k, 𝛿
+
y vn

j,k
)
⊤

, Δhvn
j,k = 𝛿2

x vn
j,k + 𝛿2

y vn
j,k.

Define discrete inner products and discrete norms over Xh as

⟨u, v⟩ = h1h2

J−1∑
j=1

K−1∑
k=1

uj,kvj,k, ⟨u, v⟩0 = h1h2

J−1∑
j=0

K−1∑
k=0

uj,kvj,k,

||u|| = √⟨u, u⟩, ||u||∞ = max
(j,k)∈h

|uj,k|, ||u||p = p

√√√√h1h2

J−1∑
j=1

K−1∑
k=1

|uj,k|p
,

|u|1 =
√⟨∇hu,∇hu⟩0 =

√⟨𝛿+x u, 𝛿+x u⟩0 + ⟨𝛿+y u, 𝛿+y u⟩0, |u|2 =
√⟨Δhu,Δhu⟩,

|||u|||1 =
√||u||2 + |u|2

1
, |||u|||2 =

√||u||2 + |u|2

1
+ |u|2

2
.

Here, for the grid function u ∈ Xh, |u|k and |||u|||k (k = 1, 2) are semi-norms and norms

of u, respectively. Corresponding to the standard Sobolev spaces, we here use Hk(Ωh) to denote

the space of complex-valued or real-valued discrete functions with norm ||| ⋅ |||k, (k = 1, 2),
and use H1

0
(Ωh) to denote a subspace of H1(Ωh) satisfying the homogeneous Dirichlet boundary

conditions.
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For simplicity of notations, in the following of the article, we use C to denote a generic positive

constant which may depend on the exact solution and the given data but is independent of all the

discrete parameters. Furthermore, we use the notation w ≲ v to present |w| ≤ Cv, and use w ≳ v to

present w ≥ C|v|.
By using the centered finite difference discretization, we give the following CNFD scheme:

i𝛿+t 𝜓1
n
j,k =

1

2

[
−1

2
Δh + V1j,k + ik0𝛿x +

𝛼

2
+ 𝛽11

2

(|𝜓1
n
j,k|2 + |𝜓1

n+1

j,k |2
)

+𝛽12

2

(|𝜓2
n
j,k|2 + |𝜓2

n+1

j,k |2
)] (

𝜓1
n
j,k + 𝜓1

n+1

j,k
)
+ 𝜆

4

(
𝜓2

n
j,k + 𝜓2

n+1

j,k
)
,

(j, k) ∈ h, n = 0, 1, 2, … ,N − 1, (2.5)

i𝛿+t 𝜓2
n
j,k =

1

2

[
−1

2
Δh + V2j,k − ik0𝛿x −

𝛼

2
+ 𝛽21

2

(|𝜓1
n
j,k|2 + |𝜓1

n+1

j,k |2
)

+𝛽22

2

(|𝜓2
n
j,k|2 + |𝜓2

n+1

j,k |2
)] (

𝜓2
n
j,k + 𝜓2

n+1

j,k
)
+ 𝜆

4

(
𝜓1

n
j,k + 𝜓1

n+1

j,k
)
,

(j, k) ∈ h, n = 0, 1, 2, … ,N − 1, (2.6)

𝜓1
0

j,k = 𝜑1(xj, yk), 𝜓2
0

j,k = 𝜑2(xj, yk), (j, k) ∈ ̊ h, (2.7)

𝜓1
n
j,k = 0, 𝜓2

n
j,k = 0, (j, k) ∈ Γh, n = 1, 2, … ,N, (2.8)

where V1j,k = V1(xj, yk), V2j,k = V2(xj, yk).

2.1 Conservative properties

In the next of the article, the following lemma will be used frequently.

Lemma 2.1. For any two grid functions un
, vn ∈ H2(Ωh)

⋂
H1

0
(Ωh), n = 0, 1, … ,N, we

have

Im
⟨

i𝛿+t un
, un+1 + un⟩ = 1

𝜏

(||un+1||2 − ||un||2), (2.9)

⟨Δhun
, vn⟩ = − ⟨∇hun

,∇hvn⟩
0
, (2.10)

Re
⟨
Δh(un+1 + un), 𝛿+t un⟩ = −1

𝜏

(|un+1|2

1
− |un|2

1

)
, (2.11)

Re
⟨
Δh(un−1 + un+1), 𝛿tun⟩ = − 1

2𝜏

(|un+1|2

1
− |un−1|2

1

)
, (2.12)

Re
⟨
Δh(un+1 + un), 𝛿+t Δhun⟩ = 1

𝜏

(|un+1|2

2
− |un|2

2

)
, (2.13)

Re
⟨
Δh(un−1 + un+1), 𝛿tΔhun⟩ = 1

2𝜏

(|un+1|2

2
− |un−1|2

2

)
, (2.14)

Re
⟨
𝛿

2
t un

, 𝛿tun⟩ = 1

2𝜏

(||𝛿+t un||2 − ||𝛿+t un−1||2
)
. (2.15)
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Proof. The results are directly computed from the standard summation by parts formula,

and we omit the details here for brevity. ▪

Like the fact that the initial-boundary value problem conserves the total mass and energy, the

CNFD scheme is expected to possesses the similar conservative properties in the discrete sense.

Lemma 2.2. The CNFD scheme (2.5)–(2.8) preserves the total mass and energy in the
discrete sense, that is,

Mn∶= ||𝜓n
1
||2 + ||𝜓n

2
||2 ≡ M0

, n = 0, 1, 2, … ,N, (2.16)

En∶= 1

2
(|𝜓n

1
|2

1
+ |𝜓n

2
|2

1
) + h1h2

J−1∑
j=1

K−1∑
k=1

(
V1j,k |𝜓1

n
j,k|2 + V2j,k |𝜓2

n
j,k|2

)

+ 𝛼

2

(||𝜓n
1
||2 − ||𝜓n

2
||2

)
− h1h2

J−1∑
j=1

K−1∑
k=1

[
k0Im(𝜓1

n
j,k𝛿x𝜓1

n
j,k − 𝜓2

n
j,k𝛿x𝜓2

n
j,k)

]

+ h1h2

J−1∑
j=1

K−1∑
k=1

[
𝜆 ⋅ Re(𝜓1

n
j,k𝜓2

n
j,k) +

𝛽11

2
|𝜓1

n
j,k|4 + 𝛽22

2
|𝜓2

n
j,k|4 + 𝛽12|𝜓1

n
j,k|2|𝜓2

n
j,k|2

]
≡ E0

, n = 0, 1, 2, … ,N. (2.17)

Proof. Computing the inner product of (2.5) with 𝜓
n
1
+ 𝜓n+1

1
and taking the imaginary

part give

1

𝜏

(||𝜓n+1

1
||2 − ||𝜓n

1
||2) = 𝜆

4
h1h2

J−1∑
j=1

K−1∑
k=1

Im
[(
𝜓2

n
j,k + 𝜓2

n+1

j,k
) (
𝜓1

n
j,k + 𝜓1

n+1

j,k
)]

(2.18)

for n = 0, 1, 2, … ,N − 1, where Lemma 2.1 was used. Computing the inner product of

(2.6) with 𝜓
n
2
+ 𝜓n+1

2
and taking the imaginary part give

1

𝜏

(||𝜓n+1

2
||2 − ||𝜓n

2
||2) = 𝜆

4
h1h2

J−1∑
j=1

K−1∑
k=1

Im
[(
𝜓1

n
j,k + 𝜓1

n+1

j,k
) (
𝜓2

n
j,k + 𝜓2

n+1

j,k
)]

(2.19)

for n = 0, 1, 2, … ,N − 1. Adding (2.19) to (2.18) and noticing that

Im
[(
𝜓2

n
j,k + 𝜓2

n+1

j,k
) (
𝜓1

n
j,k + 𝜓1

n+1

j,k
)
+

(
𝜓1

n
j,k + 𝜓1

n+1

j,k
) (
𝜓2

n
j,k + 𝜓2

n+1

j,k
)]
= 0, (2.20)

one can obtain

1

𝜏

(||𝜓n+1

1
||2 + ||𝜓n+1

2
||2 − ||𝜓n

1
||2 − ||𝜓n

2
||2) = 0, n = 0, 1, 2, … ,N − 1, (2.21)

that is,

Mn+1 −Mn = 0, n = 0, 1, 2, … ,N − 1, (2.22)

this immediately gives (2.16).

Computing the inner product of (2.5) with 2(𝜓n+1

1
− 𝜓n

1
) and taking the real part give

1

2
(|𝜓n+1

1
|2

1
− |𝜓n

1
|2

1
) + h1h2

J−1∑
j=1

K−1∑
k=1

V1j,k

(|𝜓1
n+1

j,k |2 − |𝜓1
n
j,k|2

)

+ 𝛼

2

(||𝜓n+1

1
||2 − ||𝜓n

1
||2

)
− h1h2

J−1∑
j=1

K−1∑
k=1

Im
[
k0(𝜓1

n+1

j,k 𝛿x𝜓1
n+1

j,k − 𝜓1
n
j,k𝛿x𝜓1

n
j,k)

]
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+ h1h2

J−1∑
j=1

K−1∑
k=1

[
𝛽11

2
(|𝜓1

n+1

j,k |4 − |𝜓1
n
j,k|4) + 𝛽12

2
(|𝜓2

n+1

j,k |2 + |𝜓2
n
j,k|2)(|𝜓1

n+1

j,k |2 − |𝜓1
n
j,k|2)

]

+ h1h2

J−1∑
j=1

K−1∑
k=1

𝜆

2
Re

[
(𝜓2

n+1

j,k + 𝜓2
n
j,k)(𝜓1

n+1

j,k − 𝜓1
n
j,k)

]
= 0, n = 0, 1, 2, … ,N. (2.23)

where Lemma 2.1 was used. Computing the inner product of (2.6) with 2(𝜓n+1

2
−𝜓n

2
) and

taking the real part give

1

2
(|𝜓n+1

2
|2

1
− |𝜓n

2
|2

1
) + h1h2

J−1∑
j=1

K−1∑
k=1

V2j,k

(|𝜓2
n+1

j,k |2 − |𝜓2
n
j,k|2

)

− 𝛼

2

(||𝜓n+1

2
||2 − ||𝜓n

2
||2

)
+ h1h2

J−1∑
j=1

K−1∑
k=1

Im
[
k0

(
𝜓2

n+1

j,k 𝛿x𝜓2
n+1

j,k − 𝜓2
n
j,k𝛿x𝜓2

n
j,k

)]

+ h1h2

J−1∑
j=1

K−1∑
k=1

[
𝛽11

2
(|𝜓2

n+1

j,k |4 − |𝜓2
n
j,k|4) + 𝛽12

2
(|𝜓1

n+1

j,k |2 + |𝜓1
n
j,k|2)(|𝜓2

n+1

j,k |2 − |𝜓2
n
j,k|2)

]

+ h1h2

J−1∑
j=1

K−1∑
k=1

𝜆

2
Re

[
(𝜓1

n+1

j,k + 𝜓1
n
jk)(𝜓2

n+1

j,k − 𝜓2
n
j,k)

]
= 0, n = 0, 1, 2, … ,N. (2.24)

Noting that

Re
[
(𝜓2

n+1

j,k + 𝜓2
n
j,k)(𝜓1

n+1

j,k − 𝜓1
n
j,k) + (𝜓1

n+1

j,k + 𝜓1
n
j,k)(𝜓2

n+1

j,k − 𝜓2
n
j,k)

]
= 2Re

(
𝜓1

n+1

j,k 𝜓2
n+1

j,k − 𝜓1
n
j,k𝜓2

n
j,k

)
, (j, k) ∈ h, n = 0, 1, 2, … ,N − 1, (2.25)

and

(|𝜓2
n+1

j,k |2 + |𝜓2
n
j,k|2)(|𝜓1

n+1

j,k |2 − |𝜓1
n
j,k|2) + (|𝜓1

n+1

j,k |2 + |𝜓1
n
j,k|2)(|𝜓2

n+1

j,k |2 − |𝜓2
n
j,k|2)

= 2|𝜓1
n+1

j,k |2|𝜓2
n+1

j,k |2 − 2|𝜓1
n
j,k|2|𝜓2

n
j,k|2

, (j, k) ∈ h, n = 0, 1, 2, … ,N − 1, (2.26)

we obtain by adding (2.24) to (2.23) that

En+1 − En = 0, n = 0, 1, 2, … ,N − 1, (2.27)

which immediately gives (2.17). This completes the proof. ▪

2.2 Solvability

For proving the solvability of the proposed scheme, we need the following fixed point theorem.

Lemma 2.3 ([12]). Let (H, ⟨⋅, ⋅⟩) be a finite-dimensional inner product space, || ⋅ || be
the associated norm, and g ∶ H → H be continuous. Assume, moreover, that

∃𝛼 > 0, ∀z ∈ H, ||z|| = 𝛼, Re⟨g(z), z⟩ > 0.

Then, there exists a z∗ ∈ H such that g(z∗) = 0 and ||z∗|| ≤ 𝛼.

On the solvability of the CNFD scheme, we have

Lemma 2.4 (Solvability). For any initial data (𝜓0

1
, 𝜓

0

2
) ∈ Xh×Xh, there exists a solution

(𝜓n+1

1
, 𝜓

n+1

2
) ∈ Xh × Xh for each of the CNFD scheme for n = 0, … ,N − 1.
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Proof. For a fixed n ∈ {0, 1, … ,N − 1}, the CNFD scheme (2.5) and (2.6) can be

rewritten as

𝜓1

n+ 1

2

j,k − 𝜓1
n
j,k +

2i
𝜏

[
−1

2
Δh + V1j,k + ik0𝛿x +

𝛼

2
+ 𝛽11

2

(|𝜓1
n
j,k|2 + |2𝜓1

n+ 1

2

j,k − 𝜓1
n
j,k|2

)

+𝛽12

2

(|𝜓2
n
j,k|2 + |2𝜓2

n+ 1

2

j,k − 𝜓2
n
j,k|2

)]
𝜓1

n+ 1

2

j,k + i𝜆
𝜏

𝜓2

n+ 1

2

j,k = 0, (j, k) ∈ h, (2.28)

𝜓2

n+ 1

2

j,k − 𝜓2
n
j,k +

2i
𝜏

[
−1

2
Δh + V2j,k − ik0𝛿x −

𝛼

2
+ 𝛽21

2

(|𝜓1
n
j,k|2 + |2𝜓1

n+ 1

2

j,k − 𝜓1
n
j,k|2

)

+𝛽22

2

(|𝜓2
n
j,k|2 + |2𝜓2

n+ 1

2

j,k − 𝜓2
n
j,k|2

)]
𝜓2

n+ 1

2

j,k + i𝜆
𝜏

𝜓1

n+ 1

2

j,k = 0, (j, k) ∈ h. (2.29)

This gives us a hint to define a mapping  = (1,2): (𝜇, 𝜈) ∈ Xh × Xh →
(1(𝜇, 𝜈),2(𝜇, 𝜈)) ∈ Xh × Xh as

1(𝜇, 𝜈)jk = 𝜇jk − 𝜓1
n
j,k +

2i
𝜏

[
−1

2
Δh + V1j,k + ik0𝛿x +

𝛼

2
+ 𝛽11

2

(|𝜓1
n
j,k|2 + |2𝜇jk − 𝜓1

n
j,k|2

)
+𝛽12

2

(|𝜓2
n
j,k|2 + |2𝜈jk − 𝜓2

n
j,k|2

)]
𝜇jk +

i𝜆
𝜏

𝜈jk, (j, k) ∈ h, (2.30)

2(𝜇, 𝜈)jk = 𝜈jk − 𝜓2
n
j,k +

2i
𝜏

[
−1

2
Δh + V2j,k − ik0𝛿x −

𝛼

2
+ 𝛽21

2

(|𝜓1
n
j,k|2 + |2𝜇jk − 𝜓1

n
j,k|2

)
+𝛽22

2

(|𝜓2
n
j,k|2 + |2𝜈jk − 𝜓2

n
j,k|2

)]
𝜈jk +

i𝜆
𝜏

𝜇jk, (j, k) ∈ h. (2.31)

Taking the inner product of  and (𝜇, 𝜈), that is, multiplying (2.30) and (2.31) with 𝜇 and

𝜈, respectively, and summing them up, then taking real parts we obtain

Re ⟨(𝜇, 𝜈), (𝜇, 𝜈)⟩ = Re ⟨1(𝜇, 𝜈), 𝜇⟩ + Re ⟨2(𝜇, 𝜈), 𝜈⟩ (2.32)

= ||(𝜇, 𝜈)||2 − ⟨(𝜓n
1
, 𝜓

n
2
), (𝜇, 𝜈)⟩ ≥ ||(𝜇, 𝜈)|| ⋅ (||(𝜇, 𝜈)|| − ||(𝜓n

1
, 𝜓

n
2
)||) .

Let 𝛼 = ||(𝜓n
1
, 𝜓

n
2
)|| + 1 in Lemma 2.3, and we observe that there exists a solution

(𝜇∗, 𝜈∗) ∈ Xh × Xh satisfying (𝜇∗, 𝜈∗) = 0. Then (𝜓n+1

1
, 𝜓

n+1

2
) = 2(𝜇∗, 𝜈∗) − (𝜓n

1
, 𝜓

n
2
)

satisfies the scheme (2.5) and (2.6). This completes the proof. ▪

3 ERROR ESTIMATE OF THE CNFD SCHEME

In this section, we establish the optimal H2
-error estimate of the CNFD scheme without imposing any

restriction on the grid ratio. To do this, we need some assumptions and useful lemmas.

(A) Assumption on the external trapping potential Vm = Vm(x, y) for m = 1, 2:

Vm ∈ C(Ω), m = 1, 2;

(B) Assumption on the exact solution 𝜓m = 𝜓m(x, y, t) for m = 1, 2:

𝜓m ∈ C4([0,T];L∞(Ω)) ∩ C3([0,T];W2,∞(Ω)) ∩ C1([0,T];W4,∞(Ω) ∩ H1

0
(Ω)), m = 1, 2.

Lemma 3.1 ([45]). For any grid function u ∈ H2(Ωh), there is the following inequality
in two dimensions,

||u||∞ ≤ C||u|| 1

2 (||u|| + |u|2)
1

2 . (3.1)
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In the following, for a function f = f (x, y, t) over Ω × [0,T], we denote

||f ||L∞ ∶= sup

t∈[0,T]
sup

(x,y)∈Ω
|f (x, y, t)|.

Define the local truncation errors of the CNFD scheme 𝜂
n
l ∈ Xh for l = 1, 2, n = 0, 1, 2, … ,N − 1 as

𝜂1
n
j,k∶= i𝛿+t 𝜙1

n
j,k −

1

2

[
−1

2
Δh + V1j,k + ik0𝛿x +

𝛼

2
+ 𝛽11

2

(|𝜙1
n
j,k|2 + |𝜙1

n+1

j,k |2
)

+𝛽12

2

(|𝜙2
n
j,k|2 + |𝜙2

n+1

j,k |2
)] (

𝜙1
n
j,k + 𝜙1

n+1

j,k
)
− 𝜆

4

(
𝜙2

n
j,k + 𝜙2

n+1

j,k
)
,

(j, k) ∈ h, n = 0, 1, 2, … ,N − 1, (3.2)

𝜂2
n
j,k∶= i𝛿+t 𝜙2

n
j,k −

1

2

[
−1

2
Δh + V2j,k − ik0𝛿x −

𝛼

2
+ 𝛽21

2

(|𝜙1
n
j,k|2 + |𝜙1

n+1

j,k |2
)

+𝛽22

2

(|𝜙2
n
j,k|2 + |𝜙2

n+1

j,k |2
)] (

𝜙2
n
j,k + 𝜙2

n+1

j,k
)
− 𝜆

4

(
𝜙1

n
j,k + 𝜙1

n+1

j,k
)
,

(j, k) ∈ h, n = 0, 1, 2, … ,N − 1. (3.3)

By using Taylor’s expansion and the boundary conditions, one can obtain the following lemma.

Lemma 3.2 (local truncation error). Under assumptions (A) and (B), we have the
following estimates for the local truncation errors:

|𝜂l
n
j,k| ≲ 𝜏2 + h2

, l = 1, 2, (j, k) ∈ h, n = 0, 1, 2, … ,N − 1, (3.4)

|𝛿+t 𝜂l
n
j,k| ≲ 𝜏2 + h2

, l = 1, 2, (j, k) ∈ h, n = 0, 1, 2, … ,N − 2. (3.5)

Choose a smooth function 𝜌 ∈ C1(R) such that 𝜌(s) = 1 when |s| ≤ 1, 𝜌(s) = 0 when |s| ≥ 2, and

0 ≤ 𝜌(s) ≤ 1 for s ∈ R, for example,

𝜌(s) =
⎧⎪⎨⎪⎩

1, |s| ∈ [0, 1],
1 − (|s| − 1)2 + 2(|s| − 1)2(|s| − 2), |s| ∈ [1, 2],
0, |s| ∈ [2,∞).

Lemma 3.3 (cut-off function). By assumption (B), we can define M0 = ||𝜓||L∞(Ω×[0,T]),

and choose a positive number B = M0 + 1. For s ≥ 0, define

fB(s) = s𝜌(
√

s∕B). (3.6)

Then fB(s) is global Lipschitz and

|fB(s1) − fB(s2)| ≤ CB
|||√s1 −

√
s2

||| , ∀s1, s2 ≥ 0, (3.7)

where CB = 4B
(
1 +max𝜉∈[1,2] |𝜌′(𝜉)|).

Proof. We do different analysis for different situations. If ||s1||L∞ ≥ 4B2
and ||s2||L∞ ≥

4B2
, the inequality (3.7) is obvious. If ||s1||L∞ < 4B2

and ||s2||L∞ ≥ 4B2
, we have

|fB(s1) − fB(s2)| = |||s1𝜌(
√

s1∕B) − s2𝜌(
√

s2∕B)||| = ||||s1

(
𝜌(

√
s1∕B) − 𝜌(

√
s2∕B)

)||||
=

||||s1𝜌
′(𝜉)

(√
s1∕B −

√
s2∕B

)|||| ≤ 4B max
𝜉∈[1,2]

||𝜌′(𝜉)|| |||√s1 −
√

s2

||| . (3.8)
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Similarly, the result also holds for the case ||s1||L∞ ≥ 4B2
and ||s2||L∞ < 4B2

. If ||s1||L∞ <

4B2
and ||s2||L∞ < 4B2

, we have

|fB(s1) − fB(s2)| = |||s1𝜌(
√

s1∕B) − s2𝜌(
√

s2∕B)|||
≤ |||(s1 − s2)𝜌(

√
s1∕B)||| + ||||s2

(
𝜌(

√
s1∕B) − 𝜌(

√
s2∕B)

)||||
≤ |s1 − s2| + ||||s2𝜌

′(𝜉)
(√

s1∕B −
√

s2∕B
)||||

≤ 4B
(

1 + max
𝜉∈[1,2]

||𝜌′(𝜉)||
) |||√s1 −

√
s2

||| . (3.9)

This completes the proof. ▪

Define “error” functions en
l ∈ Xh for l = 1, 2 and n = 0, 1, 2, … ,N as

el
n
jk = 𝜙l

n
jk − 𝜓l

n
jk, (j, k) ∈ ̊ h, (3.10)

then we have

Theorem 3.1. Under assumptions (A) and (B), there exist h0 > 0 and 𝜏0 > 0 sufficiently
small, when 0 < h ≤ h0 and 0 < 𝜏 ≤ 𝜏0, we have the following optimal error estimate for
the CNFD scheme:

||en
l || ≲ h2 + 𝜏2

, |en
l |2 ≲ 1, ||en

l ||∞ ≲ 1, l = 1, 2, n = 1, 2, 3, … ,N. (3.11)

Proof. For simplicity and clarity, we split our proof into four steps.

Step 1. Construction of an alternative scheme by using the cut-off func-
tion to truncate the nonlinearity into a global Lipschitz function with compact
support.

Choose 𝜓̂l
0 = 𝜓

0

l and define 𝜓̂l
n ∈ Xh for l = 1, 2 and n = 0, 1, 2, … ,N as the

solution of the following finite difference equations,

i𝛿+t 𝜓1

n
j,k =

1

2

[
−1

2
Δh + V1j,k + ik0𝛿x +

𝛼

2
+ 𝛽11

2

(
fB(|𝜓1

n
j,k|2) + fB(|𝜓1

n+1

j,k |2)
)

+𝛽12

2

(
fB(|𝜓2

n
j,k|2) + fB(|𝜓2

n+1

j,k |2)
)] (

𝜓1

n
j,k + 𝜓1

n+1

j,k
)
+ 𝜆

4

(
𝜓2

n
j,k + 𝜓2

n+1

j,k
)
,

(j, k) ∈ h, n = 0, 1, 2, … ,N − 1, (3.12)

i𝛿+t 𝜓2

n
j,k =

1

2

[
−1

2
Δh + V2j,k − ik0𝛿x −

𝛼

2
+ 𝛽21

2

(
fB(|𝜓1

n
j,k|2) + fB(|𝜓1

n+1

j,k |2)
)

+𝛽22

2

(
fB(|𝜓2

n
j,k|2) + fB(|𝜓2

n+1

j,k |2)
)] (

𝜓2

n
j,k + 𝜓2

n+1

j,k
)
+ 𝜆

4

(
𝜓1

n
j,k + 𝜓1

n+1

j,k
)
,

(j, k) ∈ h, n = 0, 1, 2, … ,N − 1. (3.13)

Define grid functions 𝜂l
n ∈ Xh for l = 1, 2 as

𝜂1

n
j,k = i𝛿+t 𝜙1

n
j,k −

1

2

[
−1

2
Δh + V1j,k + ik0𝛿x +

𝛼

2
+ 𝛽11

2

(
fB(|𝜙1

n
j,k|2) + fB(|𝜙1

n+1

j,k |2)
)

+𝛽12

2

(
fB(|𝜙2

n
j,k|2) + fB(|𝜙2

n+1

j,k |2)
)] (

𝜙1
n
j,k + 𝜙1

n+1

j,k
)
− 𝜆

4

(
𝜙2

n
j,k + 𝜙2

n+1

j,k
)
,

(j, k) ∈ h, n = 0, 1, 2, … ,N − 1, (3.14)

 10982426, 2023, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/num

.23042 by Sichuan U
niversity, W

iley O
nline L

ibrary on [31/10/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://onlinelibrary.wiley.com/action/rightsLink?doi=10.1002%2Fnum.23042&mode=


4258 LIU ET AL.

𝜂2

n
j,k = i𝛿+t 𝜙2

n
j,k −

1

2

[
−1

2
Δh + V2j,k − ik0𝛿x −

𝛼

2
+ 𝛽21

2

(
fB(|𝜙1

n
j,k|2) + fB(|𝜙1

n+1

j,k |2)
)

+𝛽22

2

(
fB(|𝜙2

n
j,k|2) + fB(|𝜙2

n+1

j,k |2)
)] (

𝜙2
n
j,k + 𝜙2

n+1

j,k
)
− 𝜆

4

(
𝜙1

n
j,k + 𝜙1

n+1

j,k
)
,

(j, k) ∈ h, n = 0, 1, 2, … ,N − 1. (3.15)

Noticing the fact

fB(|𝜙l
n
j,k|2) = |𝜙l

n
j,k|2

, (j, k) ∈ h, l = 1, 2, n = 0, 1, 2, … ,N − 1,

we know from (3.2) and (3.3) that 𝜂1

n
and 𝜂2

n
just are 𝜂

n
1

and 𝜂
n
2
, respectively, the local

truncation errors of the finite difference scheme (2.5) and (2.6). Hence, the finite differ-

ence equations (3.12) and (3.13) can be viewed as another finite difference scheme of the

CGPEs (2.1) and (2.2), and consequently 𝜓̂l
n
j,k can be viewed as another approximation of

𝜓l(xj, yk, tn) for l = 1, 2.

Step 2. Error estimate of the alternative scheme by using the standard energy
method.

Define “error” functions êl
n ∈ Xh for l = 1, 2, n = 0, 1, 2, … ,N as

êl
n
j,k = 𝜙l

n
j,k − 𝜓̂l

n
j,k. (3.16)

Subtracting (3.12) and (3.13) from (3.14) and (3.15), respectively, we obtain “error”

equations as follows,

i𝛿+t ê1

n
j,k −

1

2

(
−1

2
Δh + V1j,k + ik0𝛿x +

𝛼

2

) (
ê1

n
j,k + ê1

n+1

j,k
)

− 𝜆

4

(
ê2

n
j,k + ê2

n+1

j,k
)
− ̂
𝜉1

n+1

j,k = 𝜂1
n
j,k, (j, k) ∈ h, n = 0, 1, 2, … ,N − 1, (3.17)

i𝛿+t ê2

n
j,k −

1

2

(
−1

2
Δh + V2j,k − ik0𝛿x −

𝛼

2

) (
ê2

n
jk + ê2

n+1

j,k
)

− 𝜆

4

(
ê1

n
j,k + ê1

n+1

j,k
)
− ̂
𝜉2

n+1

j,k = 𝜂2
n
j,k, (j, k) ∈ h, n = 0, 1, 2, … ,N − 1, (3.18)

where ̂
𝜉1

n+1

,
̂
𝜉2

n+1 ∈ Xh for n = 0, 1, 2, … ,N − 1 are defined as

̂
𝜉1

n+1

j,k = 1

2

[
𝛽11

2

(|𝜙1
n
j,k|2 + |𝜙1

n+1

j,k |2
)
+ 𝛽12

2

(|𝜙2
n
j,k|2 + |𝜙2

n+1

j,k |2
)] (

𝜙1
n
j,k + 𝜙1

n+1

j,k
)

− 1

2

[
𝛽11

2

(
fB(|𝜓1

n
j,k|2) + fB(|𝜓1

n+1

j,k |2)
)
+ 𝛽12

2

(
fB(|𝜓2

n
j,k|2) + fB(|𝜓2

n+1

j,k |2)
)]

×
(
𝜓1

n
jk + 𝜓1

n+1

j,k
)

= 1

2

[
𝛽11

2

(
fB(|𝜙1

n
j,k|2) − fB(|𝜓1

n
j,k|2) + fB(|𝜙1

n+1

j,k |2) − fB(|𝜓1

n+1

j,k |2)
)

+𝛽12

2

(
fB(|𝜙2

n
j,k|2) − fB(|𝜓2

n
j,k|2) + fB(|𝜙2

n+1

j,k |2) − fB(|𝜓2

n+1

j,k |2)
)] (

𝜙1
n
j,k + 𝜙1

n+1

j,k
)

+ 1

2

[
𝛽11

2

(
fB(|𝜓1

n
j,k|2) + fB(|𝜓1

n+1

j,k |2)
)
+ 𝛽12

2

(
fB(|𝜓2

n
j,k|2) + fB(|𝜓2

n+1

j,k |2)
)]

×
(
ê1

n
j,k + ê1

n+1

j,k
)
, (j, k) ∈ h, (3.19)

̂
𝜉2

n+1

j,k = 1

2

[
𝛽21

2

(|𝜙1
n
j,k|2 + |𝜙1

n+1

j,k |2
)
+ 𝛽22

2

(|𝜙2
n
j,k|2 + |𝜙2

n+1

j,k |2
)] (

𝜙2
n
j,k + 𝜙2

n+1

j,k
)

− 1

2

[
𝛽21

2

(
fB(|𝜓1

n
j,k|2) + fB(|𝜓1

n+1

j,k |2)
)
+ 𝛽22

2

(
fB(|𝜓2

n
j,k|2) + fB(|𝜓2

n+1

j,k |2)
)]
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×
(
𝜓2

n
j,k + 𝜓2

n+1

j,k
)

= 1

2

[
𝛽21

2

(
fB(|𝜙1

n
j,k|2) − fB(|𝜓1

n
j,k|2) + fB(|𝜙1

n+1

j,k |2) − fB(|𝜓1

n+1

j,k |2)
)

+𝛽22

2

(
fB(|𝜙2

n
j,k|2) − fB(|𝜓2

n
j,k|2) + fB(|𝜙2

n+1

j,k |2) − fB(|𝜓2

n+1

j,k |2)
)] (

𝜙2
n
j,k + 𝜙2

n+1

j,k
)

+ 1

2

[
𝛽21

2

(
fB(|𝜓1

n
j,k|2) + fB(|𝜓1

n+1

j,k |2)
)
+ 𝛽22

2

(
fB(|𝜓2

n
j,k|2) + fB(|𝜓2

n+1

j,k |2)
)]

×
(
ê2

n
j,k + ê2

n+1

j,k
)
, (j, k) ∈ h. (3.20)

These together with (3.7) and the definition of fB give

| ̂𝜉1

n+1

j,k | ≤ C(|ê1

n
j,k| + |ê1

n+1

j,k | + |ê2

n
j,k| + |ê2

n+1

j,k |), (3.21)

| ̂𝜉2

n+1

j,k | ≤ C(|ê1

n
j,k| + |ê1

n+1

j,k | + |ê2

n
j,k| + |ê2

n+1

j,k |). (3.22)

Computing the inner product of (3.17) and (3.18) with ê1

n + ê1

n+1
and ê2

n + ê2

n+1
,

respectively, then taking the imaginary part of the results, we obtain

1

𝜏

(||ê1

n+1||2 − ||ê1

n||2
)
− 𝜆

4
Im

⟨
ê2

n + ê2

n+1
, ê1

n + ê1

n+1
⟩

− Im

⟨
̂
𝜉1

n+1

, ê1

n + ê1

n+1

⟩
= Im

⟨
𝜂

n
1
, ê1

n + ê1

n+1
⟩
, n = 0, 1, 2, … ,N − 1, (3.23)

1

𝜏

(||ê2

n+1||2 − ||ê2

n||2
)
− 𝜆

4
Im

⟨
ê1

n + ê1

n+1
, ê2

n + ê2

n+1
⟩

− Im

⟨
̂
𝜉2

n+1

, ê2

n + ê2

n+1

⟩
= Im

⟨
𝜂

n
2
, ê2

n + ê2

n+1
⟩
, n = 0, 1, 2, … ,N − 1. (3.24)

Adding (3.24) to (3.23) and using the equality

Im
⟨

ê2

n + ê2

n+1
, ê1

n + ê1

n+1
⟩
+ Im

⟨
ê1

n + ê1

n+1
, ê2

n + ê2

n+1
⟩
= 0 (3.25)

yield

||ê1

n+1||2 + ||ê2

n+1||2 − ||ê1

n||2 − ||ê2

n||2

= 𝜏Im

⟨
̂
𝜉1

n+1

, ê1

n + ê1

n+1

⟩
+ 𝜏Im

⟨
̂
𝜉2

n+1

, ê2

n + ê2

n+1

⟩
+ 𝜏Im

⟨
𝜂

n
1
, ê1

n + ê1

n+1
⟩
+ 𝜏Im

⟨
𝜂

n
2
, ê2

n + ê2

n+1
⟩

(3.26)

for n = 0, 1, 2, … ,N−1. By using Cauchy’s inequality, Lemma 3.2 and (3.21) and (3.22),

one can obtain||||Im
⟨
̂
𝜉1

n+1

, ê1

n + ê1

n+1

⟩|||| ≤ 1

2
|| ̂𝜉1

n+1||2 + ||ê1

n||2 + ||ê1

n+1||2

≤ C(||ê1

n||2 + ||ê1

n+1||2 + ||ê2

n||2 + ||ê2

n+1||2), (3.27)

||||Im
⟨
̂
𝜉2

n+1

, ê2

n + ê2

n+1

⟩|||| ≤ C(||ê1

n||2 + ||ê1

n+1||2 + ||ê2

n||2 + ||ê2

n+1||2), (3.28)

|||Im ⟨
𝜂

n
1
, ê1

n + ê1

n+1
⟩||| ≤ 1

2
||𝜂n

1
||2 + ||ê1

n||2 + ||ê1

n+1||2

≤ C(h2 + 𝜏2)2 + C(||ê1

n||2 + ||ê1

n+1||2), (3.29)

|||Im ⟨
𝜂

n
2
, ê2

n + ê2

n+1
⟩||| ≤ C(h2 + 𝜏2)2 + C(||ê2

n||2 + ||ê2

n+1||2). (3.30)
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Plugging (3.27)–(3.30) into (3.26) gives

||ê1

n+1||2 + ||ê2

n+1||2 − ||ê1

n||2 − ||ê2

n||2

≤ C𝜏
[(

h2 + 𝜏2
)2 + ||ê1

n+1||2 + ||ê2

n+1||2 − ||ê1

n||2 − ||ê2

n||2

]
, 0 ≤ n < N. (3.31)

By using Gronwall’s inequality, we obtain from (3.31) that, if 𝜏 is small enough, there is

||ê1

n|| + ||ê2

n|| ≤ C(𝜏2 + h2), n = 1, 2, … ,N. (3.32)

Step 3. Equivalence of the two schemes for sufficiently small h and 𝜏.

By using a lifting technique (see [40]), we obtain from (3.17) that

|ê1

n + ê1

n+1|2 = ||4i𝛿+t ê1

n − 2V1

(
ê1

n + ê1

n+1
)
− 2ik0𝛿x

(
ê1

n + ê1

n+1
)

− 𝛼
(
ê1

n + ê1

n+1
)
− 𝜆

(
ê2

n + ê2

n+1
)
− 4 ̂𝜉1

n+1 − 4𝜂
n
1
||

≤ C(||𝛿+t ê1

n|| + ||ê1

n + ê1

n+1|| + ||ê2

n + ê2

n+1|| + ||𝛿x(ê1

n + ê1

n+1)||
+ || ̂𝜉1

n+1|| + ||𝜂n
1
||), n = 0, 1, 2, … ,N − 1. (3.33)

For the estimate of the first term on the right hand side of (3.33), by using (3.32),

we have

||𝛿+t ê1

n|| ≤ 𝜏−1(||ê1

n+1|| + ||ê1

n||) ≤ C𝜏−1(h2 + 𝜏2). (3.34)

For the estimates of the second term and the third term on the right hand side of (3.33),

by using (3.32), we have

||ê1

n + ê1

n+1|| ≤ ||ê1

n|| + ||ê1

n+1|| ≤ C(h2 + 𝜏2), (3.35)

||ê2

n + ê2

n+1|| ≤ ||ê2

n|| + ||ê2

n+1|| ≤ C(h2 + 𝜏2). (3.36)

For the estimate of the fourth term on the right hand side of (3.33), we have

C||𝛿x(ê1

n + ê1

n+1)|| ≤ C|ê1

n + ê1

n+1|1 ≤ C|ê1

n + ên+1| 1

2

2
||ê1

n + ê1

n+1|| 1

2

≤ 1

2
|ê1

n + ên+1|2 + C||ê1

n + ê1

n+1|| ≤ 1

2
|ê1

n + ên+1|2 + C(h2 + 𝜏2).

(3.37)

For the estimates of the last two terms on the right hand side of (3.33), by using (3.21),

(3.22), (3.32) and Lemma 3.2, we obtain

|| ̂𝜉1

n+1|| + ||𝜂n
1
|| ≤ C(h2 + 𝜏2). (3.38)

Plugging (3.34)–(3.38) into (3.33) yields

|ê1

n + ê1

n+1|2 ≤ C𝜏−1(h2 + 𝜏2), n = 0, 1, 2, … ,N − 1. (3.39)

This, together with Lemma 3.1 and (3.32), gives

||ê1

n + ê1

n+1||∞ ≤ ||ê1

n + ê1

n+1|| 1

2 (||ê1

n + ê1

n+1|| + |ê1

n + ê1

n+1|2)
1

2

≤ C𝜏−
1

2 (h2 + 𝜏2), n = 0, 1, 2, … ,N − 1. (3.40)

By using Minkowski’s inequality and (3.40), one can obtain

||ê1

n+1||∞ − ||ê1

n||∞ ≤ ||ê1

n + ê1

n+1||∞ ≤ C𝜏−
1

2 (h2 + 𝜏2), n = 0, 1, 2, … ,N − 1. (3.41)
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Summing (3.41) for n from 0 to m, then replacing m by n, we obtain

||ê1

n+1||∞ ≤ C(n + 1)𝜏−
1

2 (h2 + 𝜏2) ≤ C𝜏−
3

2 (h2 + 𝜏2)

= C(𝜏−
3

2 h2 + 𝜏
1

2 ), n = 0, 1, 2, … ,N − 1. (3.42)

This tells us that, if 𝜏 is small enough and
𝜏

h
≥ 1, there is

||ê1

n||∞ ≤ 1, n = 1, 2, … ,N. (3.43)

On the other hand, by using Lemma 3.1 and the inverse Sobolev’s inequality,

we have

||ê1

n||∞ ≤ ||ê1

n|| 1

2 (||ê1

n|| + |ê1

n|2)
1

2 ≤ ||ê1

n|| 1

2 (||ê1

n|| + h−2||ê1

n||) 1

2

≤ Ch−1(h2 + 𝜏2) = C(h−1
𝜏

2 + h), n = 0, 1, 2, … ,N − 1. (3.44)

This tells us that, if h is small enough and
𝜏

h
≤ 1, there still is

||ê1

n||∞ ≤ 1, n = 0, 1, 2, … ,N. (3.45)

Hence, for sufficiently small h and 𝜏, without any restriction on
𝜏

h
, it is always true

to have

||ê1

n||∞ ≤ 1, n = 0, 1, 2, … ,N. (3.46)

Hence, if 𝜏 and h are small enough, there is

||𝜓1

n||∞ ≤ ||𝜙n
1
||∞ + ||ê1

n||∞ ≤ M0 + 1 =
√

B, n = 1, 2, … ,N. (3.47)

Similarly, when h and 𝜏 are small enough, we can obtain

||𝜓2

n||∞ ≤ M0 + 1 =
√

B, n = 1, 2, … ,N. (3.48)

Thus, when h ≤ h0 and 𝜏 ≤ 𝜏0 for a small h0 and a small 𝜏0, we know from the definition

of the function fB that,

fB(|𝜓̂l
n
jk|2) = |𝜓̂l

n
jk|2
, l = 1, 2, (j, k) ∈ ̊ h, n = 0, 1, 2, … ,N. (3.49)

This implies that, when h ≤ h0 and 𝜏 ≤ 𝜏0, the scheme (3.12) and (3.13) is just the scheme

(2.5) and (2.6), and consequently we obtain

||en
l || ≲ 𝜏2 + h2

, ||en
l ||∞ ≲ 1, l = 1, 2, n = 1, 2, … ,N. (3.50)

Step 4. Boundedness of the numerical solution in the discrete H2 norm.
By using Minkowski’s inequality and (3.39), one can obtain

|en+1

1
|2 − |en

1
|2 ≲ 𝜏

−1(h2 + 𝜏2), n = 0, 1, 2, … ,N − 1, (3.51)

this gives

|en
1
|2 ≲ 𝜏

−2h2 + 1, n = 1, 2, … ,N. (3.52)

Similarly, there is

|en
2
|2 ≲ 𝜏

−2h2 + 1, n = 1, 2, … ,N. (3.53)

On the other hand, one can obtain that

|en
l |2 ≲ h−2||en

l || ≲ h−2
𝜏

2 + 1, n = 1, 2, … ,N. (3.54)
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Hence, for sufficiently small 𝜏 and h, we obtain from (3.52) to (3.54) that it is always true

to have

|en
l |2 ≲ 1, n = 1, 2, … ,N. (3.55)

This completes the proof. ▪

In order to establish the error estimate of the CNFD scheme in the discrete H2
norm, we define

two difference quotient operators Δ+h and Δ−h by Δ±h v = (Δh ± 2ik0𝛿x)v for any v ∈ Xh, and then give

some lemmas on the two operators.

Lemma 3.4. For any grid function u ∈ H2(Ωh)
⋂

H1

0
(Ωh), we have

Im⟨u,Δ±h u⟩ = 0, (3.56)

|u|2 − ||u|| ≲ ||Δ±h u|| ≲ |u|2 + ||u||, (3.57)

||Δ∓h u|| − ||u|| ≲ ||Δ±h u|| ≲ ||Δ∓h u|| + ||u||. (3.58)

Proof. Direct calculation gives

Im⟨u,Δ±h u⟩ = Im⟨u,Δhu ± 2ik0𝛿xu⟩ = Im⟨u,Δhu⟩ ± Im⟨u, 2ik0𝛿xu⟩
= ∓Re⟨u, 2k0𝛿xu⟩, (3.59)

and

⟨u, 2k0𝛿xu⟩ = −Re⟨2k0𝛿xu, u⟩,
Re⟨u, 2k0𝛿xu⟩ = Re⟨2k0𝛿xu, u⟩, (3.60)

which give

Re⟨u, 2k0𝛿xu⟩ = 0. (3.61)

Combining (3.59) and (3.61) immediately gives (3.56). Now we split the proof of (3.57)

into two parts, that is,

||Δ±h u|| = ||Δhu ± 2ik0𝛿xu|| ≤ |u|2 + ⟨±2ik0𝛿xu,±2ik0𝛿xu⟩ 1

2

= |u|2 + 2k0⟨𝛿2
x u,−u⟩ 1

2 ≤ |u|2 + 2k0||𝛿2
x u|| 1

2 ||u|| 1

2

≤ |u|2 + 2k0|u| 1

2

2
||u|| 1

2 ≤ |u|2 + k0(|u|2 + ||u||), (3.62)

and ||Δ±h u|| = ||Δhu ± 2ik0𝛿xu|| ≥ |u|2 − ⟨±2ik0𝛿xu,±2ik0𝛿xu⟩ 1

2

= |u|2 − 2k0⟨𝛿2
x u,−u⟩ 1

2 ≥ |u|2 − 2k0||𝛿2
x u|| 1

2 ||u|| 1

2

≥ |u|2 − 2k0|u| 1

2

2
||u|| 1

2 ≥ |u|2 − (𝜀|u|2 +
k0

𝜀

||u||) (3.63)

for any 𝜀 > 0. Combining (3.62) and (3.63) gives (3.57), and (3.58) can be directly

obtained from (3.57). This completes the proof. ▪

Lemma 3.5. For a series of grid functions {un ∈ H2(Ωh)|n = 0, 1, 2, 3, …}, we have

Re⟨Δ±h (un+1 + un), 𝛿+t Δ±h un⟩ = 1

𝜏

(||Δ±h un+1||2 − ||Δ±h un||2). (3.64)
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Proof. Direct calculation gives

Re⟨Δ±h (un+1 + un), 𝛿+t Δ±h un⟩
= 1

𝜏

Re⟨Δ±h (un+1 + un),Δ±h (u
n+1 − un)⟩

= 1

𝜏

(||Δ±h un+1||2 − ||Δ±h un||2) + 1

𝜏

Re(⟨un
,Δ±h un+1⟩ − ⟨un

,Δ±h un+1⟩)
= 1

𝜏

(||Δ±h un+1||2 − ||Δ±h un||2).

This completes the proof. ▪

Theorem 3.2. Under assumptions (A) and (B), there exist h0 > 0 and 𝜏0 > 0 sufficiently
small, when 0 < h ≤ h0 and 0 < 𝜏 ≤ 𝜏0, we have the following optimal error estimate for
the CNFD scheme

|||en
l |||2 ≲ h2 + 𝜏2

, ||en
l ||∞ ≲ h2 + 𝜏2

, l = 1, 2, n = 1, 2, … ,N. (3.65)

Proof. Thanks to Theorem 3.1, one can see that the “error” equations of the CNFD scheme

is same to the “error” Equations (3.17) and (3.18) with fB = f . By using the operators Δ±h ,

the “error” equations can be rewritten as

i𝛿+t e1
n
j,k −

1

2

(
−1

2
Δ−h + V1j,k +

𝛼

2

) (
e1

n
j,k + e1

n+1

j,k
)
− 𝜆

4

(
e2

n
j,k + e2

n+1

j,k
)
− 𝜉1

n+1

j,k = 𝜂1
n
j,k,

(j, k) ∈ h, n = 0, 1, 2, … ,N − 1, (3.66)

i𝛿+t e2
n
j,k −

1

2

(
−1

2
Δ+h + V2j,k −

𝛼

2

) (
e2

n
jk + e2

n+1

j,k
)
− 𝜆

4

(
e1

n
j,k + e1

n+1

j,k
)
− 𝜉2

n+1

j,k = 𝜂2
n
j,k,

(j, k) ∈ h, n = 0, 1, 2, … ,N − 1, (3.67)

where 𝜉1
n+1

j,k = ̂
𝜉1

n+1

j,k and 𝜉2
n+1

j,k = ̂
𝜉2

n+1

j,k with fB = f .

Computing the inner product of (3.66) and (3.67) with 𝛿
+
t Δ−h ê1

n
and 𝛿

+
t Δ+h ê2

n
,

respectively, then taking the real parts of the results, we obtain

1

𝜏

(||Δ−h en+1

1
||2 − ||Δ−h en

1
||2)

= 2Re⟨V1(ê1

n+1 + en
1
), 𝛿+t Δ−h en

1
⟩ + 𝛼Re⟨en+1

1
+ en

1
, 𝛿
+
t Δ−h en

1
⟩

+ 𝜆Re⟨en+1

2
+ en

2
, 𝛿
+
t Δ−h en

1
⟩ + 4Re⟨ ̂𝜉1

n+1

, 𝛿
+
t Δ−h en

1
⟩ + 4Re⟨𝜂n

1
, 𝛿
+
t Δ−h en

1
⟩

≲ |en
1
|2

2
+ |en

2
|2

2
+ h2 + 𝜏2

, (3.68)

1

𝜏

(||Δ+h en+1

2
||2 − ||Δ+h en

2
||2)

= 2Re⟨V2(en+1

2
+ en

2
), 𝛿+t Δ+h en

2
⟩ − 𝛼Re⟨en+1

2
+ en

2
, 𝛿
+
t Δ+h en

2
⟩

+ 𝜆Re⟨en+1

1
+ en

1
, 𝛿
+
t Δ+h en

2
⟩ + 4Re⟨𝜉n+1

2
, 𝛿
+
t Δ+h en

2
⟩ + 4Re⟨𝜂n

2
, 𝛿
+
t Δ+h en

2
⟩

≲ |en
1
|2

2
+ |en

2
|2

2
+ h2 + 𝜏2

, (3.69)

where Lemmas 3.2, 3.4, 3.5, and Theorem 3.1 were used.

Denote

n = ||Δ−h en
1
||2 + ||Δ+h en

2
||2
, n = 0, 1, 2, … ,N, (3.70)
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with C1 is a sufficiently big constant, then by using Cauchy inequality, Lemma 3.5 and

Theorem 3.1 we obtain

n
≲|en

1
|2

2
+ |en

2
|2

2
+ ||en

1
||2 + ||en

2
||2

≲|en
1
|2

2
+ |en

2
|2

2
+ h2 + 𝜏2

, n = 0, 1, 2, … ,N, (3.71)

and

n
≳|en

1
|2

2
+ |en

2
|2

2
− ||en

1
||2 − ||en

2
||2

≳|en
1
|2

2
+ |en

2
|2

2
− h2 − 𝜏2

, n = 0, 1, 2, … ,N. (3.72)

Then, adding (3.68) to (3.69) yields

n+1 − n
≲ 𝜏(n+1 + n) + 𝜏(h2 + 𝜏2)2, n = 0, 1, 2, … ,N − 1, (3.73)

then by using Gronwall inequality, for sufficiently small 𝜏, we have

n
≲ (h2 + 𝜏2)2, n = 1, 2, … ,N, (3.74)

this together with (3.70) gives

|en
1
|2 + |en

2
|2 ≲ h2 + 𝜏2

, n = 1, 2, … ,N. (3.75)

Then by using Lemma 3.1 and Theorem 3.1 we obtain

|||en
l |||2 ≲ h2 + 𝜏2

, ||en
l ||∞ ≲ h2 + 𝜏2

, l = 1, 2, n = 1, 2, … ,N. (3.76)

This completes the proof. ▪

Theorem 3.3. Under Assumptions (A) and (B), there exist h0 > 0 and 𝜏0 > 0 sufficiently
small, when 0 < h ≤ h0 and 0 < 𝜏 ≤ 𝜏0, the solution of the CNFD scheme (2.5)–(2.8) is
unique.

Thanks to the results given in Theorem 3.2, one can use the standard energy method to prove

Theorem 3.3. We here omit the proof for brevity.

Remark 3.1. Based on the results given in Theorem 3.2, one can use the standard energy

method to prove that the CNFD scheme is stable in the discrete maximum norm with

respect to the initial values. For the sake of brevity, we here omit the detailed proof of the

stable result.

Remark 3.2. In fact, the analysis method used in establishing the unconditional and opti-

mal error estimate of the CNFD scheme can be generalized to analyze many other finite

difference schemes without any restriction on the grid ratio.

4 NUMERICAL EXPERIMENT

In this section, we numerically underline the theoretical convergence results and the conservation

properties of the CNFD scheme in the previous sections. In addition, several dynamics of the CGPEs

are also simulated. The proposed CNFD scheme is a nonlinear scheme, we here adopted an iterative

algorithm [23, 37] such as Jacobi iteration [23, 37] to solve the nonlinear scheme.
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Example 4.1. For comparison, we consider the following nonhomogenous CGPEs

i𝜕t𝜓1 =

[
−1

2
Δ + V1 + ik0𝜕x +

𝛼

2
+

2∑
l=1

𝛽1l|𝜓l|2

]
𝜓1 +

𝜆

2
𝜓2 + f , (x, y) ∈ Ω, t > 0, (4.1)

i𝜕t𝜓2 =

[
−1

2
Δ + V2 − ik0𝜕x −

𝛼

2
+

2∑
l=1

𝛽2l|𝜓l|2

]
𝜓2 +

𝜆

2
𝜓1 + g, (x, y) ∈ Ω, t > 0, (4.2)

with homogeneous Dirichlet boundary condition

𝜓1(x, y, t) = 0, 𝜓2(x, y, t) = 0, (x, y) ∈ 𝜕Ω, t > 0, (4.3)

and initial condition

𝜓1(x, y, 0) = 𝜑1(x, y) = sin(𝜋x) sin(𝜋y), (4.4)

𝜓2(x, y, 0) = 𝜑2(x, y) = sin(𝜋x) sin(𝜋y), (x, y) ∈ Ω. (4.5)

where Ω = (0, 1) × (0, 1), V1(x, y) = V2(x, y) = 1

2
(x2 + y2), 𝛽11 = 𝛽22 = 1, 𝛽12 = 𝛽21 =

2, k0 = 1, 𝛼 = 1, 𝜆 = −1 and

f (x, y, t) =
[

1

2
− 𝜋2 − 3sin

2(𝜋x)sin
2(𝜋y) − 1

2
(x2 + y2)

]
sin(𝜋x) sin(𝜋y)e−it

− i𝜋 cos(𝜋x) sin(𝜋y)e−it + 1

2
sin(𝜋x) sin(𝜋y)e−2it

,

g(x, y, t) =
[

1

2
− 𝜋2 − 3sin

2(𝜋x)sin
2(𝜋y) − 1

2
(x2 + y2)

]
sin(𝜋x) sin(𝜋y)e−it

+ i𝜋 cos(𝜋x) sin(𝜋y)e−2it + 1

2
sin(𝜋x) sin(𝜋y)e−it

.

The problem (4.1)–(4.5) has an exact solution in the following form,

𝜓1(x, y, t) = sin(𝜋x) sin(𝜋y)e−it
, 𝜓2(x, y, t) = sin(𝜋x) sin(𝜋y)e−2it

.

In virtue of the good stability, we measure the temporal errors and the spatial errors of the CNFD

scheme separately. To test the spatial error analysis, we choose different h, and use 𝜏 = 0.0001 which

is small enough to ignore the temporal error. In the same way, to test the temporal error analysis, we

choose different 𝜏 (here we take 𝜏 = 0.12, 0.1, 0.08, 0.06, respectively, which are much bigger than

the value of h), and fix h = h1 = h2 = 0.005 which is small enough to ignore the spatial error. The

errors are presented at time t = 1.2. Data in Tables 1 and 2 verify our main theoretical results given in

Theorem 3.2 and Remark 3.1.

Let e1(h, 𝜏) and e2(h, 𝜏) denote the errors ||eN
1
||∞ and ||eN

2
||∞, respectively, with time step 𝜏 and

mesh-size h = h1 = h2. For simplicity, we denote

TABLE 1 Spatial errors of the CNFD scheme in computing Example 1 with 𝜏 = 0.0001 at t = 1.2.

CNFD h = 0.2 h = 0.1 h = 0.05 h = 0.025

||eN
1
||∞ 2.8311e−02 6.8706e−03 1.6844e−03 4.1088e−04

rate1 2.04 2.03 2.04

||eN
2
||∞ 3.2910e−02 1.0078e−02 2.3247e−03 5.8717e−04

rate2 1.71 2.11 1.99
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TABLE 2 Temporal errors of the CNFD scheme in computing Example 1 with h = 0.005 at t = 1.2.

CNFD 𝝉 = 0.12 𝝉 = 0.1 𝝉 = 0.08 𝝉 = 0.06

||eN
1
||∞ 4.1838e−03 2.8466e−03 1.8575e−03 1.0259e−03

rate3 2.11 1.91 2.06

||eN
2
||∞ 1.3793e−02 9.1109e−03 5.7059e−03 2.9527e−03

rate4 2.27 2.10 2.29

FIGURE 1 Total mass (left column) and energy (right column) and their differences from initial values computed by the

CNFD scheme with 𝛾 = 0.5, 𝛽 = 1, h = 0.5, 𝜏 = 0.4,T = 40.

rate1 =
log

(
e1(h, 𝜏)∕e1(̃h, 𝜏)

)
log(h∕̃h)

, rate2 =
log

(
e2(h, 𝜏)∕e2(̃h, 𝜏)

)
log(h∕̃h)

, (4.6)

rate3 = log(e1(h, 𝜏)∕e1(h, 𝜏))
log(𝜏∕𝜏)

, rate4 = log(e2(h, 𝜏)∕e2(h, 𝜏))
log(𝜏∕𝜏)

. (4.7)

Example 4.2. In the initial-boundary value problem (2.1)–(2.4), we takeΩ = (−20, 20)×
(−20, 20), V1(x) = V2(x) = 1

2
(x2 + y2), 𝛽11 = 𝛽22 = 1, 𝛽12 = 𝛽21 = 2, k0 = 1, 𝛼 =

1, 𝜆 = 0.1 in (2.1)-(2.2) and 𝜑1 = 𝜑2 = exp(−4((x − 2)2 + y2)) + exp(−4((x + 2)2 + y2))
in (2.4).
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LIU ET AL. 4267

To test the conservation properties possessed by the CNFD scheme, we draw the total mass and

energy of Example 2 computed by the CNFD scheme in Figure 1. One can observe from the figure

that the CNFD scheme preserves well the total mass and energy in the discrete sense, as verifies the

result given in Lemma 2.2. To figure out the collision of two waves described by the CGPEs, we set

the solution at the initial time to be two Gaussian waves and simulate the evolution of the solutions of

the CGPEs, see Figures 2 and 3.

FIGURE 2 Collision of two waves for 𝜓1 computed by the CNFD scheme with 𝛾 = 0.5, 𝛽 = 1, h = 0.1, 𝜏 = 0.02 at different

times.

FIGURE 3 Collision of two waves for 𝜓2 computed by the CNFD scheme with 𝛾 = 0.5, 𝛽 = 1, h = 0.1, 𝜏 = 0.02 at different

times.
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