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Abstract

This article is concerned with numerical study of a
coupled system of Gross—Pitaevskii equations which
describes the spin-orbit-coupled Bose—Einstein conden-
sates. Due to the fact that this system possesses the total
mass and energy conservation property and often appears in
high dimensions, it brings a significant burden in designing
and analyzing a suitable numerical scheme for solving the
coupled Gross—Pitaevskii equations (CGPEs). In this arti-
cle, an implicit finite difference scheme is proposed to solve
the CGPEs, which is proved to be uniquely solvable, mass-
and energy-conservative in the discrete sense. In particular,
it is proved in a rigorous way that, without any grid-ratio
restriction, the scheme is stable and convergent at the rate of
O(h*+72) with time step 7 and mesh size / in the maximum
norm, while previous works often require certain restric-
tion on the grid ratio and only give the error estimates in
the discrete L2 norm or H' norm which could not imply the
maximum error estimate. Numerical results are carried out
to underline the error estimate and conservation laws, and
investigate several dynamics of the CGPE:s.

KEYWORDS

coupled Gross—Pitaevskii equations, finite difference
method, mass and energy conservation, point-wise error
estimate, solvability

4248 © 2023 Wiley Periodicals LLC.

wileyonlinelibrary.com/journal/num Numer Methods Partial Differential Eq. 2023;39:4248-4269.


https://orcid.org/0000-0002-4878-070X
http://wileyonlinelibrary.com/journal/NUM

LIU ET AL. WI LEY 4249

1 | INTRODUCTION

In this article, we consider the following d-dimensional (d=1,2,3) coupled Gross—Pitaevskii equations
(CGPEs):

2
. 1 . a A
01 = | =5 A+ Vi) +ikode + 5 + Y Pulwil® | w1+ Swn, >0, (1.1)
2 2 & 2
. 1 . a 2 2 A
0y = | =5 A+ Vo) = ikod, = 2 + Y pulvil* | wa+ Sy, 1> 0, (1.2)
L I=1 i
where
i, d=1,
Vi(x) = Vo(x) = %(ylzx2 +73y%), d=2,
SO+ +1id), d=3,

i= \/—_1, and yg (d = 1,2,3), ko, a, By (I, m = 1,2), A are given real constants, ¥ := (y1,y»)' are
the unknown complex-valued wave function. The Equations (1.1) and (1.2) are the dimensionless form
(see [7]) of the CGPEs derived in describing the spin-orbit (SO) coupled Bose—Einstein condensate
(BEC) (see [21-22,24-28,43-44])).

It is seen from [7] that the dimensionless CGPEs (1.1) and (1.2) preserve the total mass,

MY, 0) = ||PC.0|° = / (lvi & D1 + lyo(x. 0*) dx = M(CP(-,0), 1 >0,  (1.3)
R4

and energy,

2
1=

E(P(,1) :=/ lz‘,(;|wl|2+vz<x>|w/|2)+”2‘(|wl|2—|w|2>+ARe(wlw)
R4 1

2 2
—koIm(@19uy1 — Yaduyn) + ZZ[Z’"”"Z'%'Z] dx=E(wo), 120,  (14)
I=1 j=1

where 5, Re(s) and Im(s) represent the conjugate, the real part and imaginary part of s, respectively.
From mathematical points of view, extensive results have been carried out in the literature to study
the Gross—Pitaevskii equation (GPE) arising in modeling the BEC, see [1, 3-11, 14, 15, 19, 20, 35,
38-40] and references therein. However, few numerical method was proposed in literature for solv-
ing the CGPEs (1.1) and (1.2). In [7], Bao and Cai analytically and numerically studied the ground
states and dynamics of two-component SO-coupled BECs modeled by the CGPEs. In computing the
dynamics of the CPGEs, a time-splitting Fourier pseudo-spectral method is proposed in [7]. Their
numerical results demonstrate the efficiency and accuracy of the numerical methods and show the rich
phenomenon in the SO-coupled BECs. Antoine, Besse and Rispoli built and validated some explicit
high-order schemes in [4] for simulating the dynamics of the CPGEs and other nonlinear Schrédinger
(NLS) equations or GPEs. Their method is based on the combination of high-order implicit-explicit
schemes in time and Fourier pseudo-spectral approximations in space. To the best of our knowledge,
though there exists many finite difference schemes are proposed to solve the CGPEs without the
first-order derivative terms (see [3, 5, 31-34, 36]), there is no finite difference method is proposed and
analyzed in literature for solving the CGPEs (1.1) and (1.2). Due to the high efficiency and ease in
implementing, finite difference method is very popular in numerically solving the NLS-type equations.
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However, to give a clear and optimal grid-ratio condition of the finite difference method is a very
important and challenging issue.

There are tremendous literatures on establishing unconditional and optimal error estimates of
implicit finite difference schemes for solving the one-dimensional NLS-type equations (see [14,15,41]
and references therein). The key tools used in building the error bounds are strongly dependent
on the conservation properties and the one-dimensional Sobolev embedding inequalities, so they
cannot be generalized directly to high-dimensional cases. However, the CGPEs are expressed in
d dimensions for d = 1,2,3 depending on the values taken by the trapping frequencies in the
X-, y-, and z-directions. In [6], under a weak constraint on the grid ratio, Bao and Cai applied
the standard energy method together with the cut-off function technique [2,16,17,30] to build the
error estimates of two finite difference schemes of the GPE with an angular momentum rotation
term. In [39], the authors established the point-wise optimal error estimates of finite difference
methods for solving the coupled GPEs under a weak constraint on the grid ratio. In [38], the
authors proposed an mass- and energy-preserving, fourth-order compact finite difference scheme for
a two-dimensional NLS equation and established the optimal L?-error estimate of the scheme with-
out any grid-ratio restriction, but their result still requires that the initial value is sufficiently small.
It is known that the maximum error estimate of numerical methods is preferable in numerical anal-
ysis, while in two or three dimensional cases the L?- and the H'-error estimate does not imply the
maximum one.

From the stability and long-time computation point of view, a numerical scheme possessing the
conservative properties in the discrete sense is preferable and more popular than the non-conservative
ones which may lead to non-physical “blow-up.” In fact, more and more interests are attracted
in designing and analyzing conservative numerical schemes in solving those partial differential
equations inheriting conservative or dissipative properties (see [13, 18, 29, 38, 40, 42] and refer-
ences therein). Hence, the purpose of this article lies in constructing and analyzing a mass- and
energy-preserving finite difference scheme for the high-dimensional CGPEs. The main contribution of
the present work is to establish the optimal H>-error estimates implying consequently the point-wise
error estimates of the derived scheme without any time-step restriction depending on the grid size
in space.

The remainder of this article is arranged as follows. In Section 2, a Crank-Nicolson finite difference
(CNFD) scheme is proposed for the CGPEs. In Section 3, the optimal H?-error estimates of the pro-
posed scheme are established without any grid-ratio constraint. In Section 4, some numerical results
are reported to test the theoretical analysis.

2 | FINITE DIFFERENCE SCHEME

For simplicity, similar as the processing in [7], we here only consider the numerical method in two
dimensions, thatis, d = 2 and Q = (xz,xz) X (yr, yg) in (1.1) and (1.2). Extension to three-dimensional
case is straightforward, and the convergence result remains valid with little modification. That is, we
consider the CGPEs

[ 2

. 1 . A

i1 = | =5 A+ Vi(xy) + ikods + % + Y Bulwal | v + S¥2, (nY) €Q, >0, 2.1)
L l=1 -
i . ]

. 1 . A

0y = [ =5 A+ Valey) = ikods = 5+ Y pulwil* [ wa + Jvn, ey €Q >0, Q22)
I I=1 i
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with homogeneous Dirichlet boundary conditions
vi(x,y,0)=0, ya(x,y,0H)=0, (xy) €0Q, >0, 2.3)
and initial conditions
¥i(5,0) = @1(%,),  ¥2(x,2,0) = @a(x,y),  (x,y) € Q. 2.4

For a positive integer N, choose time-step ¢ = T /N and denote time steps t, = nr, n =
0,1,2, ... ,N, where 0 < T < Tyax With Tx the maximal existing time of the solution; choose
mesh sizes hy = (xg — x1)/J, hy = (yr — y1)/K with two positive integers J and K, and denote
h = max{hy, hy }. Introduce two index sets

T, ={G.klj=12,...,J-1, k=12, ... , K—1},
Th=1G0j=012 ... .J, k=0,1,2, ... ,\K}, Tp=T4\Ti,
three grid point sets
Q= {(x, 1) = (x + jh1,yL + kho)| (. k) € Tuh Q=Q0Q, 02, =Q,n0Q,
and a space of grid functions
X, = {w = {wixh, G.k) € T | wig = 0, if (i, k) € Ty}

Let (17, wzjf’,k)T and (¢1];, d)Q;fk)T be the numerical approximation and the exact value of (yy,y»)"
at the point (x;, yx, #,) for (j,k) € %h,n =0,1,2, ... ,N, respectively. As usual, for a grid function
vteX,forn=0,1,2, ... ,N, we introduce the following finite difference quotient operators,

1 1
+ _ n+1 n +.n n n
§vie=— (i =)y 88V = = (Vi — Vi) »
T h
1 1
no__ n o 2.n L n _ n n
0k = g (Vs =viae) - 80k = 55 Ok = 20+ vha) -
1

Difference quotient operators &5 VZk’5§V;fk can be introduced similarly. Besides, we introduce the
discrete vision of the gradient operator and Laplacian operator as follows

Vi = (85V 65 v y AV = 8V} + 85V

Define discrete inner products and discrete norms over X, as

J-1K-1 J-1K-1
(u,v)y =h hzZZM]kV;Iu (u,v)o =h hzZZufkvfk’
Jj=1 k= Jj=0 k=0

J-1K-1
lull = V), Nl = max Jujel, lull, = { |k h222|u,k|p
GET, g

|ul; = \/(th, V;,u) = \/(5;1/!, 5;”)0 + <5;—I/t, 5;1/!)(), lul, = \/(Ahu, A/,M),
Wlalllr = /Nl + [ulf, (a2 = \/||M||2 + lul} + |ul5.

Here, for the grid function u € X, |ul, and |||u|||x (k = 1,2) are semi-norms and norms
of u, respectively. Corresponding to the standard Sobolev spaces, we here use H*(Q;) to denote
the space of complex-valued or real-valued discrete functions with norm |[||-]|||x, (kK = 1,2),
and use Hé(Qh) to denote a subspace of H'(Q,) satisfying the homogeneous Dirichlet boundary
conditions.
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For simplicity of notations, in the following of the article, we use C to denote a generic positive
constant which may depend on the exact solution and the given data but is independent of all the
discrete parameters. Furthermore, we use the notation w < v to present |w| < Cv, and use w > v to

present w > C|v|.

By using the centered finite difference discretization, we give the following CNFD scheme:

iy = = [ S8+ Vi, +ikobe + = 'Fﬁ11 (|ll/1,k|2+|v/1]+l|)

2
ﬁlz (

A
el gt )| (v + ) + 5 (

n n+1
V2 T W2 ) )

G.keT,, n=0,1,2,...,N—1,
e N s - & ﬂzl 2 e+l
6 oy = 5 2Ah+V2 — iko6x > T+ (lyafil® + v ' 1%)
n n A’ n n
ﬂzz (lwafil® + Iyl ') )] (lllzj,k +yolt) + 1 (Wi +wift')s
G,keT,, n=0,12,..,N-1,
Wik = 105,50, wap = 025,30, (k) € T
leytk=09 W22k=07 (i?k)erha n=1727--~7N7
where Vl,-,k = Vl(xj,yk), sz‘,( = Vz(xj’yk)
2.1 | Conservative properties
In the next of the article, the following lemma will be used frequently.
Lemma 2.1. For any two grid functions u",v' € H*(Q;) N H(l)(Qh), n=0,1, ... ,N, we
have
Im (i5F ™ ) = (Ul = ], 29)
T
(A" V'Y = —(Vpu", Vi), (2.10)
Re { Ap(u™! + "), 670"y = =2 (™12 = [u"}2) . @.11)
T
Re <Ah(un_l n+l) 6[ > — _ 1 (I n+l1 |2 |un—l |%) , (212)
T
Re (Ap(u™" +u"), 67 Apu) = 1 (lu"™'3 = 1u"3) (2.13)
T
n— n n 1 n n—
Re ( Ay~ +u™"), 60" ) = > (13 = [u"13) (2.14)
Re (67u", s, >_ — (||5 W' = |18t u" 7). (2.15)
RIGHTS 1T L)

2.5)

2.6)

Q.7

(2.8)
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Proof. The results are directly computed from the standard summation by parts formula,
and we omit the details here for brevity. L]

Like the fact that the initial-boundary value problem conserves the total mass and energy, the
CNFD scheme is expected to possesses the similar conservative properties in the discrete sense.

Lemma 2.2. The CNFD scheme (2.5)—(2.8) preserves the total mass and energy in the
discrete sense, that is,

M=yl + lwslP=M°, n=0,1,2, ... ,N, (2.16)
J-1K-1
f<|w1 B+ w1+ i )Y (Vi lwnfel + Va, lwalil?)
j=1 k=1
J-1K-1
a n syrad n s n n
+3 (w11 = 1w311?) - hthZZ [koIm(W 3 8xw1 4 — Walibewalo)]
j=1 k=1
J-1K-1 5 5
i Y)Y [ 4+ Reaimio + Bl vl + Z2 il + Bty i Pl
j=1 k=1
=E° n=0,1,2,..,N. (2.17)
Proof. Computing the inner product of (2.5) with y{ + u/{’“ and taking the imaginary
part give
J-1K-1
(Ilw1“I|2 Iy 11?) = —hthZZIm[ vl ) (Wi +wt)] @18)
j=1 k=
forn=0,1,2, — 1, where Lemma 2.1 was used. Computing the inner product of

(2.6) with yj + 1112"“ and taking the imaginary part give

J-1K-1
<||u/2“||2 ||w||>——h1h2221m[wl,k+m,k ) (W +wt)] @19
j=1k=1

forn=0,1,2, ... ,N — 1. Adding (2.19) to (2.18) and noticing that

Im [(wofi +yaff!) (W + W) + (i +wifd!) (Waf + w25t =0, (220)
one can obtain

ik TP =1 1P = w311 =0, n=0,1,2,...,N—1, (2.21)

(||W1 + ||’~I’2

that is,
M -M'=0, n=0,1,2,... N—1, (2.22)

this immediately gives (2.16).

Computing the inner product of (2.5) with 2(y*! — y!) and taking the real part give
J-1K-1
*(le“lz Wy 1) + i 30 Vi, (w2 = lwnel?)
j=1 k=1
J-1K-1
a n
E(Ilwl“ll2 wil1?) hhzzzlm (ko syt — witidewn o)
j=1 k=
RIGHTS LA
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J-1K-1

+h1h222[ Lt 1 = Tl + E2 gt P+ P = o)
Jj=1 k=1
]lKl

Fhie Y, Y ARe [t + @ -] =0, n=012 N (223)
j=1 k= 1

where Lemma 2.1 was used. Computing the inner product of (2.6) with 2(y; el y3) and
taking the real part give

J-1K-1
*(I%“Iz g 1)+ iy 30 Vo, (It 12 = lwlel?)
j=1 k=1
J-1K-1
a
=5 (g™ 1P = 131P2) + ke 3 3 dm [ko (w25 60~ wafibuwnf )]
j=1 k=1
J-1K-1 ﬂ ﬂ
+h1h222[ Ll 1 = el + B2 0w P+ i Pwi P = L)
Jj=1 k=1
J-1K— 1
+h1h222 Re [(WI]]( +Wl]k)(u/2]k %jn,k)] = 09 n= O’ 1’25 ’N~ (224)
j=1 k=

Noting that
Re [(W2_,r‘l;1 + u/z]”k)(ﬁﬁl - W;lk) + (l//l_;le + tm?k)(@ﬁrl - Wk)]

=2Re (wi[ Wit —wiivaly). Gk €T n=0,1,2, ... ,N-1, (2.25)
and

n+l|2 n+12 n+1 n+12

(w2t 12+ e DA 1P = el + Qw12+ v D Awalt ' 1P = vl
=20yl Pl P = 2w Plvaiel’. GO €T n=0.12, .. .N=1, (226)
we obtain by adding (2.24) to (2.23) that
E'—E"=0, n=0,1,2,... , N—-1, (2.27)

which immediately gives (2.17). This completes the proof. (]

2.2 | Solvability

For proving the solvability of the proposed scheme, we need the following fixed point theorem.

Lemma 2.3 ([12]). Let (H,(-,-)) be a finite-dimensional inner product space, || - || be
the associated norm, and g : H — H be continuous. Assume, moreover, that

Ja >0, VzeH, ||z|]| =a, Re{g(z),z) > 0.
Then, there exists a z* € H such that g(z*) = 0 and ||Z*|| < a.
On the solvability of the CNFD scheme, we have

Lemma 2.4 (Solvability). For any initial data (t//l , ) e Xy xXh, there exists a solution
(Wi yithy € Xy, x X), for each of the CNFD scheme forn =0, ... ,N — 1.
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Proof. For a fixedn € {0,1, ... ,N — 1}, the CNFD scheme (2.5) and (2.6) can be
rewritten as

1

n+ 21 1 +1
Wi = i) k+* [_2Ah+vlk+lk05 to+ bu <|ll/ fl? +|2W1,k -y k|2>

+1 n et A ntl .
+he <|W2,k|2+|2w,k —w;i,k|2>] Vi Tt =0, GRET,  (228)

n+3 2i [ 1 3
I ~ [_ZAh+V2 — tkody — E e <|ll/1,k| + |2W1jk = Wil )

n+l

; n nty QA .
+02 (lw,k|2+|2w]k w,-,k|2>]u/2,-,k2+’fwl,-,k2=0, G.b) € Th  (2.29)

This gives us a hint to define a mapping G = (G1,G): (u,v) € X, X X, —
(G1(u,v), G2(u,v)) € Xj, X X, as

ﬂn (

20 1
Gi(ps VIjk = Mjk — Wijx + = [ 2A11+V1A+lk05 +2 > + |W]k|2+|2ﬂjk_lllljk| )

iA
ﬂ‘2(|w,k|2+|2v,k—w,k| ) i+ B G0 €T (230)

By + 120 - wilyl?)

Co(ps V)jk = Vi — Wajp + = [ A+ Vo, — ikody — E +
iA .
ﬁ” (w2l + 12vi — walil )] vt Tu (k) €T (2.31)

Taking the inner product of G and (y, v), that is, multiplying (2.30) and (2.31) with x and
v, respectively, and summing them up, then taking real parts we obtain

Re (G(u, v), (4, v)) = Re(Gi (1, V), u) + Re (Ga(u, v), v) (2.32)

=10 I = (@l w3, (V) = G I (G I = ] wdl) -
Let « = [|(wi, )|l + 1 in Lemma 2.3, and we observe that there exists a solution
(u*,v¥) € X;, X X, satisfying G(u*,v*) = 0. Then (w™', w4 = 2(p*, v¥) — (Wi, wh)
satisfies the scheme (2.5) and (2.6). This completes the proof. [ ]

3 | ERRORESTIMATE OF THE CNFD SCHEME

In this section, we establish the optimal H?-error estimate of the CNFD scheme without imposing any
restriction on the grid ratio. To do this, we need some assumptions and useful lemmas.
(A) Assumption on the external trapping potential V,,, = V,,,(x,y) for m = 1,2:

Va € C(Q), m=1,2;
(B) Assumption on the exact solution v, = y,,(x,y,t) form = 1,2:
W € CY([0, T]; L*(Q)) N C*([0, T]; W>*(Q)) n C'([0, T]; WH(Q) N Hy(Q)), m=1,2.

Lemma 3.1 ([45]). For any grid function u € H*(Qy,), there is the following inequality
in two dimensions,

1 1
Hulloo < Cllul[2([ul] + |ul2)>2. @G.1
RIGHTS LIMN K
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In the following, for a function f = f(x, y, ) over Qx [0, T'], we denote

[lfllz= := sup sup [f(x,y,0)].
1€[0.T](x )eq

Define the local truncation errors of the CNFD scheme n} € X, for{=1,2, n=0,1,2, ... ,N—1as

R N ’
mjyk;=,51+¢,].’k_2[ S8+ Vi, + ikod +2+ﬁ“ (I1fal” + 19071'17)

22 (1P 410250 )| (01t + 01) = 5 (i + 0231
G,k €Ty, n=0,1,2, ... ,N - 1,

1

no_ et 1 )
Moju = 167 oji = 5 [—EA;,+V2 — ikoBy —§+ﬂ21 (I + 11 1%)

B2 (102 410500 P) | (0ol + 0") = 5 (@i + 0121).
Gk ETy, n=0,1,2, ... ,N— 1.

By using Taylor’s expansion and the boundary conditions, one can obtain the following lemma.

Lemma 3.2 (local truncation error). Under assumptions (A) and (B), we have the
following estimates for the local truncation errors:

Inf ST2+h*, 1=12, (k€T n=012 .. ,N-1, (3.4)

15 | ST+ 1, 1=1,2, (GLbET, n=0,12,... ,N-2. (3.3)

(3.2)

(3.3)

Choose a smooth function p € C!'(R) such that p(s) = 1 when |s| < 1, p(s) = 0 when |s| > 2, and

0 < p(s) < 1 for s € R, for example,

1, Is| € [0,1],
p(s) =91 —=(Is| = D? +2(Is| — D*(Is| = 2), |s| €[1,2],
0, Is] € [2, ).

Lemma 3.3 (cut-off function). By assumption (B), we can define My = ||w||1=@x0.17),
and choose a positive number B = My + 1. For s > 0, define

fo(s) = sp(+/s/B). (3.6)
Then fp(s) is global Lipschitz and

oo = fas2)] < Cu Vo1 = /52|, Vi, 2 0, 3.7)

where Cg = 4B (1 + maxge() 2] |p’(§)|).

Proof. We do different analysis for different situations. If ||s;|[z~ > 4B? and ||s3][z» >
4B?, the inequality (3.7) is obvious. If ||s; ||z~ < 4B and ||s2 ]|z« > 4B, we have

ats1) = o6l = [s1p(51/B) = s20(y/52/B)| = |s1 ((v/51/B) = p(x/52/B)
= s (Vii/m = oa/m)| < 4B mas 1@l |V - v 68)
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Similarly, the result also holds for the case ||s| ||z~ > 4B and ||ss ||z« < 4B2. If ||sy]|z <
4B% and ||s2 ||~ < 4B2, we have

a5 = fas2)] = [510(/51/B) = 520(/52/B)|

< [(s1 = s20(y/51/B)| + |52 (ot51/B) - P(\/S_2/3)>’
520 (v51/B - \/E/B)’
S%Q+£%W@Oh5—ﬁ% (3.9)

This completes the proof. u

<lsi— sl +

Define “error” functions ¢} € X, for/=1,2andn =0,1,2, ... ,N as

el = Pl — vk Gk €T, (3.10)
then we have

Theorem 3.1. Under assumptions (A) and (B), there exist hg > 0 and 7y > O sufficiently
small, when 0 < h < hg and 0 < © < 19, we have the following optimal error estimate for
the CNFD scheme:

eIl Sk +7%, e/ s1, llelle S1, =12, n=1,2,3,...,N. (3.11)

~

Proof. For simplicity and clarity, we split our proof into four steps.

Step 1. Construction of an alternative scheme by using the cut-off func-
tion to truncate the nonlinearity into a global Lipschitz function with compact
support.

Choose 1/910 = 1//10 and define ;" € X, for/ = 1,2 andn = 0,1,2, ... ,N as the
solution of the following finite difference equations,

o _ 171 . - n
5Ty = 5[5 80+ Vi, ko &+ B (GwuP) + gt )

A AN AN A n+ A A N
% (fawafal® + fa(lwait ' 12 ))] (Wi +vfit') + 1 (Wajx + i) -
GO ET), n=0,1,2, ... .N—1, (3.12)

a 17 1 . 0
167y = > [_EAh + Vo, —ikodx — 5 =+ ﬁzl (fahn ) + £t 1)

2
~ 1 AN A N4 A A T
ﬁéz (fa(wafal® + (it 12 ))] (o + i) + 1 (il + vt

G.oHET n=01,2, ... ,N—1. (3.13)

Define grid functions 7" € X, for/ = 1,2 as

s = 6 = 5 [~y At Vi +ikos+ 5+ L (f3(|¢1,k| )+ ol )
22 (9P + fol )] (94 +¢1"+1) = 2 (@),
G,keT, n=0,1,2, ... ,N—1, (3.14)
RIGHTS IT "lf
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i = 107 = 5 [~ B+ Ve, — ks — 5+ 22 (f3(|¢1,k| )+ fs( D)
ﬁ” (fa(lpai ™ + fo( ot 12 ))] (pfi + qbz;-tzl) -7 P o1,
G,keT,, n=0,1,2, ... ,N—1. (3.15)

Noticing the fact

Ul =l GHET, [1=1,2 n=0,12 .. N-1,

we know from (3.2) and (3.3) that 7;" and #>" just are #] and #5, respectively, the local
truncation errors of the finite difference scheme (2.5) and (2.6). Hence, the finite differ-
ence equations (3.12) and (3.13) can be viewed as another finite difference scheme of the
CGPEs (2.1) and (2.2), and consequently y;;, can be viewed as another approximation of
wi(Xj, Yk, ty) for I =1,2.

Step 2. Error estimate of the alternative scheme by using the standard energy
method.

Define “error” functions é" € X, for(=1,2, n=0,1,2, ... ,N as

éijx = bijx — Wijx- (3.16)

Subtracting (3.12) and (3.13) from (3.14) and (3.15), respectively, we obtain “error”
equations as follows,

lj

Lot A 1 1 . a an o
15?'61]-,/( - = (—EA/, + Vl-k + ikob, + E) (elj,k + elj;—l)

2
A An ~ ~ n+1 .
-2 @+t - i =mnle GROET, n=0,12, ... ,N—1, (3.17)
1 1
15, ezjk - E (—EAh + Vz — ko6, — > (Ezjk + erk )
Aan . n+l1 .
—Z(elj,k+eljk )=& =mle GOET, n=0,12, ... ,N—1, (3.18)
where élnﬂ,fznﬂ e X, forn=0,1,2, ... ,N — 1 are defined as
2 n+l 1 n n n n
&5 = 2 [B (P + 1605 ) + B2 (15, + 16255 P) | (17 + ")
1 R . n . n
= 2B (o) + Sl l,zw )+ 22 () + 2 )]
X (‘pljk""ﬁlﬁl)
1 n AN n A~
= L1212 ) = f ) + foU1 7 ) — falln 2 )
212
22 (1ol — folisP) + S ) = foit ) | (17 + )
1 R . n . n
+ = ’L(fg(m,u )+t D) + ”‘2 (fawafi® + fa(lvinft ' 1))
212
(e +éid'). GheT, (3.19)
an _1 [ 21 ( 2 nt1 ﬁzz 2 nl nt1
%5k =515 |17+ 10 1) + 52 (1ol + 12t 1P) | (dafs + o)
1 R . n ~ 1
LT (f ) + £l 1,:1| )+ 2 (1) + follgt )
2 2
RIGHTS IT "lf
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x (o + vl

[ﬁz‘ (el = fovjal®) +fo(lnfit' 1) = S 1)

”22 (F(lp2yal®) = sl ®) + fall bl 17 fB(llﬁzﬁlU)] (dofs + 2it")
[ﬁ” o)+ follin ) + 22 (ol + Sl )|

X (ez,k +éit'), G ET. (3.20)
These together with (3.7) and the definition of fz give
~ n+l N AN ~ n
&k | < CUE + 1603 + 16l + 165D, (3.21)
o n+l AN AN A n
&n | < CUEG] + 1T + 1] + &) (3.22)

Computing the inner product of (3.17) and (3.18) with &," + é,"™! and &" + &"',
respectlvely, then taking the imaginary part of the results, we obtain

(”An+1”2_|| ||)_71m<32 +&" ,A1n+éln+1>

At
—m (8" A @ Y =i (L ET G, =012 N= 1 (3.23)
1 An+l 2 L n12 A s N snt+l an s n+1
;(H 1" = ll&"l )—Zlm<€1 +é" "+ 6™

—Im <§2n ,6) +eA2”+l> = Im(ng,ég" +é2"+1> , n=0,1,2,... N-—1. (3.24)

Adding (3.24) to (3.23) and using the equality

Im <é2" + 6" 6" + e1"+l> +Im <el +&" 6" + 62”“) 0 (3.25)
yield
™+ 11&" 1 = a1 - 116"
= zIm <§1n "+ é1"+1> + 7Im <§Azn ,6" + é2"+1>
+7Im (nf 6" + 6" ) + 7Ilm (5, 6" + &™) (3.26)

forn=0,1,2, ... ,N—1. By using Cauchy’s inequality, Lemma 3.2 and (3.21) and (3.22),
one can obtain

A~ n+l ~n 1. ~n+l T
m (&" e+ @) < SHE" IR+ 16 + 11am P
< CUIE" I+ 1A + 16" + 16" 1), (3.27)
A n+l AN AN AN AN
Im (& &+ &) < CUlE P +116™ 1P + 16" P+ 116717, (328)
[1m (a7 4+ Y| < SR+ 111 + 1167 P
<O+ + Cla" 1P + 11 1P, (3.29)
|m (g, " + & )| < 0P+ T2+ I+ 118" 1), (3.30)
RIGHTS LA
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Plugging (3.27)—(3.30) into (3.26) gives

Ha™ 1P+ 11&™ 17 = 11a” 1P = 116"
<Cr [(hz +12)2 FUEE + 1612 = (16712 = ”ézn”z] L 0<n<N. (33D
By using Gronwall’s inequality, we obtain from (3.31) that, if = is small enough, there is
e + 116"l £ C(Z*+ k1), n=1,2,...,N. (3.32)

Step 3. Equivalence of the two schemes for sufficiently small / and z.
By using a lifting technique (see [40]), we obtain from (3.17) that

16" + & o = [|4isTé" = 2V (61" + é") = 2ikody (61" + 61")
N ~ ~ ~ ~ n+l
—a(8" + 61”+1) -i(&"+ 62"+1) —4g" - ant|
<Clgré" [+ 11" + & 1 + 116" + & | + 186" + &
A~ n+l
+1& I+ 1mflh, n=0,1,2,... ,N-1. (3.33)

For the estimate of the first term on the right hand side of (3.33), by using (3.32),
we have

s el <z 'Alé™ I+ 116" 1) < Ce7' i + 7). (3.34)

For the estimates of the second term and the third term on the right hand side of (3.33),
by using (3.32), we have

" + e < 1]+ 11é" ] < Ch? + ), (3.35)

16" + & < 116"+ 116" | < C* + 7). (3.36)
For the estimate of the fourth term on the right hand side of (3.33), we have
ClBLE" + G DI < CIé™ + |y < CIE" + e 31167 + 61
< 216"+ L+ ClE" + &M < 16"+ o+ COR + 7).
(3.37)

For the estimates of the last two terms on the right hand side of (3.33), by using (3.21),
(3.22), (3.32) and Lemma 3.2, we obtain

HE" 1+ 1) < € + 7). (3.38)
Plugging (3.34)—(3.38) into (3.33) yields
6"+ e < Crlt+ 7Y, n=0,1,2, ... ,N—1. (3.39)
This, together with Lemma 3.1 and (3.32), gives
e + 6™ e < 16" + @™ 13 (1E" + ™ + 16" + & |23
<Cri(+7Y), n=0,1,2, ... ,N—1. (3.40)
By using Minkowski’s inequality and (3.40), one can obtain
1™ e = 116" 1o < 11" + 6™ | < Cr 3 (W2 +73), n=0,1,2, ... ,N—1. (3.41)
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RIGHTS

Summing (3.41) for n from O to m, then replacing m by n, we obtain

e | < Cln+ DT 2 (W + 1) < Co 2 (W + 72)
—CG i +11), n=0,1,2, ... ,N—1. (3.42)
This tells us that, if = is small enough and % > 1, there is

1"l <1, n=1,2,...,N. (3.43)

On the other hand, by using Lemma 3.1 and the inverse Sobolev’s inequality,
we have

1 1 1 1
e 1o < 1€ 11231 |+ [€1"12)2 < |lé" 121" |+ (16" 1])2
<Ch'W+tH)=Cch ' +h), n=0,1,2, ... ,N—1. (3.44)

This tells us that, if £ is small enough and i < 1, there still is

lé"le <1, n=0,1,2, ... ,N. (3.45)

Hence, for sufficiently small % and 7, without any restriction on i, it is always true
to have

16"l < 1, n=0,1,2, ... ,N. (3.46)
Hence, if 7 and & are small enough, there is
11" leo < 1110 + 116" oo < Mo+ 1= VB, n=12, .. .N. (3.47)
Similarly, when 4 and 7 are small enough, we can obtain
112"l <Mo+1=+B, n=1,2, ... ,N. (3.48)

Thus, when & < hy and 7 < 7 for a small /4y and a small 7y, we know from the definition
of the function fp that,

f(oi® = ikl 1=12, G €Ty n=0,1,2,...,N. (3.49)

This implies that, when & < hy and 7 < 79, the scheme (3.12) and (3.13) is just the scheme

(2.5) and (2.6), and consequently we obtain
e S 72 +1, |lele S 1, [=1,2, n=12,..,N. (3.50)

~

Step 4. Boundedness of the numerical solution in the discrete H> norm.
By using Minkowski’s inequality and (3.39), one can obtain

let = lef, S o' + 7%, n=0,1,2, ... ,N—1, (3.51)
this gives
lef, S 72 +1, n=1,2, ... ,N. (3.52)
Similarly, there is
lefl, S 72 +1, n=1,2,... ,N. (3.53)
On the other hand, one can obtain that
lefa S h72lef]| S h 2>+ 1, n=1,2, ... ,N. (3.54)

T)
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Hence, for sufficiently small 7 and %, we obtain from (3.52) to (3.54) that it is always true
to have
lefl2<S1, n=1,2,...,N. (3.55)
This completes the proof. n

In order to establish the error estimate of the CNFD scheme in the discrete H? norm, we define
two difference quotient operators A; and A; by A;fv = (Ap, £ 2iky6,)v for any v € X}, and then give
some lemmas on the two operators.

Lemma 3.4. For any grid function u € H*(Q,) ) Hé (), we have

Im(u, Afu) =0, (3.56)
luly = ull S NAGull S lulz + ull, (3.57)
HAFull = ull S 11AFull S HAFull + [ul]. (3.58)

Proof. Direct calculation gives

Im(u, Ajyu) = Im(u, Agu + 2ikoS,u) = Im(u, Ayu) + Im(u, 2ikoS,u)

= FRe(u, 2koé,u), (3.59)
and
(u, 2ko6,u) = —Re(2kob,u, u),
Re(u, 2kob,u) = Re(2kobyu, u), (3.60)
which give
Re(u, 2kgb,u) = 0. (3.61)

Combining (3.59) and (3.61) immediately gives (3.56). Now we split the proof of (3.57)
into two parts, that is,

AUl = | Ay  2ikoSaull < luly + (2ikodu, 22iko5u) >
1 1 1
= |uly + 2ko(82u, —u)> < |uly + 2ko||67ul|? ||ul2
1 1
< ulz + 2kolul3 ull2 < lula + ko(lula + [[ul]), (3.62)

and
IAE Ul = (| Agu & 2ikodeatl] > |l — (+2ikob.ut, +2ikoyu):

1 1 1
= |uly — 2ko(8%u, —u)z > |uly — 2kol|62ul|> ||ul|2
L k
> |uly — 2kolul; ||lull> > |ulz — (glulz + ZOIIMII) (3.63)

for any € > 0. Combining (3.62) and (3.63) gives (3.57), and (3.58) can be directly
obtained from (3.57). This completes the proof. (]

Lemma 3.5. For a series of grid functions {u" € H*(Q,)|n = 0,1,2,3, ... }, we have
Re(AF "™ +u™), 87 Afu") = l(||A,fu"+1 1> = AT u"||%). (3.64)
T
RIGHTS I L)

85US0| 7 SUOWILIOD AIR8.D) 3(qeatidde 8y Aq paupAob 8.2 Sapile YO 88 J0 S9N 10§ Akeiq1T8UIIUO AB]IA UO (SUORIPUOO-PUE-SLLBILIY AB| 1M ARG 1[BUIIUO//STNY) SUORIPUOD PUe WIS L 84} 89S *[7202/0T/TE] Lo Aiqiauliuo AB|IMm ‘AIsBAIuN Uenydis Aq Zy0£Z WNU/ZO0T OT/I0p/W00" A3 Ale.q Ul Uo//SANY Wo1j pepeo|umoq '9 ‘€202 ‘92v2860T


https://onlinelibrary.wiley.com/action/rightsLink?doi=10.1002%2Fnum.23042&mode=

LIU ET AL. WI LEY 4263

Proof. Direct calculation gives

Re(AF " + u™), 6 Afu")

= 1Re<A,f(u"+1 +u"), AF U — )
T
1 n n 1 n n n n
= (AT 1P = AT 1) + —Re((u”, Afu™h) — ', Au™*'))

l n n
= —(lAju P = AT

This completes the proof. [

Theorem 3.2. Under assumptions (A) and (B), there exist hy > 0 and 7y > 0 sufficiently
small, when 0 < h < hy and 0 < 7 < 19, we have the following optimal error estimate for
the CNFD scheme

Nlefll S +7% lleflle SB+7°, =12, n=1,2, ... N. (3.65)

Proof. Thanks to Theorem 3.1, one can see that the “error”” equations of the CNFD scheme
is same to the “error” Equations (3.17) and (3.18) with fz = f. By using the operators A,
the “error” equations can be rewritten as

. n 1 1 A " n n
15?—61}-’/{—§< 2Ah +V1 2)(eljk+eljk1)—Z(ezj’k+ezjk ) &Y +1_’71j,k’
G,k eT, n=0,1,2,... ,N—1, (3.66)

. 1 1 A
15;_82]’%]( - 5 < 2A+ + V2 2) (ezjk + 62]k1) - Z (elj"fk + 61]’{_]:1) - §2jn,2—1 = ’72]’{/@

G,k)eTp, n=0,1,2, ... ,N—-1, (3.67)

A~ n+l ~n+l
where 51”“ &1jx and tfgj’le =&y Withfz =f.
Computmg the inner product of (3.66) and (3.67) with 6}A; 6" and 57 Afé",
respectively, then taking the real parts of the results, we obtain

(||A; e I P 1)
= 2Re(Vi (6" +€t), 67 A ety + ocRe(e”Jrl + e, 8} A el)

+ ARe(el + e, 57 Ar ety + 4Re(E" ' 57 Ay el + 4Re(n!, 57 Ay el
S lefls + 1513 + n* + 72, (3.68)

7(I|A+ SR = Afes )
= 2Re(Va(eit! +eb), 67 Ajeh) — aRe(es™ + b, 6 Af el
+ ARe(elt! + €, 57 Afeh) + 4Re(E5H, 5 A eh) + dRe(ns, 5 A el

S Ies +1esl3 + 1 + 72, (3.69)
where Lemmas 3.2, 3.4, 3.5, and Theorem 3.1 were used.
Denote
E" = ||A el )? + [|AFel1% n=0,1,2, ... ,N, (3.70)
RIGHTS I "lf
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with C; is a sufficiently big constant, then by using Cauchy inequality, Lemma 3.5 and
Theorem 3.1 we obtain

E" 3lei13 + 1e515 + lef11? + lesl1?
Sletl3 +1esl3 +h*+7% n=0,1,2, ... ,N, (3.71)
and
E" 21€i13 + 1e515 — lef11” = Nl
et +esl3 - —7* n=0,1,2, ... ,N. (3.72)
Then, adding (3.68) to (3.69) yields
erl_gn <+ Y+ +12)?, n=0,1,2, ... ,N—1, (3.73)
then by using Gronwall inequality, for sufficiently small z, we have
E"SM+12)?, n=1,2,... N, (3.74)
this together with (3.70) gives
let]s + |e3l, S B+ 7% n=1,2, ... ,N. (3.75)
Then by using Lemma 3.1 and Theorem 3.1 we obtain

el S P +7%  |le}lle SA*+7°, [=1,2, n=1,2, ... ,N. (3.76)

This completes the proof. [

Theorem 3.3. Under Assumptions (A) and (B), there exist hy > 0 and ©y > O sufficiently
small, when 0 < h < hy and 0 < © < 19, the solution of the CNFD scheme (2.5)—(2.8) is
unique.

Thanks to the results given in Theorem 3.2, one can use the standard energy method to prove
Theorem 3.3. We here omit the proof for brevity.

Remark 3.1. Based on the results given in Theorem 3.2, one can use the standard energy
method to prove that the CNFD scheme is stable in the discrete maximum norm with
respect to the initial values. For the sake of brevity, we here omit the detailed proof of the
stable result.

Remark 3.2. In fact, the analysis method used in establishing the unconditional and opti-
mal error estimate of the CNFD scheme can be generalized to analyze many other finite
difference schemes without any restriction on the grid ratio.

4 | NUMERICAL EXPERIMENT

In this section, we numerically underline the theoretical convergence results and the conservation
properties of the CNFD scheme in the previous sections. In addition, several dynamics of the CGPEs
are also simulated. The proposed CNFD scheme is a nonlinear scheme, we here adopted an iterative
algorithm [23, 37] such as Jacobi iteration [23, 37] to solve the nonlinear scheme.
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Example 4.1. For comparison, we consider the following nonhomogenous CGPEs
_ ) .
. 1 . A
ioyr = | =3 A+ Vi +ikode+ 5+ Y pulwil* [ vi+ Jwa +f. ey €Q >0, @)
i I=1 _
[ : 14
. . a
0y = | =3 A+ Va—ikode = S+ Y pulwil® o+ Jwn +g. (@) €Q.1>0. (42)
L l:1 B
with homogeneous Dirichlet boundary condition
llfl(X,y, t) = Os u/2(xs Yy, t) = O’ (X,Y) (S agv > 09 (43)
and initial condition
v1(x,y,0) = @i (x, y) = sin(zx) sin(zy), (4.4)
wa(x,y,0) = @a(x,y) = sin(zx) sin(zy), (x,y) € Q. 4.5

where Q = (0,1) X (0, 1), Vi(x,y) = Valx,y) = %(XZ + ), 11 =P =1,p12 = P =
2,kp=1,a=1,A=—1and
fx,y,0) = [% — 7% = 3sin®(zx)sin(xy) — %(ﬁ + yz)] sin(zx) sin(zy)e ™

— iz cos(zx) sin(zry)e_” + % sin(7x) sin(ﬂy)e_m,

it

gx,y, 1) = [% — 7% = 3sin®(zx)sin(xy) — %(x2 + yz)] sin(zx) sin(zy)e”
+ iz cos(zx) sin(;ty)e‘m + % sin(7rx) sin(ﬂy)e_” .

The problem (4.1)—(4.5) has an exact solution in the following form,
wi(x, y, 1) = sin(zx) sin(zy)e™,  ya(x,y, ) = sin(zx) sin(zy)e .

In virtue of the good stability, we measure the temporal errors and the spatial errors of the CNFD
scheme separately. To test the spatial error analysis, we choose different £, and use 7 = 0.0001 which
is small enough to ignore the temporal error. In the same way, to test the temporal error analysis, we
choose different 7 (here we take 7 = 0.12, 0.1, 0.08, 0.06, respectively, which are much bigger than
the value of ), and fix h = h; = hp, = 0.005 which is small enough to ignore the spatial error. The
errors are presented at time ¢t = 1.2. Data in Tables 1 and 2 verify our main theoretical results given in
Theorem 3.2 and Remark 3.1.

Let e;(h, 7) and e,(h, ) denote the errors ||e’1V || and ||e12v ||, respectively, with time step = and
mesh-size h = h; = h,. For simplicity, we denote

TABLE 1 Spatial errors of the CNFD scheme in computing Example 1 with 7 = 0.0001 at 7 = 1.2.

CNFD h =02 h=0.1 h = 0.05 h = 0.025
e oo 2.8311e—-02 6.8706e—03 1.6844e—-03 4.1088e—04
ratel 2.04 2.03 2.04
e oo 3.2910e—-02 1.0078e—02 2.3247e—-03 5.8717e—04
rate2 1.71 2.11 1.99
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ILEY
TABLE 2 Temporal errors of the CNFD scheme in computing Example 1 with 2 = 0.005 atr = 1.2.
p puting p
CNFD T =0.12 =01 7 = 0.08 7 = 0.06
e loo 4.1838e—03 2.8466e—03 1.8575¢—03 1.0259¢—03
rate3 2.11 1.91 2.06
e oo 1.3793e—02 9.1109e—03 5.7059e—03 2.9527e—03
rate4 2.27 2.10 2.29
1.5708 . . . 10.5348
157081 ] 105348 i
1.5708 1 10.5348 1
1.5708 1 ]
10.5348 | ]
1.57081 ]
] % 10.5348} i
1.5708 F E
10.5348 i
1.5708 g
1s708) | 10.5348 | ]
1.5708 4 10.5348 - 7
1.5708 : : : 10.5348 : : :
0 5 10 15 20 0 5 10 15 20
t t
x10™" x107"°
1 . . . 35 . . .
| N | i ’\ |
o | | | N I 25 | |
| \
I \ . | ot H ‘ I
‘ HMH (i M ﬁu \ H il (- \\ ||
IV e I W\H I & (P A A
o \ \ \ o |
% /m | 0‘\\\U/‘ ‘\“‘Ho\ﬁw‘ M\HV\“HMH “\ i 17‘\“\ (- \ | i H ‘ H\(\ )
o “ ‘ ‘ “ HH\‘ ‘H | \“ \H ‘ Lu ‘\ “H\ /H"\ ““ ‘ | H \ ‘ \ v ‘ ‘/V‘\
s L o AL Tm L m
V | ( | || ‘\ \ w‘ |l \w‘ |
‘.‘ ‘\‘ ‘/ h | I V \‘ v A I R H'\JV !
-3r b “\ H 1 -0.5 | Il ' ‘ ]
N | 1
- o
|
“ 5 10 15 20 % 5 10 15 20

FIGURE 1 Total mass (left column) and energy (right column) and their differences from initial values computed by the
CNFD scheme withy = 0.5, =1,h=0.5,7 = 0.4, T = 40.

log(ei(h,7)/e1(h, 7)) _ log(ea(h, 1)/es(h, 7))

ratel = log(h/h) : log(h/h) : (46)
_ log(ei(h,7)/ei(h, 7)) _ log(ex(h,7)/ex(h, 7))
rate3 = log(z /7) , rate4 = log(c/7) . 4.7

Example 4.2. In the initial-boundary value problem (2.1)—(2.4), we take Q = (=20, 20) X
(=20,20), Vi(x) = Va(x) = %(x2 +y), B =Po=1Po=p1 =2k =1la=
1,A=0.1in(2.1)-(2.2) and @; = @2 = exp(=4((x — 2)*> + %)) + exp(—4((x + 2)> + %))
in(2.4).
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To test the conservation properties possessed by the CNFD scheme, we draw the total mass and
energy of Example 2 computed by the CNFD scheme in Figure 1. One can observe from the figure
that the CNFD scheme preserves well the total mass and energy in the discrete sense, as verifies the
result given in Lemma 2.2. To figure out the collision of two waves described by the CGPEs, we set
the solution at the initial time to be two Gaussian waves and simulate the evolution of the solutions of
the CGPEs, see Figures 2 and 3.

T=0.6 T=1.2
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2 018
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015 e
> 012
o1
01
008
008
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05 004
002
T=3.18
03
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02
>
015
04
005
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08
07
08
0s
04
03
02
01

FIGURE 2  Collision of two waves for y; computed by the CNFD scheme with y = 0.5, = 1,2 = 0.1, 7 = 0.02 at different

times.
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FIGURE 3  Collision of two waves for y, computed by the CNFD scheme withy = 0.5, = 1,h = 0.1, 7 = 0.02 at different
times.
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